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T DOTIERNWEEZZ TS, Gibson DWW T 74 —HF 2 AT, AEFEKERE L O
HIRFERICBWTOARRESNDIDTH-> T, ANENLUIVEEL THEHOT 74—
AT ERYHTZ &I TERNE LTINS,
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HEZEZ DI, BEOFEIREORNTHRA REYNREM L L THEHESNA TS Z 0D
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LR AR ORI Z P - 72 1F%E & L T Beach(1988) DI A4 21 5 Z L 28 CT& %, Beach
L, N"—=T U X —DERFRTHBELIT, EXINTh 7 TAE2BERT 5720 0FEE
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DI BEEZER E LTEZDHZ LA ERL TS, £LT, TOWF DKL X5
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I LRETIE 20 %OWRE LWRIRTERhoTc V), ZOZEnbnx s i, B
NN ChH HZEICMYVMETEL7-0121F, BBEOE Y NeRDEIRBLDONUETH
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FHSE
The Development of Educational Methods Using
Manipulative Activities to Promote the Understanding of
Positive and Negative Integers

TAKAGAKI, Mayumi
Hirotsugu, TAZUME
SHIMIZU, Makoto

Abstract

In March 2008 a revision of the Course of Study for Lower Secondary Schools was
announced, calling for more mathematical activities to be added to the traditional curriculum.
These were designed to promote the fun and pleasure of mathematics though connecting
mathematical activities to actual life. Going beyond traditional educational methods, this study
discusses materials for teaching positive and negative integers to seventh grade students. It focuses
on card games, a mathematical activity connected to actual life, that promote understanding of the
principles underlying the manipulation of the signs of positive and negative in arithmetic. The
card games are used in a series of practical lessons focusing on mathematical activities.

Results of pre- and post-tests suggest that the games aid in discovering mathematical
principles and promote fun and pleasure in learning, as well as meaningful understanding through
formal comprehension.

Key Words : Positive integers, Mathematical activities, Conceptual understanding, Card games,
Seventh grade

1. Introduction
In March 2008 a revision of the Course of Study for Lower Secondary Schools was

announced, calling for “the use of mathematical activities to deepen the understanding of the basic
concepts, principles, and rules of figures and quantities, to promote the learning of mathematical
processing and expression, and to increase the abilities for mathematical representation of
phenomena through realizing the fun of mathematical activities and the pleasure of mathematics,
and thereby cultivate a demeanor that can apply these through thinking and assessment.”  To the
prior formulation of the Course of Study for Lower Secondary Schools (December 2008), this
revision added “using mathematical activities” and “abilities for mathematical representation”
and changed “knowing the pleasure of mathematical viewpoints and thinking” to “realizing
--- the pleasure of mathematics,” and “cultivating a demeanor that can apply these” to “apply
these through thinking and assessment.”
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These revised points, aimed to engage motivated learning, call for the development of the
ability for clear and concise expression, efficient processing, and reflective consciousness of
learning processes. These revisions aim to go beyond class-work that simply communicates
mathematics, to promote observation of and rule application to other phenomena, as well as
encourage mathematical induction through concrete manipulative activities. They anticipate that
the experience of learning mathematics through “activities promoting development of figures and
numbers” will expand lessons based on the fun of experiencing the creativity, wonder, and
excitement of learning mathematics (Ohta, 2009; Yamasaki, 2009; Kunimoto & Yamamoto, 2004).

The 2009 National Survey on the Situation of Academic Ability and Learning (carried out in
April 2008), given to sixth graders at Japanese public and private elementary and special education
schools and ninth graders at junior high and special education schools, revealed that the average
score for students on “knowledge” was 62.7%, but that only a very low 30.6% of students
answered that “the things learned in mathematics class will be helpful in the future when I go out
into society.” These results show that awareness of the utility of mathematics for tasks in
various everyday life situations is insufficient, and suggest that the problem is the lack of teaching
methods for the enriching this line of study. That is, the problem concerns not the amount of
mathematical knowledge, but mathematical activities connected to everyday life.

