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On the existence for the Helfrich flow
and its center manifold near spheres

Yoshihito Kohsaka*& Takeyuki Nagasawa'

Abstract

The Helfrich variational problem is one of models for shape trans-
formation theory of human red blood cell. Here the associated gradi-
ent flow, called the Helfrich flow, is studied. The existence of the flow
is proved locally for arbitrary initial data, and globally near spheres.
Furthermore its center manifold near spheres is investigated.

1 Introduction

Let 3 be a smooth compact surface embedded in IR3. Consider the minimiz-
ing problem of the functional

We(Z) = L (H — co)%dS

with the prescribed area A(X) = Ap and enclosed volume V(X) = V. Here
H is the mean curvature of ¥ with respect to the inner normal vector, and
Co is a constant. This is a model of shapes of human red blood cell, where ¢
is called the spontaneous curvature (see {2, 5, 6]). If ¥ is a critical point of
this variational problem with constraints, then the surface must satisfy the
equation

AsH +2H(H? = K) + 20K —2 (3 + M) H — X2 = 0.

*Muroran Institute of Technology, Muroran 050-8585, Japan; Partly supported by
Grant-in-Aid for Young Scientists (B) (No.16740087), Ministry of Education, Science,
Sports, and Culture, Japan

tDepartment of Mathematics, Faculty of Science, Saitama University, Saitama 338-
8570, Japan; Partly supported by Grant-in-Aid for Scientific Research (C2) (No.15540195),
Ministry of Education, Science, Sports, and Culture, Japan
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Here Ay, is the Laplace-Beltrami operator of X, K is the Gaussian curvature,
A1 and A; are Lagrange multipliers. This is the first variation of the Helflich
functional

H(Z) = W () + MA(Z) + 1V(Z)

without constraints.

Now consider the L?-gradient flow (the Helfrich flow) for the Helfrich
functional. Let ¥(t) be a one-parameter family of surfaces, and let V' be the
velocity in the direction of inner normal vector. The equation of flow is

V =—AgyH - 2H(H? - K) — 20K +2(c§ + A1) H + Xa. (1.1)

We should state related results on geometrical gradient flows, that is, the
surface diffusion flow, which is the H~!-gradient flow for the area functional,

V = "'Az(t)H

by Escher-Mayer-Simonett [4]; the Willmore flow, which corresponds to the
Helfrich flow with cg = A1 = Ay =0,

V = —AgwH - 2H(H? - K)

by Simonett [13], Kuwert-Schitzle [8, 9]. Roughly speaking they showed the
local existence of flow, the global existence near sphere, and the stability of
spheres.

For the Helfrich flow, spheres are equilibrium under suitable choices of
i, however, they are not necessarily stable. Furthermore finite time blow-up
occurs even if the initial surface is sphere.

The first aim of ours is to show the local existence of flow for arbitrary A;,
and the existence of global flow and (parameter-dependent) center manifolds
for the suitable ;.

In the previous paper [10] we showed the existence of stationary solutions
with rotational symmetry bifurcating from the spheres. We can show the
existence of bifurcating solutions without symmetry by Krasnoselski’s the-
orem [3, Theorem 7.3], however, it does not give us any information about
structure of all bifurcating branches.

The second aim is to show that branches are embedded in a finite dimen-
sional smooth manifold by the center manifold analysis.

2 Formulation of problem

We can formulate our problem as in Simonett [13], however, we should pay
attention to the signature of mean curvature and normal velocity. We would
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like to follow the definition of mean curvature of our previous paper [10],
which has the opposite signature to that of [13]. Since these differences of
signature confuse us sometimes, we reformulate our problem under our chioce
of signature.

Let g be an orientable compact closed surface in IR?, and let U U, be its
o=

open covering. We denote the inner unit normal vector fields of X, l;y v. The
mapping X; : Uyx(—a,a) 3 (s,r) = s+rv(s) € IR" is a C*°-diffeomorphism
from Uy X (—a,a) to Ry = Im(X,) provided a > 0 is sufficiently small. Let
denote the inverse mapping X;* by (S¢, A¢), where Sp(X,(s,r)) = s € Us,
and Ay(Xy(s,7)) =1 € (—a,a).

Assuming that X(t) is sufficiently close to Xy, we can represent it as a
graph of a function on X, as

T =Z(t) = U Im (X, : U= R™, [s = X(s, p(s,1))]) .

Conversely for a given function p : %o x [0,7) — (—a,a) we define the
mapping @, from R, x [0,T) to IR by

B4,(z,1) = Ae(a) — p(Se(a), 1).

Then (®;,(-,t))™" gives the surface X,
The velocity in the direction of inner normal vector field of & = {E,) |t €

[0,7)} at (2,1) = (Xe(s, p(5,2)), ) is given by
at(bg,p(l', t) - atp(s, t)
[Va®e,(z, 1) o=Xo(s,0(s:t)) [ Va®e,p(z, 1)l z=Xo(s,p(s,t))

Vs, t) =—

The equation (1.1) is represented as
8up = L, {~A,H(p) — 2H(p) (H2(p) — K (1)

—2cK(p) + 2(c3 + A1) H(p) + Ao},

2.1)

where
Lp = “V:z:@l,p(wﬂ t)“ |1:=X£(s,p(s,t)) .

We would like to write down the mean curvature and the Gaussian cur-
vature in terms of the function p and its derivatives. As far as the authors
know, there are no references for the expression of K(p). We can refer [13] for
the expression of H(p), but its definition has the opposite signature. There-
fore we state here these expressions for the sake of completeness. Since their
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proof is lengthy, we will give it in the last section. The surface is defined by
{z € IR?| ®,,(z) = 0} locally, where the interior near the surface is located
in the side {z € IR® | ®,,(z) > 0}. Assume that V,®,, # 0 everywhere near
the surface.

Define the diffeomorphism 8, between ¥ and X, by

6,(s) = Xu(s,p(s)) for s € UL

We denote its pull back by 67. Let ggs be the Euclidean metric on IR?, and
put 7 = grlg,, g¢ = X;n, which are metric on T(R,) and T'(U, x (—a,a))
respectively. The metric g, can be written as

ge = we(r) +dr @ dr,
where wy(r) is the metric on T'(U, x {r}). Put
9o = Wp + dr ® dr = gl (, p(a)) -
where w, = (w;x(p)) is a metric on T(X,) defined by
wpIT(Ue) = wy(p)
We denote the metric (w;z(p)) ™ = (w*(p)) on T*(,) simply by w}.

Remark 2.1 w, is not ;7.

_ Put Uy, = (U, w(p)) and E; = (U x (—a,a), g¢), and define the function
®,, on U; x (—a,a) by

ée,p(sa T’) = (Dl,p(XZ(Sv T’)) =T - p(S)

In what follows, Latin indices expect n range from 1 to 2, and Greek ones
do from 1 to 3. And the Einstein convention is used. Furthermore we denote
the coordinate system by y = (y*) defined by

y' = { ; §Z _ ?)’.

For a while we fix £, p, and the time variable {, and omit them.
The entries of the metric g are



Therefore we have

(vd) ={ "% GIh

(w8, ={" 63

. ' —6—,,6_7P+F,Zakp—rz (a=7:a :8':.7)9
(Hess, d) o= Dt (a=1,B=3),
a 0 (Ol = ,3 = 3),

Ay® = —w8,8;0 + w*T%9;p — WY,
Here -
(v:2)" =% (v8) . (v8) = g_;;,

and T'%; is the Christoffel symbol of Z.
Using this fact we get

Lemma 2.1 ([13]) The mean curvature H(p) can be written as
H(p) = Pi(p)p + Fi(p),
where
Py(p) = 2—2— [{L207*(p) — w ()™ (0)BupBr} ;64
— { 2w (p)T(p) + w”*(0)w* (0) T2 (p)Bep

+ 20*™(p)T%,. (0)Omp — W (P)wF™ (p)T,(0)BpOmp } 8]

Fi(p) = Q—;I:wjk(P)PJs'k(P),

P;k(p) = F;‘kl(s,p(s)) on T(s,p(s)) (E‘l) :



Proof. Let = be the standard Euclidean coordinate system, then we have

. V9 )
(p) ( ” vm@“ z=X(s,0(s))

V22| IV 2|

m:Xe(s,p(s))

_ _( A% vz@-vmuq>||2)
V@l 2[[V2[?

z=X¢(s,p(s))

_ _( A, ®  Hess, @ (V,9, qu)))
V22| NZEIE

m=Xe(S,P(s))

Since the differential operators V,, Hess,;, 4A;, and the length || - || are geo-
metric, i. e., independent of the choice of coordinate system, it holds that

A% (Hessff)ali (Vyé)a (Vﬁ))ﬁ
v, v, @2

2H(p) = ~

(5.0(s))

Using the previous fact and
Iv,@l =L,

we get the assertion. O

Lemma 2.2 The Gaussian curvature K(p) can be written as

K(p) = w(p)™ dets { L;* Hag(p) (65 — K2(6)) (38 — KE(0)) + ()}

where
w(p) = det 3 (wi;(p)) »

—0:0;p +T5(0)0kp —T3(0) (=1, 8=7),
Hop(p) =  Tia(p)Okp (=1, B =3),
0 (a=p=3),

L 2u®(p)ipdip (@ =1i,p=j),
—LﬁjzwzJ (p)Osp (a=iu= 3'),
~L;0sp (o =3, = j),

L; (@=p=23),

ki (p) =



—L;20;p (p=1i,v=3; or p=23,v=1),
L>? (p=v=3).

dety is the determinant for k X k martices.

