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Spaces having a generator for a homeomorphism

T akashi KIMURA *

Abstract

In this paper we construct a non-metrizable Lindelof space X having a generator for a

homeomorphism on X. We also construct a locally compact, infinite-dimensional metric space X

having an expansive homeomorphism on X.
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1 Introduction and preliminaries.

All spaces are assumed to be completely regular and T 1 unless otherwise stated. In this paper

we study spaces having a generator for a homeomorphism. For standard results and notation in

Topological Dynamics we refer to [lJ.

H. B. Keynes and]. B. Robertson [2J proved that every compact space X having a generator

for some homeomorphism is metrizable. In Section 2 we prove that this result is true in the case

when X is locally compact. However. we construct a non-metrizable LindelOf space having a

generator for some homeomorphism.

Every homeomorphism f on a compact metric space is expansive if and only if I has a

generator. R. Mane [3J proved that if a compact metric space X has an expansive homeomorphism.

then X is finite-dimensional. In Section 3 we construct a locally compact, infinite-dimensional

metric space having an expansive homeomorphism.

Let U and V be covers of a space X and I be a homeomorphism on X. Let us set

U 1\ V = {U n V: U E U and V E V} and

r"(U) = lr'(U): UEUl.

where 1-' (U) is the inverse image of U under the n-fold composition I" of I.
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2 Generators.

Let f be a homeomorphism on a space X. A finite open cover U of X is said to be a generator

for f if for every bisequence IU" : n Elf of members of U the intersection

nU-"(CIU,,) : nEll

contains at most one point.

H. B. Keynes and]. B. Robertson [2J proved that if a compact space X has a generator for

some homeomorphism on X then X is metrizable. By using the same method. we can prove the

following theorem. which is a generalization of the above result.

Theorem. Let X be a locally compact space. Ifa homeomorphism f on X has a generator U. then

the space X is metrizable.

Proof. For every n El we set

B,,=!\U-;(U): -n::; i::; n} and

B=UIB,: n EN}.

Since U is finite. so is B" Thus B is countable. We shall show that B is a base for X. To this end.

let x be a point of X and 0 a neighborhood of x in X. We can assume that Cl 0 is compact. For

every n E l we take U" E l with f" (x) E U". 0 bviously. we have x E r" (U,,). Since U is a

generator for f. we have

nU-'(CIU,,):n Ell={x} cO.

From compactness of Cl 0 it follows that

nU-i(ClUi):-n::; i::; n} cO

for some n EN. Let us set

Then we have x Eve 0 and V EB" c B. This implies that B is a base for X. Hence X is second­

countable. therefore X is metrizable.

As shown in the above theorem. every locally compact space X having a generator for some

homeomorphism on X is metrizable. However. in this theorem the local compactness can not be

omitted.

Example. There exist a non-metizable Lindelof space X and a homeomorphism f on X such that f
has a generator,

Let us set

x={z} U (xij:i,j<wwithi~j} U (Yu:i,j<wwithi~j}.

For every pair Ci, j) with i ~ j we set

B (xu) = {{Xi.i}} and B (y;,i) = {( Yi,i}}'
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Let c]) be the set of all mappings cp : w --+ w such that cp (j)? j for every j <w. For every cp E c]) we

set

U(cp)={z} u{xi,j:i,j<wwithi ?cp(j)} U {yu:i,j<wwithi?cp(j)}.

Let us set

B (z)= {U(cp):cp E C])}.

We give X the topology by taking

{B(X):XEX}

as a neighborhood system. Since X is countable. X is a Lindelof space.

Let f : X --+ X be the mapping defined by

f(z)=z,

{

XO,O

f(y;,j)= YLj-l
Yi-I, i-I

ifi>'
if · 1. dZ=}, an

ifi=j=O
ifi # 0, j # 0
ifi#O,j=O

We shall show that the point z has no countable neighborhood base. Assume that there exists

a countable neighborhood base lU" : n<wl at z. For every n<w we take cp" E c]) such that U (cp,,)

C U". Let 1/1 : w --+ w be the mapping defined by Ij/ (n) = cp" (n) + 1 for every n<w. Since Ij/ (n) >

cp" (n)?' n. we have Ij/ E C]). Take U" such that U. C U (Ij/). Then we have X~.(.)." E U (cp,,) C U".

However. since cp" (n) < Ij/ (n), we have X •• (.l... g: U (Ij/). This is a contradiction. Hence the point z has

no countable neighborhood base. This implies that X is not metrizable.

Next, we shall show that f has a generator. Let us set

U={Xo.o}, V=X-U andU= {U, V}.

It suffices to show that the cover U is a generator for f. Suppose that IU" : n Ezl is a bisequence

of members of U. If U; = U for some i EZ. then. obviously.

nU-" (Cl U,,): n EZ} cr; (C] U;) =U-; (xoo)}.

Thus the intersection nU-" (Cl U,,): n EZ} contains at most one point. If U; = V for every i EZ.

then we have nU-"(C1U,,):nEZ} = Izi. Hence the cover U is a generatorfor f.

3 Expansive homeomorphisms.

A homeomorphism f on a metric space (X d) is expansive if there exists a positive number c >0

such that for every pair of distinct points x, y E X there is an integer n E Z with d U" (x). f" (y))

?c. Every positive number having this last property is called an expansive constant for f.

For every expansive homeomorphism f on a compact metric space X a finite sub-cover of
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IE (x,~): x E X I is a generator for f, where c is an expansive constant for f. Thus every

expansive homeomorphism on a compact metric space has a generator. Conversely, let f be a

homeomorphism on a compact space such that f has a generator U. Then it is easy to see that a

Lebesgue number of U is an expansive constant for f. Hence for every homeomorphism f on a

compact metric space f is expansive if and only if f has a generator.

R. Mane [3J proved that if a compact metric space X has an expansive homeomorphism on X
then X is finite-dimensional. In this section we shall show that the compactness can not be omitted.

Example. Let X = U((n}X[O, 2"]"': n E 2) be the subspace of the metric space lRx lR"'. Since the

space X is a topological sum of compact metric spaces, X is locally compact. Let f : X -+X be the

mapping defined by

f((n,x» = (n+ 1,2x)

for every (n, x) E X. Then f is a homeomorphism on X. We shall show that the number 1 is an

expansive constant for f. To this end, let ((n, x), (m, y») be a pair of distinct points of X If n '*' m,

then, obviosly, d ((n, x),(m, y» 2: 1n - m 12: 1. Suppose that n = m. Then we have x'*' y. We put E; =
d'(x, y), where d' is the metric on JR."'. Since E; > 0, we can take k E 2 with 2k E;2: 1. Then

we have

Hence the homeomorphism f ia expansive. On the other hand, X contains the Hilbert cube as a

subspace. Hence X is infinite-dimensional.
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