This study uses “positive and negative integers,” part of the first-year program of the
Course of Study for Lower Secondary Schools, to examine teaching methods designed to enrich
mathematical activities connected to actual life that will promote the understanding of arithmetic
rules and principles of positive and negative integers. The “positive and negative integers”
examined here are learned in mathematics classes at the beginning of junior high school. Many
teaching units include algebraic calculations, which form the bridge between elementary and junior
high school mathematics education. Elementary school mathematics establishes and utilizes an
understanding of the number zero, positive integers, and positive fractions, and addresses the
meaning and significance of doing arithmetic with integers. Junior high school mathematics builds
on what was learned at elementary school, expanding the range of numbers to include negative
fractions. After reviewing integers as a mathematical concept, their arithmetic possibilities are
introduced.

However, when the numbers students know are expanded as they move from elementary to
junior high school, several problems emerge in the practical education of positive integers. The
degree of simplicity in explaining the meaning of and introducing positive integers to students are
of central importance in the teaching unit. Previous textbooks have used a number line to
introduce positive integers as a vector, with the plus side (+), or the temporal future, moving
towards the right from a cardinal point, and the minus side (-), or the temporal past, moving
towards the left. Explanation of the computational principles of integers is based on vector
computational principles (Todani, 2007). Expressed concretely, the instruction of methods of
adding and subtracting positive integers uses the directionality and size of vectors, and multiplying
and dividing uses velocity. As it is, students have difficulty grasping the conceptual meaning of
positive and negative through this method, and calculation principles are difficult to learn
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(Yanagimoto, 1990). Pointing to the positive integers in the calculation exercises of the teaching
units, Kuroda (2004) argues that that even if the students understand how to “answer” the
calculations expanding on class-work, they do not grasp the “formal” meaning or “things
expressing that relationship.”

The present study attempts to rectify the above problem in applied education by taking into
account Kuroda’ s (2004) point that “formulas are the language of mathematics, and learning
begins when there is an appropriate context for expressing that language,” and suggesting card
games that express the importance of formulas to promote the understanding of positive integers.
Working with the “positive and negative integers” section of first year of the New Course of
Study for Lower Secondary Schools, the goal of the study is to design mathematical activities
linked to everyday life through devising teaching methods using card games to promote the
understanding of the principles and rules of signs used in arithmetic with positive and negative
integers.

2. Method
2.1 Participants

The participants consisted of a class (20 people) of seventh grade junior high school
students at a private school in Kanagawa Prefecture. The study was carried out over the five hours
of the instructional unit on “positive and negative integers” taught from the middle to the end of
July.

2.2 Teaching method

The instructional method engaged the attribution of meaning to and the handling of the
numerical formulas in the arithmetic manipulation of positive and negative integers through card
games. An example of the teaching method is displayed on Table 1. First, participants were
divided into groups of four and decks of twenty cards using the ace through five of every suit were
prepared. Five cards were given to each participant. The red suits (hearts and diamonds) were
defined as plus and the black suits (clubs and spades) were defined as minus, and the participants
were to take one card each, following along the lines of the card game “old maid.”  After five
rounds were finished, the students were told to stop, and the participant with the largest number of
points on their cards was declared the winner. Modifying the game to include mathematical
expressions, drawing a card from another person was expressed as “plus” (+) and having a card
taken by another person was expressed as “minus” (-). Next, the cards were used for
mathematical computations applying the significance of mathematical expressions.
(1) For addition, when the total number of points held was +3, the player took four red cards from
the neighboring player, yielding +3 (+4). After taking the cards, the player revealed them, showing
+7.
(2) For subtraction, when the total number of points held was +3, four black cards were taken by
the neighboring player, yielding +3 — (-4). After the cards were taken, the player revealed the hand,
showing +7.
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Table 1. An Outline of a Educational Method for Promoting the Understanding of Positive
and Negative Integers through Introducing Manipulative Activities