L28:p0;p  (p=1d,v=7j),
e;w(P) =

Proof. Noticing that

hspta = deta(gap) (o p(e = det2(wis)l(q o0 = w(P),

(Bes) | = Hoslo)
V.81 (v.8)" (.2), C
V.81 (V8), (W), =l

we obtain the assertion from Lemma 5.2 in the last section.
Now we go back to the equation (2.1). Define the metric o, by

67n = a(p) = (ox(p))-

Writing the Christoffel symbols with respect to this metric by fy;'. «(p), we have

A, = d"*(p) (8;6 — ’)’;k(P)ai) :

Let h7(Xo) be the little Holder space on L of order 7. Wefix0 < a < 8 < 1.

Then, for B € (o, ) and a > 0, put
U ={p e h(Zo)||pllw < a}.

For two Banach spaces Ey and E; satisfying E; — Ey, the set H(E), Ep)
is the class of A € L(Ei, Ey) such that —A, considered as an unbounded
operator in Ej, generates a strongly continuous analytic semigroup on Fp.

Proposition 2.1 There exist
P e C™U, H(A**(Z0), h*(%0))), F e C=U,r ()
such that the equation (2.1) is in the form

pi + Plp)p+ F(p) = 0.
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Proof. The principal term —L,A,H(p) in (2.1) is the same as those of the
surface diffusion flow [4] and of the Willmore flow [13] (see Remark below).
Taking Lemmata 2.1 — 2.2 into consideration, we can obtain the assertion in
a similar manner to the proof of [4, Lemma 2.1} and [13, Lemma 2.1]. O

Remark 2.2 Our mean curvature H(p) corresponds to —H,, in [4] and —H (p)
in [13], having the opposite signature. Therefore our —L,A,H(p) is L,A,H,
in [4] and L,A,H(p) in [13], and the principal terms of equations for p are
the same each others.

Applying [1, Theorem 6.3], we get an existence results for the Helfrich
flow.

Theorem 2.1 For any py € h®P(y) NU, there ezists t+ = t(pg) € (0, 00
such that (3.2) has a unique mazimal solution p € C([0,¢T); R*P(Zp) NU) N
C((0,£7); C*(%0)) satisfying p(0) = po.

3 The linearized operator around sphere

In this section we consider the case where the reference manifold ¥, is the
unit sphere S?, for which

HO)=K0)=Ly=1
holds. Therefore S? is a stationary solution to (2.1), when
Ao =200 —2(ch+ i) (3.1)
Here we study the stability of S% under (3.1). Put
¥ = Az + 2¢0,
then the equation with which we concern ourselves is
pe=L{~A,H(p) — 2H(p) (H*(p) — K(p))

—2co (K(p) — 1) + (4co — ) (H(p) — 1)}

We have already shown in [10] the following fact. Let consider the case where
« close to n(n + 1). Here n is integer greater than 1. Then there exists an
axially symmetric critical surface near v = n(n + 1), which bifurcates from
the unit sphere, to the variational problem of the Helfrich functional. Such
phenomenon does not occur for v < 6. That is, v = 6 is the first bifurcation

(3.2)

8



point. The existence of such critical surfaces near S? suggests that S? (i.e.,
p = 0) is not unconditionary stable for v > 6.

Furthermore if v < 0, then S? is unstable. To show this, it is enough
to analyze the ordinary differential equation associated with (2.1). Assume
that p(0) is a constant function on S?, and that so is p(t). Then we have

LP=1’ H(p)lelp’ K(p)z(_i__flp_)z

The first relation follows from ®(z,t) = 1 — ||z|| — p. Thus (2.1) is reduced
to an ordinary differential equation

e =)

Put =1+ k. Since

Pt 2
ky = =(1+k
t (1 —,0)2 ( + ) P,

we obtain the equation which k£ must satisfy:
ke = —k(1 + k) (2cok + 7).
The stationary solution k = 0 (i.e., the unit sphere) is unstable if
d 2
— {-k(1+Ek)? 20k +7)} =-v>0
dk =0

Therefore v > 0 is a necessary condition for the stability of S? as a stationary
solution to (2.1). |

Of course the same conclusion follows from the functional H. If p is
constant on S, and if Ay = 2¢y — 2 (2 + A;), then

HE) = [ ()~ 2 () dS + (B4 2) AS,) + XaV(5,)

¥p
A Y. X
=4dn(1—c— —+ =p*— =p .
7r< R R i v
Therefore we have
d d?
—H(Z =0, —=HE = 477y,
FHE)| =0 HE)| =iy

9



and the unit sphere S? is unstable as a critical point of the Helfrich functional

when v < 0.

We now investigate the stability of the unit sphere for v € [0,6]. In
fact we can construct a center manifold for v € [0, 6], which attracts for all
solutions to (2.1) with sufficiently small initial data if either v € (0,6) or

vy=¢=0.

Lemma 3.1 It holds that

Proof. The assertion follows from L., = 1/1 + 2|| V] O

Lemma 3.2 It holds that

d 1
—H(eh)| = 5(4+2)h

e=0

Proof. Since
H(Eh) = P]_(Eh)€h + Fl(Eh),

we have

d

d
ZH(ER)| = P)h+ —Fi(ch)

e=0 e=0

Lemma 2.1 implies

1 . )

By Lemma 3.1, it holds that

— =—— > {eh .
dsFl(eh) » 2L, dswj (eh)T5,(ch) .

1 .
fwk(eh)F?k (eh) does not contain derivatives of h, its value at s = sp
0

can be calculated by use of the constant function f(s) = eh(sg). Noticing
Ly = Ly holds for constant functions, we get

Since

— 5w b0 T ehs0)) = -%fm AT = B,

10



Furthermore because of P;(f) = 0 for constant functions, we have

R =8 = 15 = T

Therefore we find

d 1 d .

d 1
== Zar " ITh()

e=0 e=0

h(S())
(1 —eh(so))?

_4a_ 1
"~ del~eh(sp)

» = h(So).

e=0

Since s is arbitrary, we obtain the assrtion. O

Lemma 3.3 It holds that

d 1

e=0

Proof. We have

d d
= — (LadaH(0)|  +Lodo —H(ch)

d
C—i_E_ (Leh AEhH(Eh))

e=0 e=0 e=0

Taking H(0) = Ly = 1 into account, the previous lemma gives the assertion.
O

Lemma 3.4 It holds that

= 0.

e=0

2 {LenH (ch) (HP(ch) - K(ch))}

Proof. Let k1(eh) and k2(gh) be the principal curvatures. Since

K1 (eh) — K1(eh) )’
=)

H?(eh) — K(gh) = (

and since
k1(0) = K2(0) = 1,

we get

d

—=T =0.

e=0

(H?(ch) — K(eh))| (H?(eh) — K(ch))

11



Lemma 3.5 It holds that

d 1 d
— (L.pH(eh == — (L, = .
R (LepH (eh)) . 2(A0 +2)h, R (Len K (eh)) . (Ao + 2)h
Proof. It follows from Lemmata above that
d d 1
— (L, h = — == h.
= (LenH(gh)) D dsH(Eh) . 2(A0 +2)
Similarly we have
d d
— K = —
o (Len K (eh)) . deK (eh) D

= 2 {Heh) - (B() — K(ch)}

e=0

= 2H(0) % (H(eh))| = (4o +2)h.

e=0

Combining these lammata, we obtain
Proposition 3.1 The linearized equation around the unit sphere of (2.1) is
ht + Ah == 0,

where .
A=2(lo+2)(Ao+7), 7=4c0—2(c+N).

We now investigate the spectrum of —A.

