A STUDY OF AUTOMORHIC FORMS

HISASHI KOJIMA

(Department of Mathematics, Faculty of Science, Saitama University)

§1 Notation and genus characters. We denote by Z, Q, R and C the ring of
rational integers, the rational number field, the real number field and the com-
plex number field, respectively. We fix an totally real number field F' of de-
gree n with class number one and denote by o,dr, and 0, the maximal order
- of F, the discriminant of F and the different of F' relative to Q, respectively.
We denote by E the unit group of F. Let 1,---,7, be the isomorphisms of F
to R. For each o € F, we put o = 7,(a) (1 < v < n). We assume that
[E : ET] = 2™ with Et = {e € Ele > 0}. For an element N of o satisfy-
ing N > 0, put To(N) = {'y = (Z g) € GLz(o)lNlc and dety > O}. Put
$H = {z € C|¥(z) > 0} . We define two actions of v = (Z 2) € SLy(0) on H™

and H" x C™ by

(1-1)
o () e
and
aWMr 4+ MW a™r, + b 23 Zn
(r,2) = y(7,2) = (Cu)ﬁ FdD e £ dm Dy £ dD T ey d(n))
for every (7,2) = (11, -+ ,Tn; 21, ,2n) € H™ x C". We also define an action of

(A, 1) € 02 on H™ x C" by
(T’Z) - (/\,,U)(’T', Z) = (Tl,° ©r 5, Tns 21+ /\(1)7'1 + U(l),' oy 2Zn t )\(n)Tn + M(n))

for every (1,2) € 9™ x C". Let N and k = (ky,--- ,kn) be elements such that
N € 0,k € Z™. We consider a holomorphic function ¢(7,z) on ™ x C™ satisfying
the conditions:

cz?

cr +d))]¢(7, z) for every v = (‘CL 2)

(12) Q) ortr, ) = (er + el
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ESLz(O),
(id) qﬁ(()\,u)(T,z)):e[—tr(%(/\2+2)\z))]¢(7',z) for every(\, i) € o? and

(i5) (r,2) = > elnneln(Gr+ 52,

n,7€02 ANn—r2>0

N (1) (i) 2
where (cT+d)* = H 1(c(z)n—i—d(z)) : e[tr( (CT+d))] =e[) i, 1;’(1-) (c(ifnjzﬂﬁ)]’

el-tr( 5027 + 202))] = e~ X0y (Fr (A9O)ri +200z:)) and eftr(3r + 52)]

=e[d 0, 6((:)) Ti + gi,; 2;)]. We denote by J'\P the set of all such functions ¢. We

i=1
call such a ¢ a Jacobi cusp forms of index N and of weight k over F'. We introduce
the Jacobi group I'(1)7 = {(v, (A, u)|y € SLa(0), A\, 1 € 0} determined by the group
law (v, (A, p) - (Vs (N, 1) = (7', (A )y’ + (N, 1)) for every v,7" € SLy(o),
(A, ) and (X, ¢') € 0%. We define an action of (v, (A, 1)) € I'(1)7 on H™ x C" by

(1-3)
(r,2) = (1 O, )7, 2) = (

atr+b z4+ AT+ p
cr+d er+d

) for every (1,z) € H™ x C".

For a function ¢ on H™ x C™ and (v, (A, u)) € I'(1), define a function ¢|x N
(7, (A, 1)) on H™ x C" by '
(1-4)

N

¢|k,N(7, (A, w))(T,2) = (e + d)—ke[tr(—é— ( —c(z+ AT +p)

cr+d

+ A%+ 20z + )\u)>]

X@(7y, (A, p))(T, 2) for every (1,2) € H™ x C™.
For o and f in o satisfying (2, 3) = 1, define a symbol (%) by
o 2 e
(E) = H (pg) and (p ) #{zx € o/p;|z* = o (mod. p;)} ~ 1,
i=1 "t .

where (8) = [I;-, p;* with an odd prime ideal p; (1 £ i £ s). Let p and A be
elements satisfying the conditions that

(1-5) p€0/2No,A €0,A > 0and A = p? (mod. 4N).

We consider a set of quadratic forms Ly a , defined by

(1-6)
LN,A,p:
{Q = [Na,b,c] = (é\;g bé2) ‘a,b,c €0,b> —4Nac= A and b= p (mod. 2N)}.