Creating the connection between positive and negative integers
Educational Goal: Thinking about how positive and negative integers are used in everyday life.
Example: thermometer markers, depth tables, yearly comparisons of expectations of crowding during holidays
1h D
3 | e
I B - ~
| .
= r--| IR G ,..r—_r—'r_lJ
4 standard is decided for quantities that can move in opposite directions, and one side can be expresssd using positive numbers and the other can be expressed using negative
numkbers.
Addition total (same sign) of positive and negative Integers  Example: (+4) + (+2) Additlon total (different slgns) of positive and negative Integers  Example: (+4) + (-2)
) ) ) 4 2
. & ‘¢ ' & r ¢ T C Y
S A— — L
¢ - ¢+ . . L
2h 2 2 L + -4
Educartional goal: Educational goal:
Using a game to learn that the value of the sum of two numbers with Using a game to learn that the value of the sum of two numbers with
the same sign through the commonality he symb the sum of different signs takes the sign of the number with the largest absolute
the absolute value of the two. Also learned through the game is that value and that the result is derived by subtracting the absolute value
negation occurs in the case of differing signs for the same numbers. ofthe smaller number from the absolute value of the larger number.
Subtraction total (same sign) of positive and negative integers  Bxample: (+4)—(+2) Subtraction total (different signs) of positive and negative integers Bxample:( +4) —(-2)
y A 3 3 5 2 2
i e " v i e vV L R N “h
v v —_ v L J & J— 'Y
- v
¢ s s L o ' LA Vi
3h
Educational goal: Educational goal:
Using a game to learn that it is possible to calculate the subtraction of Using a game to learn that it is possible to calculate the subtraction of
two numbers with the same sign by changing the sign of the subiracted two numbers with different signs by changing the sign of the subtracted
number and adding them. Conceretel he case above shows that the number and additing them. Coneretely, the case above shows that the
formula (+4) — (+2) can be calculated by changing it to (+4) + (-2} formula (+4) — (-2) can be calculated by changing it to (+4) + (+2)
Multiplication total (same sign) of positive and negative integers  HExample: (+4) % (+2) Multiplication total (different signs) of positive and negative integers Example:( +4) x (-2}
¢ ¢ + ¢ B 4
—— Qther player's cards Own cards E—
+ & ¢ ¢ & + &+
4h b b b b
Educationalgoal: Educational goal:
Using a game to leam thatthe value of multiplying two numbers with Using a card game to learn that the value of multiplying two numbers
the samesign is always positive and is equalto multiplying the absolute with different signs is alwavs negative and the value is equal to
valueofthetwo numbers. Inthe abovecase, two +4 cards aretakenand . T ooy . ;
3 = multiplying the absolute value of the two numbers. In the above case,
the totalof the cardsheld is + (plus). = : = = e
two +4 cars are taken away and the total of the cards held is — (minus).
Divislon total (same sign) of positive and negative Integers  Example:(+4) +(+2) Divislon total {different siens) of positive and negative integers Examples(+4) <+ (-2)
4 2
S L h
Own cards (+4 increase) o How many cards? Own cards (+4 increase) - & How many cards?
+ v
Sh Z z
Educational goal: Educational goal:
Using a game to learn that the value of dividing two numbers with the Using a game to learn that the value of dividing two numbers with
same sign is always positive and is equal to dividing the absolute value different signs is always negative and the value is equal to diving the
ofthe two numbers. Coneretely, if (+4) (+2) is understood absolute value of the two numbers. Concretely, if (+4) +(—2) is
multiplicatively, it can be changed to (+4) =(+2) X [ Jof[ Jto understood multiplicatively, it can be changed to (4+4) =(—2) <[ ]

Through this card game, the students not only cultivated the sense that when minus cards are

taken away, the result is a plus score for the player, but also the sense of the equivalence of +3
— (-4) is the same as +3 + (+4). Concretely, they learn that “taking four black (minus) and

having four red (plus) cards taken” are equivalent, and that “having four black (minus) cards taken
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and “taking four red (plus) cards” are equivalent. Expressed mathematically, this is — (-4) =
+ (+4), + (-4) = - (+4). This method both attributes an easy-to-understand significance to and
promotes the learning of the principle rules of arithmetic with positive and negative integers.
Furthermore, abbreviating the plus signs in the total amount is connected to algebraic summation,
and because each card is taken as one item and because items of the same kind are interchangeable,
the exercise is connected to a mathematical way of thinking about the interchangeability of items.
(3) The game rules were changeb for multiplication, and the cards were taken twice to convey the
mathematical meaning of multiplication. For example, having -4 cards taken twice by a
neighboring player, mathematically expressed, is -4 x (-2), and having the minus cards taken two
times lends to the main player the experience that the total becomes a plus. Thus, they learn that
same signs become a plus in multiplication (in this case, the negative integer x the positive integer).
(4) For division, to achieve the value of (+4) + (+1), the equivalence of (+4) = (+1) x [ ] of [