Proposition 3.2 The spectrum of —A consists of eigenvalues

R

spec (—A) = {“'%(IM = 2) (1 — )

Proof. Let spec (—4q) = {u;} and ¢; be an eigenfunction belonging to the
eigenvalue y;, satisfying (¢;, ¢;) = 6;;. Consider the equation

(A+v)¢=0

12



and look for ¢ in the form
¢ = Z Ci®i.
i=1

Then {c;} must satisfy

o=

a3 (42 (mta) 4} 6= 0

=1

Therefore v is an eigenvalue of —A if and only if

1
v=—5(~pi+2)(~p+7)
for some i. O

Corollary 3.1 The spectrum spec (—A) contains in (—o0,0] if and only if
0<vy<6.

Proof. The assertion follows from the fact u; = k(k+1) for k e NU{0}. O

Let W be the eigenspace of —Ag belonging to the eigenvalue k(k + 1).
In particular,

Wo = span{l}, W, = span {$1|Sz ) 332!52 ) 333‘52},

W, = span {$1$2|52 » ToT3| g2, T1%3) 52 mf - mé’[Sz ) wg - xglsz} )

where z; is the Euclidean coordinate function in IR3.
Remark 3.1 By use of the standard polar coordinate system
Ti|g =singcosd, oo =singsingd, z3|s =cosg,
it holds that
Wy, = span { Py(cos @), P{" (cos ¢) cosm@, Py*(cos ¢) sinmb |1 <m < k}.
Here P is the associated Legendre function, and P, = PQ. In particular

Tilge = P}(cos ¢) cos ¥, Talg = P} (cos ¢) sin 4, T3|g2 = Py(cos ¢),
1 1
T1Ta|ge = 6P22(cos @)sin20, zox3|ge = §P21(cos $) sin,
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1
T173|ge = §P21 (cos¢)cosf, z2— mglsz = %Pzz(cos @) cos 26,
1
T3 — 23| 5 = —Pa(cos ¢) — 6P22(cos ¢) cos 26,

1
Py(cos ¢) = -3 (mf — :z:g) - (scg - mg) ,
S’Z

Py (cos @) cos§ = 3z371| gz, Pj(cosd)sind = 3z2z3|ge,
P}(cos ¢) cos20 = 3 (22 — z3) |s2 ,  P3(cos¢)sin20 = 6z,Ts|g

In what follows we assume 0 < v < 6. We arrange eigenvalues

v = —%(k—l)(k+2) (¥ + & — )
of —A in descending order as
O=v>v1> - >Up>---.
Denoting the eigenspace belonging to v, by V,,, we have

Proposition 3.3 1. When v =0,

1
U = —-am(m + 1)(m + 2)(m + 3),
Vo =Wo@ Wy,
the geometric and algebraic multiplicity of vy = dim V = 4.

2. When 0 <y <4,
v =0, vi=-7,

U, = —-;-(m— (m+2) (m®*+m—7v) for m>2,
% = Wl;
the geometric and algebraic multiplicity of vy = dim Vj = 3.

3. When v =4,
VOZO, vy = =7,

Vm=—%m(m+3) (m*+3m+2—7) for m>2,
%th

the geometric and algebraic multiplicity of vy = dim Vp = 3.
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4. When 4 < v < 6,

=0 v=-206—7), ro=-7,

Vm=—-;-(m—1)(m+2) (m*+m—7) for m2>3,
‘/E):Wh

the geometric and algebraic multiplicity of vy = dimVp = 3.

5. When v =86,
V0=03 vy =7,

1
VU = —§m(m+3) (m2+3m+2 —-’)’) for m =2,
% = Wl S W2a
the geometric and algebraic multiplicity of vy = dim V5 = 8.

In a similar manner to [4, 13], we can obtain the following result.

Theorem 3.1 For the Helfrich flow obtained in Theorem 2.1 with % = S2,

the following statements hold.

1. For «y € [0,6] there erists uniquely a local center manifold M for (3.2)

with

Y
dmM=4¢ 3 v
fY

2. For~y € (0,6) we have

M = {all spheres with center close to the original S?
and with radius 1}.

That is, the center manifold M is generated by small translation.
3. For v =cy =0 we have

M = {all spheres with center close to the original S?
and with radius close to 1}.

That is, the center manifold M is generated by small translation and

dilation with ratio near 1.

4. Unit spheres obtained by small translation are included in M even for

cases “y=0and cg #07”, and v = 6.
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5. For v € (0,6) or v = ¢o = 0 the center manifold M attracts the
solutions of (3.2) that start in a small h**P(S?) neighborhood of 0,
where 3 is that of Theorem 2.1. :

Proof. The first assertion follows from the results of Simonett [11, 12] (see
also [4, 13]).

A non-zero constant function on S? is a generator of dilation, and z;|g»
does that of translation. Furthermore unit spheres are stationary solutions
for (3.2), and so are spheres for (3.2) with ¢g = 0. These facts yield the
assertions 2-5 (see [4, 13]). Note that the assertions for ¢cq = 0 were obtained
by Simonett [13]. O

Proposition 3.4 When v =0 and ¢y # 0, the unit sphere is unstable.

Proof. Let 3(0) be a sphere. By the uniqueness of the flow, 2(t) is also a
sphere for every t. Denoting the curvature of X(t) by 1 + k(t), we find that
k is governed by

k; = —2cok?(1 + k)2 (3.3)

We consider the initial value problem for (3.3) with sufficiently small |k(0)|.
It is easily shown that:

1. The case ¢g < 0:

(a) If £(0) > 0, then the solution k exists on (—oo0,t,) for some ¢, €
(0, 00), and k(t) 1 o0 as t 1 t,. That is, the sphere X(t) shrinks in
finite time.

(b) If —1 < k(0) < 0, then k exists for all ¢ € IR, and satisfies —ct™! <
k(t) <O.
2. The case ¢g > 0:
(a) If k£(0) > 0, then the solution % exists on (t.,00) for some t, €
(—00,0), and satisfies 0 < k(t) < ct™ L.

(b) If —1 < k(0) < 0, then k exists for all ¢ € IR, and satisfies —1 <
k(t) < —1 + ct™!. That is, the sphere X(t) grows up infinitly
taking inifite time.

These suggest the assertion. O
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We do not know the more precise structure of M for v = 6. The bi-
furcating surface ¥, from the unit sphere around v = 6 obtained in [10]

satisfies
H(p) =1+ ePy(73|5) + O(£?).

The axis of rotation for this surface is the zs-axis. By the addition theorem
for P{* implies that there also exists the bifurcating surface satisfying

Hp)=1+¢ {P2(005¢0)P2($3|52) + %le(cos o) Py (z3g2) cos(8 — bo)

+ %Pf(cos $0) Pz (3| g2) cos 2(8 — 90)} + (’)(52).

Here 6 € [0, 27) is the angle around the z3-axis. The surface is also rotation-
ally symmetric around the axis passing through the origin and (sin ¢ cos by,
sin ¢ sin 8y, cos ¢p) € S2.

4 A parameter-dependent center manifold

To seek for solutions near the unit sphere, we define a new parameter A by
9 1
/\=A1—Co+co+§)\2,
which is equivalent to
Ao =2co— 2 (cg+ A1) +2X

(cf. (3.1)). Put
7= +2¢

as before. We consider that our problem is described the system
( 8p = L{~AH(p) - 2H(p) (H2(p) - K (p))

~2¢o (K(p) — 1) + (4co — ) (H(p) ~ 1) + 2XH (p)},
X (4.4)
Bt)\ = 0,

. 6{y= 0.

The unit sphere corresponds to (p, A, v) = (0,0,y), which is an equilibrium
for any ~.
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For any fixed 7y, we consider v = vy + % as the small perturbation. We
write the first equation in (4.4) as

8ep+ P(p)p+ F(N %0 +4, ) =0.
Then it holds that
P(0) = 3,F(0,%,0) = ~5 (4o +2)(A + 1) = Alro).
Denote the operator (A, ﬁ/, p) — A(vo)p by A(). Then we have
spec (—A(7)) = spec (—A(%)) U {0} = spec (—A(%))-
The eigenspace V() belonging to v € spec (—A(~p)) is
V(%) = {(0,0,0) | (A(v) +v)p =0} if v #0,

Vo) = {(M 4, p) | A € R,7 € R, A(y)p = 0},

In particular, spec (—A(7)) C (—o0,0] if and only if v € [0, 6]. Furthermore
we have

Proposition 4.1 1. When v =0,

Vo(0) = {(\ %, p) | A ERFER, p e Wo Wy}, dim V(0) =6.