Assume that Dy is an element of o such that Dy|A and A/Dy is square mod-
ulo 4N. Moreover, we impose the following condition: Dy < 0,(Dg,4N) =
1, the finite part of the conductor of the abelian extension

(1-7)  F(+\/ Do) over F equals (Dg) and Dy = 7 - - -7/ with distinct primary
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odd prime elements 77 of F' (1 <1 £ 1). We define a genus character xp,(Q) by

) if (a,b,¢c, Dy) =1,

otherwise

tj]g

(1-8) XDo (@) = (

for every @ = [Na,b,c] € Ly a,,, where m is an element of o such that (m, D) = 1
and m = aN1z? + bzy + cNyy? for some Ny, N2,z and y € 0 with N = N1 N, and
N; > 0, Ny > 0. Let 79,n9,7,n’ and b € o denote elements such that

(1-9) Do =712 —4Nng,D = A/Dy =r* — 4Nn' and b = ror (mod. 2N).
Given an integral ideal (a) in F’, we define a sum Fy by
(1-10) F, = F,(N,ro,n0,7,5,1n) Z Z
A(a)* z,y€(a)
with F(z,y) = Nz? + rozy + noy? + rz + sy +n’ with s = (ror — b)/2N.

/\F (:n Y) AR, y)

Proposition 1.1. Suppose that Dq satisfies the condition (1-10). Then

b2 —
(1-11) N(a)™ Z (-Dd—0>Fa/d = { x0o(INa, b, 552) i al*Ff 4N ;

(d)]a,d>>0 0 otherwise.

§2 A correspondence from Jacobi forms to Hilbert modular forms. Let
k = (ki,--- ,ks) be an element of Z™ with k; > 1 (1 £ i £ n). We denote by
Sak(To(IV)) the space of cusp forms of weight 2k with respect to ['o(N). Given A
and Dy satisfying (1-5) and (1-7), we define a function fx n A p,D,(2) on H™ by

Q)
(1) fenapnol2) = XD
JE,N,Ap,D QELZN,AJ Q(z,l)’“

where Q(z,1)F =[], (N®a®22 + b 2, + cB)*: with Q = [Na,b, c]. We see that
SE,N,A,p,Do (z) belongs to the space

(22)  Mu(NPE P = {f € SulPo(N)If(~372) = (~N22)¥(sen Do) f(2)}

with sgn Do = [[.-, segn D). Given a (n,r) € o? satisfying r2 — 4Nn < 0, we
define a function Py n (nr)(7,2) on H™ x C" by

for every z = (z1,-+ ,2n) € H",

(2-3) Py N (n,r) (T, 2) = > e n(n2),
el L (D\L/(1)
where T'J (1) = {( ((1) 711) , (0, u))ln,u € 0} and e™"(1,z) = eltr(}7 + 52)].
Define a function Q n,p,.r, (w; T, 2) on H” x (H” x C*) by
(2-4)

Qk,N,Do o (W; T, 2) = Ck,N, D,
— n A
X Z (4Nn - 'I"Z)k 1/2fk,N,Do(7‘2 —4Nn),ror,Dg (’(U)E[tr(gT + 52)]
(n,r)

with ¢ v p, = (—2i)*~127"1§-3/2 N1~kg—k| Do |k=1/2 where (n, r) runs over ¢(N) =
{(n,7) € 0%|4Nn — r? > 0}. We may deduce the following theorem.
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Theorem 2.1(A basic identity). Suppose that Dy = 18 — 4Nno satisfies the
assumption (1-7). Then

(2-4)
Qk,N,DO,ro (’LU, T, Z) = Ck,N, D, (27r)kik_1(k _ 1)!—15_k+1/2

« X (Y (5 @ P ()5

meo,m>0 dd'=m,dcot/E+

Define a mapping ¥p, r,(4) : J{§; v — Mak(N)%" Do by

(2-5) PDo,ro (@) (W) = (@, QU N, Dy,ro (—; %)) for every ¢ € J4T -
By virtue of Theorem 2.1, we may deduce that

(2-6)
WDO,""O (¢) (w)

I D oo

meo,m>3>0 (d)|m,d>0

with ¢(7,2) = 32, yeomv) ¢, T)eltr(37 + §2)]. We may define Hecke operators
on Ji{F y- We may derive that this mapping ¥p, -, is commutative the action the

Hecke operators.

§3 Fourier coefficients of Jacobi forms and the critical values of the zeta
function associated with Hilbert modular forms. Let ¢(7,2) = >, yeo(v)

c(n,r)e[tr(37 + 52)] be an element of Ji'\T . We deduce the following theorem.

Theorem 3.1. Let Dy be an element satisfying the condition (1-7). Suppose that

¢ is an eigenfunction of Hecke operators on J. 7 n and satisfies the assumption

about multiplicity one theorem concerning Hecke operators. Then

5k—3/2|D0|k—1/2

<¢’ ¢> 92k—1 Nk—15k (E+ : EO)D(k09X7 <'b%))a

32)  lelnoo)l* = (25 (k- 1)

where D(s, x, (DLO)) is the zeta function attached to the eigenvalues x of f twisted
by a character (—5—0) in the sense of Shimura, ko = max{ky,--- ,kn} , Eo = {€?|e €
E, €2 = 1(mod.Dy)} and f is the primitive form associated with ¥p, r,(®).
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