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We study the 2-Weierstrass points on quartic curves. If the curve has a cyclic covering structure over P'(C), then
the computation of 2-Weierstrass points is relatively easy (see Chapter 3). We deal with a 1-parameter family of
smooth quartic curves without cyclic covering structures over P'(C). Let C, be the smooth plane quartic defined by the
equation:

C,:F(x,y,2)=x*+y*+2+a (@ )y? +x222+y?22)=0, a#1,+£2.

We call these quartics Kuribayashi quartics. In this dissertation, we give the geometric classification of the
2-Weierstrass points on Kuribayashi quartics.

Let C be a smooth plane quartic curve, let P be a point on C. It is well known that 1-Weierstrass points on C are
nothing but flexes and divided into ordinary flex and hyperflex (on a smooth plane quartic C, a flex P is called a
hyperflex if the contact order with the tangent line 7, at P is equal to four, i.e., /,(C, T,)=4). In analogy with tangent
lines and flexes of plane curves, one can consider osculating conics and sextactic points.

Fact. Let P be a non-flex point on a smooth plane curve C of degree d > 3. Then there is an unique irreducible conic
D, with I,(C, Dp) > 5. Such a unique irreducible conic D, is called the osculating conic of C at P.

Definition. A non-flex point P on a smooth plane curve C is said to be a sextactic point if the osculating conic D,
meets C at P with contact order at least six.

We say that, a sextactic point P is i-sextactic, if i = I,(C, Dp)-5, where D, is the osculating conic of C at P.

Geometrically, a 2-Weierstrass point on a smooth plane quartic curve is either a flex or a sextactic point. Kuribayashi

and Sekita observed that C, isomorphic to C,’if and only if

a'=aif a#(-3£3ivV7)/2 and a'a if a=(-3+3iv7)/2

The order of the automorphisms group Aut(C,) of C, is either 24, 96 or 168. Moreover, |4Aut(C,)| = 168 if and only if
a=(-3£3\7)/2 and |4ut(C,)| = 96 if and only if a = 0. If |4ut(C,)| # 24, then there is a subgroup of Au#(C,) whose order is 24.



Definition. Define the projective transformation group G to be the group generated by the following three elements

of order two
010 0 0 1 1 00
c=|10 0}, z=|0 1 0|, po=|0 0 -1
0 01 1 00 0-10
The group G is isomorphic to the symmetric group S,. Indeed, the group G acts on the set of four points

{0, =[-1:1:11], O, = [1:-1:1], O; = [-1:-1:1], O, = [1:1:1] },

as the permutations 6—(12), 7—(13), p—(14). It turns out that the group G also acts on C,. Thus we can regard G & Aut(C,).

The group G acts on 1-Weierstrass points and on 2-Weierstrass points on Kuribayashi curves C,. So we can discuss
the structure of G-orbits of the 2-Weierstrass points on C,.

We denote by X(C,) the set of the points PE C, with |G,| > I where G, denote the stabilizer subgroup of P in G. We
also write X;(C,) = {PEC,/ |G| = i}. In our case, we can prove that X(C,) = X ,(C,)UX;(C,). It turns out that any point
PEX,(C,) must be a 2-Weierstrass point. We remark that

8 if P € X(C),
Orbs(P)| = 4 12 if P € X,(C)

24  otherwise

The main result is stated as follows:
Theorem. The G-orbits of the 2-Weierstrass points on Kuribayashi curves C, are classified as follows. We divide

the set of 2-Weierstrass points on C, into the subset of flexes and the subset of sextactic points.

a ordinary flexes hyperflexes
a=0,3 1 orbit of 12 points
otherwise 1 orbit of 24 points

Table 1: G-orbit of flexes

a 1-sextactic 2-sextactic 3-sextactic
2=03 2 orbits of 12 points
> 1 orbit of 24 points
a=14 3 orbits of 12 points I orbit of § points

1 orbit of 24 points

P(a)=0 2 orbits of 12 points

1 orbit. of 24 points I orbit of 24 points

O@=0 3 orbits of 12 points 1 orbit of 12 points

3 orbits of 12 points

otherwise 2 orbits of 24 points

Table 2: G-orbit of sextactic points



Here we set
Pla) = a*+68 a*-91a+98,
O(a) = 33a*-186a°+205a°+364a+196.

Corollary. The numbers of 2-Weierstrass points on C, with respect to their types are given in the following table.

a ordinary flex hyperflex 1-sextactic 2-sextactic 3-sextactic
a=03 0 12 48 0 0
a=14 24 0 60 0 8

P@) =0 24 0 48 0 12
Q@) =0 24 0 36 24 0
otherwise 24 0 84 0 0

Table 3: Number of 2-Weierstrass points
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(i) y*= x(x-Dx-a)
(i) y* = X - D’(x - a)’
(i) y' = X*(x - D(x - a)
(iv)

iv) =X - D’(x - a)
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0,3 1 orb. of 12 pts
Z DDA 1 orb. of 24 pts

x1 ZTHAD G-#E

a 1- ¥ 2282 T 49754 2- X ABT T4y IR 3- T 2B T T4y
03 2 orb. of 12 pts
’ 1 orb. of 24 pts
3 orb. of 12 pts
14 1 orb. of 24 pts 1 orb. of 8 pts
_ 2 orb. of 12 pts
P@)=0 1 orb. of 24 pts 1 orb. of 24 pts
Q@) =0 3 orb. of 12 pts 1 orb. of 12 pts
H A 3 orb. of 12 pts
TOMOLE 2 orb. of 24 pts
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