2. When vy € (0,6),

VO(’YO) = {()‘7 ;)\’7 P) l A€ IRa;;’ € IR;.D € Wl}a dim V0(70) =39.
3. When Yo = 6,
Vo) ={(M%p) [AERAFER, p€ W1 & Wa}, dimVy(y) = 10.
According to [11], we obtain

Theorem 4.1 For v, € [0,6] there erists a parameter-dependent center
manifold M(7p) uniquely with dim M(v) = dim Vy(7s)-

18



5 Appendix

In this section we shall give expressions of mean curvature and Gaussian
curvature in terms of p. Lemmata in this section are valid not only for
surfaces in IR? but also for hypersurfaces in IR®*!. As in section 2, we assume
that a closed hypersurface is defined by {z € IR**!| &(z) = 0} locally, where
the interior near the hypersurface is located in the side {x € IR*™! | ®(z) > 0}.
Assume also that V,® # 0 everywhere near the hypersurface.

Lemma 5.1 The mean curvature H and Gaussian curvature K are given by
=P
H=-— ldivm (—-V—-> ,
n V@l /| 22)=0}

where
G, X) =detns1 (|P|| ™ Tni —POD) X (Ins1 —P®D) +P® D),

p=plp
forp € R*! and X € 8™,

Proof. The assertion for the mean curvature is well-known. We give here the
proof for the Gaussian curvature, which is an adapted version of [7, Lemma
A]. We may assume z = 0, and

eni1 = —[|Vz2(0)| V. 2(0).

Introduce an orthonormal system {e;,---,e,} so that {e;,---,e,, e,11} is
an orthogonal basis in R*™, and that the surface ®(z) = 0 is represented
locally as a graph of a function f : U — IR. Here U is a neighborhood
of 0 € R". Put Z = (z1,---,%,). Then eigenvalues of Hess;f(0) are the
principal curvatures of the surface at x = 0. Differentiating the relation

®(z, f(z)) =0,
with respect to z; (i =1, ---, n), we have
@, (@, f(2)) + ®$n+1 (, f(i))fwz (5:) =0.
Differentiate with respect to z; (j =1, ---, n), and we get

Bos0;(Z, F(Z)) + Priznin (& F(E))fo; (Z) + Pajanys (£, F(2)) foi (F)
+®or 1001 (B, F(E)) foi (8) fo; (E) + Pai (, f(E)) foras(8) = 0.

19



Since

fe(0)=0 (i=1,--,n), &,(0)=—[V:2(0)[,

we obtain

fmizj (O) = “qu)(o) ”-—lq)wz'-'l’j (0)

We denote the set of all real-valued j X k matrices by M;x(IR), and M;(R) =
M;(R). Put

p=V,9(0), X =Hess,®(0) € M,,;.(R), E=(e1,-,€n) € Mpi1,(R).
Then we have |
Hess; f(0) = ||V,®(0)|| "' EHess, ®(0)E = ||p|| ' ‘EXE,
ent1 = —|lp[~'p = —p.
Since (E €ny1) = Inis € M, 11(IR),
‘E

t =t = _
t ) = lp+1y €Ep+t1 Ent1 —PtP—P@’P
€n+1

E'E + eny1'ent1 = (E eny1) <
hold. Therefore
Ip|""EXE 0 _ Ip|~ttEEXE 0 g
( 0 1) = Eenn) { T 1)\ tens
= [lp”_lEtEXEtE + €n+1 ten—f—l
= p|" (L1 —P®P) X (In11 —P®P) + P ® P,

from which it follows that

: —1t
K = det ,Hessz f(0) = det 11 ( el OEXE (1) ) = G(p, X).

O
Let ¥ = (¥1, -+, Yns1) be an arbitrary (local) coordinate system on IR,
We would like to know the expression of Gaussian curvature in this system.

Choose the standard coordinate system z = (z;, -+, Zn+1) S0 that
®(0) =0, 8y, =—[V2(0)[7"V2(0),
span {0y, -,0,, } = the tangent space of the surface at z = 0.

20



Put
®(y) = 2(z(y)) (or &(z) = B(y(2))), gis = (Gyir Oy -
We have
0z; 6yk 8:zcz
Let I';§; and T'y}, be the Christoffel symbol with respect to the coordinate

$1,J
systems z and y respectively. Since

Y Oy OYer, m) s _ 1 o,
33:,-83,']- 3:6, 83)]’ Ukt Bym T

it holds that

0 _ 5° oy oy 0% Fyn _Ou oy ( 8 ., 08
01;0z;  OyrOye 0x; 0x; = Oy Ozi0z; Ox; Ox; \ Oyxlye "™ Ouym |

Therefore we have with p = V_®,

- _ _ od 6<I> _ Byk 3yg 8<I> 3@
— 27 = _ 2

oY, ., 0Y, ;Oyr Oye
At B sijp IV ij Ik
We multiply both sides by & 53:,\5 Bz, Because of g" = § Do, B:BJ we
get
Ai yll' ]p yU k[l. v é _2@—6—%
P (), G = gV

= IV, 8||>? (vyé)” (vyé)”.

Furthermore, since §;; = gyk gyg ——gks, it holds that
_ _ 3@ 0P 8yk aye
Lyl — = Vv,®|2 i
( +1 P®p)” (gkf || y ”g ayk ay) amz 633_7
. -0y Oye
’LJ Al ad
Using g™ = § 9, Bz, again, we get

((In—H —-PR® I_)) Hess,® (In+1 -P® p))z]
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8% 5% 8% 6%
_ 202 —20%
(gke “Vy ”g ay a ) (gSt “ q)”g ays 6y )

O Ot 0Ya 0Y5 0Ys 0yt sy [0 [, 0P
oz; 0z, Oz, 0z, Oz, Oz; OYadys Yol gy,

od a<1> . 00 0%
— _ -2 -2 o=

« gt gh Oy Oy [ 0% _ro @
Oz; Ox; \ OyaOyp Yap O0yy

2, 0% 53 s 5,00 8%
=( - 1V, 81; %5 )( - IV,81; f*aysay)

Oy Oy (O ., 0%
0z; 0z; \ OyaOys  *** 0y,

_ {52 19,82 (vy¢,>“g§} { — v, &2 (V cp)ﬂ g_;’iz}

xayk Oy (H <I>) "

Oz; Oz

Similarly we have

0y,

3y
6)\1 [
(( oz,

n+l = 15 ® p) HeSSz® (In-l-l p ® p)) 5Jp
- -\ 09
— a -2 hdlall
- {6k 19,%1;% (v2) ayk}
B 0P
B _ -2 ;Lk vt
{5 v, <I>H <V <I>> Byt} (Hessyib)aﬁ

={g™ - 1Iv,8);2(v,8) (v,8)"}
<{o - 1vdl;7 (v8) (V8) | (Hessd) .
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Since

Oy Oy oz, \ !
AZIB Y gy hintal
det 11 (5 Bz,\> det 1 ( 8@) det 11 ( 39,
= sgn < det,, 2,
g { +1 (5.%; g

we obtain

g {{y|<i>(y)=0} K

0
= det n+1 { ((5’\1 a‘i’;)

x (P~ (Int1 ~ P ® P) Hessy® (Inyy — P ® D) + PO )

-2)
0z, ) ) |y 6)=0}

~ det g [”vy&) = { g — |V, 8|2 (Vz@)“ (vyé)u}
% {gﬁu _ ”Vyé”;a (Vyé)ﬂ (vy&))"} (Hessy‘i>>aﬁ
+Iv,80;2 (v,8)" (v8) ]

Lowering indices p and v, we obtain

w|8@)=0}

Lemma 5.2 The Gaussian curvature s given by

K= g—l det nti l:”Vyéugl {(5;: - “V'y‘i“g—2 (Vyxi'))a (Vyé)”}

{5ﬁ—nv 2|;” (V ‘P) (v2), }(Hessy >aﬁ

+11v, 8115 (v 3) ]

1yl <I’(y)—0}

Lemmata 2.1 and 2.2 also hold for hypersurfaces with the replacement of
3 byn+ 1.
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k=={; m==—{

T%%o €=6—it &\B<o t#o 0)&%\

My e—1
THBZDT,
£y-+1 -4 £2 £
_ € ~ & £+m+1 _ n—£
) = ST 3 e (35 s 35 o)
m:—[g m——-ez n——22

:1:7260 01 >4, DEE, FIROE—DORIZDONT L= li+m EBE, EOMiZDOWT L= {1 —n
EBL L.