] was used. As in the case of significance attribution in multiplication, the meaning of the
mathematical process is based on understanding that an increase of the score by 4 is equivalent to
receiving four +1 cards.

In this way, a mathematical activity using cards, based on thinking about the movement of
things and experimenting with them to see how they work, is connected to increased intellectual
capacity. In this real-life situation, manipulating physical objects, thinking about the activity and
explaining it are connected, and reciprocal activation becomes possible.

2.3 Pre- and post-tests

Pre- and post-tests were used to directly compare understanding before and after the session.
The tests used the same contents and form, and required about ten minutes to answer. The content of
the test aimed to examine the transferal of the subject of the lesson to the students. Furthermore, the
pre- and post-test questions were designed to assess conceptual understanding by creating a venue using

<«

subtraction and multiplication with a combination of plus and minus signs. The first question was

explain the mathematical expression 2 - (-1) using familiar things,” and the second question was
explain the mathematical expression 2 x (-1) using familiar things.”

3. Results and Analysis
3.1 Quantitative analysis
A pre- and post-test assessing the difference in level of conceptual understanding
(hereafter, “understanding level” ) of positive and negative integers was used to
examine the degree of change in the understanding of positive and negative integers
(subtraction, multiplication). The understanding level of each student was assessed
using the answers on the pre- and post-test. What level of understanding the student
had attained was determined synthetically based on their answers to questions 1 and 2.
Table 2 displays the assessment criteria for each understanding level and examples of
correct and incorrect answers, as well as the pre- and post-test understanding levels for

each student.
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Table 2-1. Change in Understanding Level

Pre-test Post-test
Underseanding level of positive and negarive invager copsents Understanding Level of cositive and negwtive integer conoets
total total
0 [ I 0 I
uestianl e s0) 3 50) 0 00 20 (1000) ~Maption . @0 5 @0 1 (50 0 (100
(subtraction) (subtraction)
Question 2 Question 2
(multiplicatio 20 (1000) 0 (00) o (0.0) 20 (100.0) (500 2 (100 17 (8500 20 (100.0)

=
uy

(multiplication 1

Note: the percentage of students in each group is denoted within the parentheses

Table 2-2. Change in Understanding Level

Student descriptive examples

< subtraction example> form explanation of (+2) = (_ 1)

level O : before understanding

descriptive example

A A A
v v &

] & ¥
¥ L ¥

Thetotal of cards held is +2, consisting of two +1 cards. However,
when three cards are distributed to one person, three cards have to
belost. Looking only at the formula fromthis, the background (rule)
isnot understood.

level I: formal understanding

(descriptive example)

A A A
' - .

'S

¢ ' ! !

A —1 card is taken fromanother player and the effect on the total
of one's own cards is an increase of +1.

Introducing relational forms, the same results can be expressed
by the formula (+2) — (—1) =(+2) + (+1).

level II: meaningful understanding

(descriptive example)

‘e v : :

o] —[4

¢ ' ! !

A-1 card is taken by another player, leavinga +2 card and a
+1 card for a total of +3 in one’s own hand.