£1+£y g+l _ ot £14+42
xe, (u)xe, (u) = Z -1 Z xe(u)
2=ty ~£, =£1—2p
Eizb, RRRIC. {1 <, DEEID,
Litly - g1 2 £;+£2
xe(Wxa@= Y, = Y x@
b=f3—E; 0=l —£,
723, o T. 4 & & OXPNBERIZHD ST,
£1+42
xo (Wxe W) = Y, xe(w)
PRTRN|
725, TORMNt =0 OFEDBRILTEEIL. BHECTND. o T,
£1+L2
Te;(U)@ﬂz(u > Tuw)
£=|8y — ]

THIENGTND,
Te(u) 13 91 @ Ho WO HBAEIS2EM §, LOBRMEREHTH S, #E-> T,

£+L2

m®H= Y, &

=8y~

EWSERISENEETS. {f;| —6<jishu} & {he | —<k<L}EFNTNR G, & H
OEREXELTS, ZOEE,

{fj®hkl —0<j<tb, £ <k<4)
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i1 6 @5 PERERHLRS, tf;.,(u) BEE {f,} KT 3 T, (uv) OTAERET S, §7i2
bbb,
5 (w) = (Te, @50, £5) 5,

THB., 2T (4)g, 13 9 LORLENETH B, FHIC
t2.,(u) = (Te, (whir, hi) g,
c‘:TZDo T(u) ODEE {fj ® hk} L:ﬁT%ﬁﬁUgié a(Jk),(J,k:) (U) &§< t\

agr,Ge) (@) = (T (F; @ ha), £ ®hi) g o0
= (To,(w)F; ® Tey Wi, F; @ ba) g o

= (Th (u)fj" .fj);h (Tiz ('u’)h’k'vhk)ﬁ2 = tg;’(u)tiﬁk'(u)

Eixs,
Fe DEREXEZ {al, | —£<m<{} £T5. ZOEE,

{afnilel—fziﬁeﬁfl-*-ez, —£<m< ¢}

£-+45
Y Fe=9.09;, OEREXETSS. ZOHHETD T(u) OFFIERE B(om),em) (@)
2=|£1—82]

EEL, Thbb,
Bem),(ermn) (w) = (T(u)af;,, afn)

51092
Ly +E2
ThHD, Y T RENHNOEZHETHZOT,
E:]El—ﬁgl

Biemy,(@my(u) = ber (Te(w)ag,, ar,) o = Seprtpm ()

P AL
{fj Qhi} & {afn} BEIZ {909} DERERETHZDT. HIERTHC = ((J(gm),(jk))
Z2RWT,

b1+42 £

Fi®he= Y D Clom) (i)

=l —Lp{ m=—t

4 £o
ar.= Y. Y Cumunf;@he

p —
LE#BEIND, C DU & & DRFERERRTZED. Clmy,r) &
Clem),i5k) = C(f1, 2,4 5, k,m) = C(&,5)
EEE, Clebsch-Gordan ¥ LR, ZIT.
£=(01,6,8), 3=(j,km)

TH%.



1.6 Clebsch-Gordan REDFTED AL

21, 22, 23 BHOHED 1 THIERKET 2. {af;}, {zehr}, {zsal} BRENTN 91, 92, T
DODEHERREITRD, 2O EMD, Clebsch-Gordan BEIE. #HHE 1 OEREBOREEND

DENGND, TI T, g,
(12) C(ela eZ, ea ela _Z2’el - 82) 2 0

ERBBEIICEDDEIZT S,
FIEOBRLD.

¢ ¢
tiyr (W)t (w)

= ak), k) (¥)

(T(u) (f ®hr), ;@ hi) g oo

£1+£, i+

= >y > Z Z (Clarmy, T (u)aﬁ;l,C(tm),uk)afn)m@ﬁz

f= lzl—eglf' |21—-€2|m_—~lm’=—£’

£y +Ly L1482

= > > Z Z Clerm) (k") Biem), rm) Clem), (5%)

= i£1—£2|2'-—|£1 £2|m——£m’=—£’

£1+42 £1+4s

=2 X Z Z Cerm) (k) Sttty (W) Clem), (i)

_I£1—£2| = |£1—£2| m=—fm'=—f

£1+£,

= Y E Z C(£,5')CTE,3)tem (w)

£=([ly~y| Mm=—f m/ =~

L%, dimg, =204+1 THBDOT, BOI=F U—REHDO—BHRKLD. SU(2) LOFREHE du
WEELT, %@ﬁl};’%bzﬁabf{\/_% tmm,()} PR THEREERLENNN S, 0T,

(1.3) (6,707 = (2 +1) / 188, ()t 83, ()T () s

B3, te‘ (u) DEBRRRRIRD B5HNIE. Clebsch-Gordan BB ZFHETIENHK S,
i=3 ta%( &,
C(e, )2 = (2¢+1) / £ (), () ()
SU(2
LB, BIT. j = (0, —La, by — L) S
C(Zh 62,8; ela _827 el - e2)

f ¢ ¢
= /(26 +1) /; v tere, (W 1)) (W2, t,)00—8) (W) AU

X>T. Cly,42,801,—L2,81 — £5) NRET S,
BEQREERATB DI, FERE du ERABT EE. 12, (u) ORFRENDBENS 3.



1.7 AEME
SU2) LOFERE du td. SU2) EOEMEEE f & uo IKH LT,

= = = -t d
[S PROL /S o [ /S o S0 /S S

BT, ¥k,
/ du=1
sU(2)

BHETRICERILT S,
7
G={( e ?)eMxD MP+WF#%
-3 a
REBHEEZ D,
{ a B [ @ Bo
u= ( 7 s ) €@, w= ( By 4 ) € SU(2)
ET5 L, -
(o o = apa - b,
mm*(_@ a)eg’{;r=ma+%ﬁ
&1z,

EE L1 [2,p. 159] T, BoT B =B+ 6B &5 TS,

detug =1 THBDT. G LOBE dg = dadadBdB 13 ue € SU(2) ZHM S BT 2 HETF
BTHD, a=a;+ioy, B=P1+i8 EB&E

dg = 4daydaydB; dB,
TH D,
a = T cos geﬁ;ﬂ, f= z’rsing-em#z
Tr,¢,0,¢0 BEHETD, r=1DEE, wcSUQ) THV. ¢,0,¢ 2 u D Euler ATH S,

Bir3tB T, .
dadadBdf = §r3 sin @ drdfdody

THHDENIMND, SUQ) X r=1THEMLITIENZDT.

1 27 T AT
/SU(Q)f(u)_ du 1672 /; or /0 /(; F(0,8,%) sin 8 dbdpdy

&Eéo:ZT‘ﬂM@&¢»%¥Kf@ﬁﬁ0%%htaT%Em\éﬂﬁﬁlkméiﬁtﬁ
B R TS D, COBER. BROFENSEFETES. SUQ) BI2/RY FETSHS
DT, EXETLH5, foT.

7 61772 sin @ d9dodry

(1.4) du =

MRDDFERETH S,



1.8 t_(u) DRFRR
g€ SL(2,C) &£F 3, Euler AZHNT,
9(¢,0,%) = g(¢,0,0)g(0,6,0)g(0,0,%)
LTS, INEKD,

Tu(9(4,0,4)) = Ta(9(¢,0,0))Te(9(0,8,0))Ze(g(0, 0,9))

0,0 S
g(é’ I )- 0 e__i;

THD, §8.3 TREXIIZ, =t e, ITHL T,

MRV D, TIT,

Te(g(qﬁ, O, 0))$£—n — e—ind)mﬁ—n

THB, VDRI,
t8..(9(4,0,0)) = e s,

THB. g(0,0,9) = g(1,0,0) THBDOT.
trn(9(0,0,4)) = e~¥5,y,

b RNB. t8,,(9(0,6,0)) BIHEIZ £ (9) LMET D, TDEE,

£ 4
= Z Z mz(g d’,o 0 t (O)t‘,n( (0 0, '¢)) _6_2(m¢+"¢)te (0)

&%,
0

cos§ isin =
9(0,6,0) =
7 a g S —
isin 5 cos 5
THZOT, L, (0) ZROZBICIL. 84 TEASHERK
0 , . 0
) a—6=cos§, ﬂ='y=zs1n§
2RATHIEIL W, TOHR.

ttn(8) =i"™" d (=m)i(¢ = n)! n)! cot™t" g—

(€ +m)i(€ + n)!

i (£ + §)li% 950

C-NG-miG-m) " 2

X

Jj=max{m,n}
/%, ZZT. 0 <RO<m TH 5, ;@ﬁ%f

coto_ 1+cosf\? Sin20_1-cos(9
2 \l-cosf/ ’ 2 2
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ERINBZDT, t£,(0) 13 cosd DK EEZZFNHRD. €I T,
tfnn(o) = Prl;m(coso)

TP, REETB. ThED,

(1.5) t,,(9) = €=M+ PE(cos0)
ERB,
cosf =z EBLE,
— j—m—n (€= m)(¢ —n)! (1+Z) 2
Fra(z) =17 +mil+n) \I-2

(1.6)

¢ Ny s .
(€ + j)u% 1—2\’
< X e ()

142 g
LB, ( ) 5 ED BB, ERLEICEEED 2 AOEER (00, 1), (1,00)

2oy h2ANTEZS,
8., (9), Pin(z) DRIDEEZRD B, t¢,(g) I

To(g)em (z) = Z ttn(0)m ()

m=-£f

TEEEINS. Ty(g) DERLD,

(g} _ (az+7)* (B +8)t*
V=)l +n)! V- )€ +n)!

TH 5. To(g)Pn(z) ® Taylor BREEE L5 &,

Te(g)thn(z) =

( (£ + m)! -
mn g) = (€ — )€+ n)l(f — m)! dzt~™

{(ez +7)*™(Bz + 8)**"}

z=0

2R5. y=a(fz+6) -1 LB<L: ad - Py=1RERBTB L.

7+ 1 ﬂn—m d!—m o n
trn(9) = \[(E—n)!ge-(-:))!(e—m)!awm e AUMMCE S

y=pv

185,
—5—00 B =v=tsi 6 s0 =
a=d=cosz, =7y=ising, cosf=2z
EBL,

ntm

g -
a™tm = (cos2 g) = (1 5 z) )

n—m n—~m

0\ 1+2) 2
n—m __ n—m 2 2 — gn—m
B =1 (sm 2) =1 ( 5 ) ,
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e war Y| = T ey
= @+ = ——{y" "y + 1)
dyé y=pv dye y_z;zl
-1 £—n d@—m - .
- ( 22")"""‘ dzt—m {(1 - Z)é (z + 1)£+ }

THDDT.

—1)frinm (£ +m)!

Pt = (
w i (2) 2t \/(E )L+ n)l(f — m)!
ntm n—_m dE—m 2 Vi

x(14+2)"77 (1- z)sze“m {(1-2)"(z+ 1)}

z1%E5,

1.9 Clebsch-Gordan #&E¥OHE

§8.8 TROX &, (g) DFERR (1.5) % §8.6 THVER (1.3) IKRAT S, §8.7 TROLFLH
E (14 ZHANVD L,

2T ,
C(£,5)C(L,5) = 256:1 / / / e~ +ke—m)o+(G' +k'—m )}

X P, (cos §) P2, (cos 0) PL,.,(cos 0) sin 0 dfdpdy

(2e+ 1)6 . m6 2 ' ' L
- s md+iym /_ Pi @ P 0) Pl (@) d

Lis%, o T\ j+k=m,j +F =m' LS DFAIL. Clebsch-Gordan HEIZ 0 THB. I
T, D,
£ = (el,fz,f), j = (j’ k,] + k), j/ = (jl, k’,]" + k,)

&L,

2041 —
(18) (‘e .7 )C(£ .7 = __/ PZI P(J+k)(g’+k')($)
OFtEZL-ESE X5,

jl = el, k, = eZ o)%éégiéo (1.6) J: D\
81—_7 28 & -d £1+4+37
131 l a2 2113
PJel(z) \/(el ])l(e +J),(1 ) : (1 +$) 2

g2tk 2¢9)! L4k fg—k
P,ff_ez)(:z:) T \/(fz + 7(6)'(23)2 —k)! (A=) (1 +2)7r

THD, Tim. (17) &D

, j—i—k—Li+ba+2L (€47 +k)
Pliri-)(®) = 2f (6—F— k)Nl + 8 — L) (6— b1 + &)
gy - —j—k
(1o R ) S L (- a1ty
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E7%. ThdE (1.8) KRALT.

C(‘el, ZZ; ‘e, Zlv —821 el - eZ)C(eli 82, ‘e, j, k*)] + k)

(_1)—£+£1+k (22 + 1)
9+E +2+1

(1.9) N (21)1(28)1(€ + 5 + k)!
(01 — DIy + )1l — B) (L + R)(€ — 5 — K)I(L+ £ — £2)1(£ — &1 + £2)!

1 ‘ t—j—k
x / (1 _ z)h‘] (1 +m)£2—kd‘ie—j—k {(1 _ x)£—£1+22(1 + :L.)E+£1—£2} dz
-1 .

185,
J=tl,k=—4 £BL, BAHEMNEKD,

|C(8y, £, £ 61, —£s, 61 — £3)|?

B (_1)—24—21—32 (2@ + 1)
= AR 4, 1 1)l

! g, A0 =ty +e L4+0,~2
x [ oy {1 - 0 4 )5 o
-1

_ (2¢ + 1)(2¢,)! /l 201 (1 _ o \E—£1+L2
T EFGARTI( — §; + £5)(fy + &3 — D)! _1(1 +z)*(1—-2) dz

3 (20 4 1)(201)1(245)!
Tl Al =D+l +E+ 1)

2EBNB, (1.2) OFT,

(2¢ + 1)(231)!(2[2)!
b+l =Dl + L+ L+ 1)

(110) C(elye%e; ‘el, _‘827 el - l2) =

EB,
Iz (1.9) KRATB &, C(ly,43,6;5,k,j + k) BEETHIENGND,
C(l1,82,6,5,k, 5 +k)

(__ 1) —f+b1+k
= Ol L

(1.11) (20+1)(+ j + B)(ly + £ — )8y + b + £+1)!

X (¢, — _’})'(zl +])f(Z2 - k)'(22 + k)'(Z o k)'(E +4, - 22)‘(£ -+ ez)‘

1 , —j~k
X / (1 — m)h—.?(l + z)lz—kdi£_j+k {(1 _ :L,)Z—éx-!-lz (1 + m)€+€1—£2} dx
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LB, £—j—k EEFE2% LT, Leibniz AIZHWNS &,

C(el, ‘82’ éa j: k: .7 + k)

(20 +1)(E+35 + ) — § — k)€1 — )!(la — B)I(£y + £ — £)!

(1.12) = (-8~ U1+ D+ RN+ 8y — L)l — £y + €)1 (8 + Lo+ £+ 1)}
N
- (=1)°(ts + 5+ )¢+ 42 —j — 5)!
x D S—F—k—8)(li—j—8)(fa—L+7+8)

s=M;

M1=max{0,f—32—j}, N1=min{£—j~—k,€1—j}

TH 3.
Pliikyti—t) (@) = Pl ey (@) ZRVT, (1.8) 15 (L11) - (L12) ZEWcFHE & RIS

HEZETO &,
C(‘el, 22’ ea]’ ka] + k)

(__ 1) —f+81+k
= LT

(1.13) @0+ 1)+ 01— £2) (€ + £z — £)1(€ + £ + £4)!
(61— N+ )l = k) (€2 + R)W(L+ 5+ K)(L ~ = R)I(E — £y + £2)!

' Lotk PN i t—j—k 4tk
— 2 2~k __ — —J= J
X /_1(1 ) 1+=) I {(l z) (1+z) }d:z:,

C(‘el,e% é, j, k,] + k)

= (~1) etk U+ D)+ +R)IE -G - k)

(1.14) y (b + o — V& — £y + ) + £y — £)!
G + Lo+ £+ 1)I(8, — )1 +)i(€z = R)I(lz + k)

y i (1) €+t — j— )€ +] + 5)!
23!(e‘j‘k—3)!(5—31 +l—8)(f1—la+]F+k+3)

s=M:
PELNS, ZIT.