Note: the percentage of students in each group is denoted within the parentheses

‘multiplication example form explanation of (+2) X (_ 1.}

level O : before understanding

(descriptive example)

Ovwn cards

Understanding that the total in the previous move is achieved by
a+2 addition/subtraction method, it is understood that the other
player takes +2 cards from the total in one’s own hand as an
overall numerical formula. But the prior move and the following
move are not understood as a numerical formula.

level I: formal understanding

(descriptive example)

Cwn cards
¢

One card

One +2 card is taken by another player and the effect on one’s

own cardsis a decrase by -2.

level II: meaningful understanding

(descriptive example)

COwn cards

+

Onecard

*

One +2 card is taken by another player, effecting the total of

cardsin one’s own hand by a decrease of -2.
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Examination of bias in the headcount for the understanding levels in the pre-test
yielded significant results (question 1: x *= 34.4, p < 0.01, question 2 x * = 40.0, p <
0.01), and for each question, level 0 had the most respondents (question 1: 19 people
(95%) , question 2: 20 people (100%) ). Examination of bias in the headcount for level Il
had the most respondents (question 2: 17 people (85%)). Furthermore, in order to understanding
levels in the post-test investigate bias in the headcount for conceptual levels in each of the
questions in the pre- and yielded significant results for question 2 (multiplication)
(question 2: x * = 24.10, p < 0.01), and post-tests, a x ° test was carried out on the
expected frequency of people in the pre-test and the observed frequency in the post-test.

The results revealed a bias in the headcount (question 1: x * = 264.21; p < 0.01,

2

question 2: x ° = 603.61, p < 0.01; because there was a cell with 0 people in the
expected frequency (pre-test), 0.5 was added to all cells for convenience before carrying
out the test)). For the level of conceptual understanding of positive integers, the
results revealed that level 0 had the greatest number of people for both question 1
(subtraction) and question 2 (multiplication), that there was no bias in the headcount
for the conceptual level on question 1 (subtraction) in the post-test, and that level II
had the greatest number of people for question 2 (multiplication). Furthermore, the
results of examining bias in the headcount of the understanding level between the pre-
and post-tests revealed that a great number of students had reached level II on

question 1 (subtraction) and question 2 (multiplication).

3.2 Qualitative analysis

Moving from level 0 to level 1 captures the shift in students’ understanding of
the application of mathematical expressions to phenomena in everyday life and the
ability to grasp the mathematical principles from everyday phenomena. The results of
the students’ answers revealed some inconsistency in applying mathematical
expressions to phenomena. Take, for example, a descriptive example of subtraction: “
In applying the mathematical expression (+2) — (-1) to everyday phenomena, taking
the example of cards, the idea of the mathematical expression can be seen as another
player taking a -1 card from a person with a total of +2 cards. However, if one looks
at the students’ descriptive answers, they do not write that the total of the cards held
1s +2, but they write that two of the +1 cards are chosen, and do not include that the -1
cards the other player is supposed to take.” See also a descriptive example of
multiplication: “In applying the mathematical expression (-2) X (-1) to everyday
phenomena, taking the example of cards, the mathematical meaning is that another
person takes one -2 card. However, looking at the descriptive answers, from the -2
total of the cards held, +1 goes to the other player.” These descriptive examples show
that in mathematical activities using cards, the meaning of the mathematical
expression in antecedent mathematical expressions is determined based on

mathematical operations, and that the level of recognition of mathematical operations
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by students is low.

In the shift from level I to level II, principles are adduced via everyday
phenomena, and the correct interpretation of mathematical expressions can be shown.
In looking at the students’ answers, taking + (plus) and — (minus) cards from
another player in a game, and having those cards being taking by another player, the
mental situation in calculating the total amount of the cards employs pictures and
words in establishing a descriptive answer. See the following descriptive example of
subtraction: “Expressing the mathematical formula (+2) — (-1) with playing cards
means that another player takes a -2 card. Another player holding a -2 card then
influences the total of the cards held by oneself, which increases by +2, and thus the
physical circumstances are one of a plus.”  From this descriptive example, students
discover mathematical principles through a mathematical activity of a card game,
which can be seen an important learning activity.

This study introduced a card game to promote understanding of arithmetic
principles, and suggests that this method promotes a shift from formal understanding
to meaningful understanding. In this process, students learn both the mathematical
formulation of phenomena in everyday life and society, and come to understand the
results of processing through mathematical methods while experiencing the fun and
pleasure of mathematics. However, the study did not capture how students transfer to
everyday activities the knowledge and concepts gained after a class using a card game

as a mathematical activity. This problem needs to be the subject of further research.
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