M2=max{0,£2—€1—j—k}, N2=min{£—j-k,é—€l+éz}

TH5,
(1.8) KBWT j/ =y, k' =8, EL T, C(fy, 40,85, k,j + k) DEFHRD5ND, TOBI
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. (16) KBNT m=j+k n=10, 0 EBL, TORERI

C(Zl, 627 ‘e, j’ k)] + k)

DN =G~ RNl — b + ) by + Lo = Oy + b2+ £+ 1)!
(1.15) - (6 — )l + R)Ey ~ RN+ 5 +R)N({E+ £y — £2)!
£

(=1)rtk=s(g + 8)I(€y + 5 — )!
8 Z (l=s)(s—F—K)(s—b+ L)+l +5+1)!

s=Ng

THD, ZIT,
N3 = max{j + k,¢; — £3}

TH 5,

1.10 ¥
(L) RPBVT, j & —ji. k& kI, & —y KEEHMZ DL,
(116) C(Zlae% e;ja k,] + k) = (_l)f—er—ezc(gl,ez’ Z» —j; —k7 _j - k)

2155,
(111) ITBWT. (£1,5) & (b, k) ZRHEL, o= —y B &,

(117) C(ela‘eZ’e;j: k7.7 + k) = (_1)£_£1_£20(£2,£1, ‘e; k,j:j + k)

UG+ R e

el 2 ’ £2 2 ’
R el AP Ly Y
2 ’ 2
EEL L.
(118) Clls, 00,853,k +8) = C (8, 50,83, %, 01 - )
2H%%5, ZIT.
~ bG+0b+i+k - b+l —35—k
él:-—'——_-——’ e2=————_’
2 2
«~ by —lo+i-k - b-l—-j+k
-—— b — -
J 2 I 2 9
TH5,
(1.11) % £~ — k ERSFHES L.
7 !t U i ’
£1=e—-+—‘€21——k—, 22_:8__-’%&’ Z:Z'Z’

PR

0-0 -
2 — 7

T
+7, )
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LEL L

C<€+€1—~k €+Zl+k,ez.€1—f—k+ ',Zl_e_k—j,el;e)

2 ’ 2 ' 2 2
(1.19)
. (261 +1
—(_\a-~i, |2 i f
( 1) 2+ 1 C(elye%es],kaj-{_k)
PBEL5NS,

(1.18) & (1.19) ZHBEDEB &,

(120) C(gla ez,&j, k,] + k) = (_1)21-j 2e+ 1 C(‘el’e’ Z?;j, —.7 - k’ _k)
V 20 +1
&%, ZOBBRAE (1.16), (1.17) &b,

C(tr, 02,85, k,5 + k) = (—1)@‘31—’“\/———2'3+ Ol &, b3k, —5 — k,—3)
20, +1
. [ 2041 .

1.21 = (~1)t [ 2 o0,y 05 — Ky, —k
( ) ( 1) 282-‘-10( s€1,82,—7 J )

[2¢+1 . .

— (—1\etk, [T~ ik ok —

( 1) 2£1+1C(€’e2,el’ J s vy .7)

BBMBENESND, ZhE Wigner O 37 B8 ( b & & ) 2RNT.

mi; m™my ms3
. o ¢ ¢
(1.22) C(1, 82,05, k, j+k)=(—1)‘fl-£2+v+’°\/2e+1( ! ]: - )
J -3 -
TEY., 972bb. Wigner @ 37 i Bid.

I I2 I3 = (_1)‘71—32—"13\[ : C(j11j2’j3;ml, ma, _m3)
m; g Mg 2j3+1

TEHEIND, Thid 1,2 3 ORERRICHLAZETS Y. ERRTETO m OFEORIE
KU, (—1)itintis FIEEEBLS,

1.11 #=4%MR Rodrigues O
aec € ITHL.

g = _Llatl)
I'le—n+1)

EB<. iz, o CHTRENMEME A, &
Aof(a) = fla+1) - fla)
TE&RT . TOLEE,

Agal™ = na("—l),
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1)k=sk!
Afa )—Z(,(,j fla+s)
PRSI B, EAEREE A; BANBE, (112) i

C(‘el: e2a e; j: k:] -+ k)

(6—3j— k)!(£+£1 - 82)!(5 -0+ fz)!(ﬂ-’- £y + 23+ 1)

(1.23)

X\/(Zl — j)l—ta—i—k) Ab-i=k {(51 +J')<Z+£1_e’)}

A +j)(e;—£2+j+k) J (6, - j)(el—z—ez)

EEEXERIND, ZHT. Rodrigues DBR (1.7) DEDRTH S, FBE, j+k=m,l1—lo=n
LB &, (1.23) i

£y —E+k (e hs el i e2 s 1)
(1) C(t1, 45, ¢; J,k1+k)\/(ze+1 Yl +£5 = 0)!

- €+ m)! =)™ o { (£ +4) D }
"V Ee-mig+nie-miy @+ (G- 5)0

ERB. —H. (L7) i

(1.24)

(=1 mim 2P (2)

(1.25)

_ (¢ m) APt (F uch
= (Z n)'(E + n)l([ m) (]_ + z)n+m dzt—m (1 — z)n_g

E72%,

1.12 Z9FER
PL (2) 1%, #aHER

Prl;m(z) = —E(e + I)Prl;zn(z)

d o dPL,(2) m? +n? — 2mnz
(1.26) - {(1 -t A

2§~ T, 5T, Clebsch-Gordan BEIZZNICHIEL ZESFREAEZEZTIITTHSZ. Th
2RDB, LIk,

C(ebe%‘&j,k,j + k) = C(]) k)’ \/(p— q)(p+ q+ 1) = R(p7 q)

LIEELT B,
Clebsch-Gordan BEODEEIL.
£i+f
f;®he= Y CQ,kal,
=]ty —bp)
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TH 5.

i Lt
cos 7 - sin 3
g=g(t)= € SU(2)
sin % cos 3
Pl UN
£1+42
To (9(t)f; ® Ty (gt = D CU,E)T(g(t)) @}
2=|t; — 2]

Bt THALTE=0<&B<. (1.1) &

gh—i
f] = = 7
V(= ) +5)!

&b, , iy
d —(l1 + )z 1=j+1 (El -_7):1,' T
=T (g®)f;| = _
dt =0 24/(€1 — 5)1(fL + )!

1 . .
= 9 (_R(el’J - 1)fj—1 + R(‘elvj)fj-(-l)
Lizd, FERIZ,
d 1
i la(9®)he) =5 (-R(l2,k - Dhj—1 + R(€2, k)hg1)
t=0
d . 1
ET(g(t))a‘m =3 (=R(¢,m — 1)am-1 + R({,m)am+1)
t=0
L5, #€-o7T.
1 . .
3 (=R(£1,5 = 1)Fj—1 + R(£1,5)F j11) ©
1
(1.27) +5f;® (=R(f2,k ~ 1)hg_1 + R(€s, k)hi1)
£y+4o 1
= Y 0GR (-REi+E=Df; 1+ RET+E)F jipn)
£=|81~25]
2/5,
Rz,
I
coss ising
w(t) = € SU(2)
L si E fo) _t.
ising  cosg

WL TRKROHEZITD,

‘- . . t £etn t . Le—n
T, (w(t))x = (za: sin 5 + cos —2-) (:c cos 5 + isin -2—)
THDHDT,

_ )i g, (B )i

d £y —n
=T (w(O) .

t=0
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E78%, IN&KD,

d (€1 + §)izt =+ 4 (6, — j)iwhr—7—1
—T, (W) f = . >
" L =0 24/ (61 — )11 + )}
= ';‘ (R(01,j — Dfj-1+ R(‘el,j)fj+l)
&%, R,
. .
ZTa(9@)he| = 2 (R(l2,k = Dhyoy + R(la, k)hisa)
t=0
Lreat =L (REm~an: + R m)an)
t +=0 2

L2, €T,

2 (Rlt05 = D jos + R{ ) 01) © P

i
(1.28) +55; ® (B(l2, k — Dhi—1 + R(f2, k)hic+1)

£1+42 ’
= > SOGK) (RS +E = Dagres + R+ k)azine)
£=|81~£3|
255,
(1.28) 2 — fEL T, (1.27) iITMA 3 &,
£1+42

(1.29) R(£1,7)f ;41 @ hi + R(2, k) f; @ A1 = Z R(t,j + k)C(5, k)@ 1p 11
£=]t1~£r]

Lix%, £,

£y 42
> {R(€,5)C3 +1,k) + R, k)C(j, k + 1)} @5 441
e=|£1 —zzl

Thd, WA,
/5.
(1.28) 2 i fEL T, ZOHKELD (1.27) 2RTB &,

£1+22
R(b,i—Dfs_1 @b+ R k- Df;@hicr= 3. REG+k—1C0k)alsyy
£=|t;—£|

&%, Bl

£14-4o
> {R(t1,i -1)C( - 1,k) + R(bs,k — 1)C(4,k — 1)} ab oy,
2|8y ~ o]
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TH5, WRIT.
(1.31) R(&,j +k—1)C(,k) = R(t1,5 - 1)C( — 1,k) + R(¢a, k — 1)C(, k ~ 1)

=152,
(1.29) OFHLIZ —T(g(t)) — iT(w(t))],my EEATEBE,

R(¢1,7) {R(€1,5)f; ® by, + R(€2, k — 1) ;11 @ hie—1}

+R(l2,k) {R(£1,5 — 1)fj_1 ® hiesr + R(€2, k) F; @ ha }

£y +Lp .
= Y R(tj+k)*CU,k)ady
£=|£1—€21
&5, Eilid.
£1+£2
> {(R(t1,5)* + R(€2,k)?) C(j, k) + R(£1,5)R(b2, k = 1)C(j + L,k — 1)
2=, ~£a]

+R(€1,j — )R(t2,k)C(j — 1,k + 1)} a5
TH 5. $£-5 T, Clebsch-Gordan BREITIEHS HER

(R(41,5) + R(t2, k)* = R(4,j + k)*) C(, )
(1.32)
+R(41,/)R(b5, k- 1)C(H + 1,k - 1)7+ R(£y,j — 1)R(4s, ECH-1,k+1)=0

EBITENAD D,
(1.31) &1,

R(f2,k - 1)C(j + 1,k — 1) = R(£,j + k)C(j + 1, k) — R(£1,5)C (4, k)
E72%. (1.30) &0,
R(2,k)C(G - L,k+1)=R(,j+k-1)C(j — 1,k) — R(¢1,j — 1)C(j, k)
El2d, 5% (1.32) KRATD L.

{~R(£1,5 = 1)* + R(b3,k)* = R(¢,j + k)*}C(4, k)

&%,

EB L, EnHERIT.
(1.33) R(,j + k)D(j, k) — R(¢1,5 — 1)D(j — 1,k) = —R(f2, k)*C(j, k)

2%,

20



(1.30) &b,
R(61,/)C + 1,k — 1) = R(,j + k — )C(j, k — 1) = R(€s, k — 1)C(, k)
£73%, (131) &P,
R(f1, - 1)C( - 1,k +1) = R(t, j + K)CG, k + 1) — R(2,6)C(5, k)
B, THBE (1.32) RRATS &,

{R(€1,5)® — R(f2,k - 1)*> — R(¢,j + k)*}C(j, k)

+R(ls,k— )R(L,5+k — 1)C(j, k — 1) + R(fs, k)R(L, 5 + K)C(, k + 1) =
&Ei25,
E(j,k) = R(¢2,k)C(j,k+ 1) — R(£,5 + k)C(4, k)
B L ENHERR.
(1.34) R(£,5 +k)E(j, k) ~ R(f2,k — 1)E(j,k — 1) = —R(£3,5)*C(j, k)
k2%,

B 1.2 [1] kBT
_2e—)4
o = (€+5)NAY

723 &7° Helfrich BHE OREHOBR THNE, TIT. A 11
) 1 ) 2
A= [ Pe) (Pla)) da
-1

TEHINDHET. Clebsch-Gordan K (DEEM) TH2., ¢ iE. EMEI N7 Legendre O
HER
(1.35) A; (R(6,43)A0) = -R(6,00%¢]™

W, EBE.

FE) =\ = itnt

THDBDT. Clebsch-Cordan ¥ ZEHLIUT,

2(£ + 7)IC(¢L,£,£;0,0,0)C(¢, £, ¢; 0,3,_7)
(€—-NH2A+1)

Af=
7 0t,¢,40,0,0)

L7825, /2T, C(4,4,60,5,5) MEMEI NIz Legendre HRR (1.35) 2L TEEZE DN
ERW. C4,6,60,5,7) 1 6=l =L ELIZEZED C©0,7) ThHD. (1.34) BT, Ihb
DINTA—FERRA LB, (1.35) TH2,
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EH#OFET.
R(£1,7)* + R(€s,k)? — R(£,j + k)® = R(£1,5 — 1)° + R(€s, k — 1)* — R(4,j + k- 1)
MRIULTHDERGND, IhE (1.32) KRATZ &,

(R(£1,5 — 1) + R(f2,k — 1)2 = R(¢,5 + k — 1)*) C(4, k)
(1.36)
+ R(ZlaJ)R(Zz’ k- 1)0(] + lak - 1) + R(elyj - l)R(e27 k)C(J - 1’ k+ 1) =0

EixB, (1.32) £V (1.33), (1.34) ZHEW=HFELAROFEEZTD L, EHHER
(1.37) R(£1,5)D(j, k) — R(¢,j +k - 1)D(j — 1,k) = —R(€2,k — 1)*C(j, k),
(1.38) R(ls, k) E(j,k) ~ R(t,5 + k — 1)E(j,k — 1) = —R(£1,§ — 1)*C(j, k)
D(j,k) = R(L,j + k)C(j + 1, k) — R(£1,5)C(, k),

E(j,k) = R(&,j + k)C(j +1,k) — R(l, k)C(j, )

TH>,
(1.33), (1.34), (1.36), (1.37) L. (1.26) OENRTH B DX, HENRBENDT, FEELT

53,
(1.39) PR (z) = )l 7 (1= 221 + 2)P+7)

T 21— 2)e(1 + 2)P dzY
EB<, Thid Jacobi DLERT. PL,.(2) ZAWVWS &,

o m n—m L—n)i(l+ ’n)' (1 - z)"‘m
(1.40) PP (z) = 2™ \/(2 — m;!Ee il T Pt (2)

tRINB, IIT.
(1.41) a=m-n, B=m+n y=£L{-m

TH 5, Jacobi DEERIL. WM FHER

dZP(a:ﬂ) dP(a’ﬂ)
(1-41{)1—22)——222&+{,6—a— (a+ﬂ+2)2}—1&;ﬁ+'y(a+ﬁ+7+l)P,$"’ﬁ) =0

BT, T (1.26) EFRMETH %,

Pl (z) = P (2)

e,
2mé £

(1.43) (1-z%i32592+2{n_@n+1p}f¥gﬁﬂ+4uamfm;A@==o

LB, BT,

¢ g G (=)™ [ (45
Q:mn(-?) - 2e-m(g — m)! (€ +]‘)(n+m) Aj (£, — j)(n—e)
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EBL. ESK Rodorigues DR (1.24) & D,

N (—1)a—d (£ —n+ 1)
cfnn(]) T T otm (20 + ;)(Zl —f—n)!

C—nieen) [G—pem o
x\/;[_m)!(g_*_m)!\/;ei_*_j)(n_p.m)v(elall-n,en?’m_.?,m)

T%%o 22 =£1 —n CE§< c‘:.

(=™ = (G-}l —F-1) - (L-j—n+m+1)

_ =it -i-nnm
Zl —j —-n+m

_ (-~ -1t
bo+m-—j

3

G+ = G+l +i—1) - (li+j-n-m+1)

G474+ +f—n—m+1)
H+j+1

(b +7+1)"™(f —m4j+1)

LH+i+1
THBDT,
(8 — j)(n=m) _ (¢ —j—1)n—m™) (b1 —)l+7+1)
(6 +7)tm) Ly 4+ + 1)) by +m — )y —m+§ + 1)
_ (-j-1)®™  R(f,4)
(1 +3j +1)**™ R(ly,m — j — 1)?
Eibd, £k,

(lr— ™ = (8, =) (o= = 1) (s~ j—n+m+1)

(=) -1)(f—j—ntm)
h bi—-j—n+m

(el _ j)(n—-m-H.)

bo+m—j

G+ = @G+ +i-1) (L +j-n-—m+1)
= G+t +j-n—m+1)
= L+l —m+j+1)
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THBZDT,

(6 — )™ (4 — j)(mm+D) 1
(61 + ) (G +5)tmeD (G +m — )l —m + 5+ 1)

_ (31 _j)(n—m+1) 1
T (& +§)rm=D) Ry, m — j — 1)?

&%, - T,

(lr~7— 1)(n—m) _ R(ly,m —j —1)2 (4, _j)(n—m) _ 1 (0 _j)(n--m-*-l)
€y +j+ 1)mt+m) - R(€y,4)? (€, +j)n+m) T R(81,5)2 (1 + j)(rtm=1)

2He5, INEHNSE,

R(£1,5)* (li-j~-1)m™ o, . { (145 +1)0+0 }

(41 +j + 1)(n+m) J (¢ —j— 109

_ (4 — j)(n—m+l) t-m (b +7+ 1)(""'@
G G- )

2l =)™, { (8 + )0 }

R(ly,m—j~- 1) A +j)(n+m) J {61 — j)(n—z)

G ) { (b +4)"*9 }

T (8 + f)tm-1) I (¢ —§)»=9
b—m
REBND, W OEEEST, U " _ rmyze
26-m (g — m)!

R(61,5)°€L,,(j + 1) ~ R(€,m — j — 1)%eL . (5)

_ DT (=)0 g [+ )0
2=m(g — m)! (£; + j)(ntm=1 "7 (¢ — 5)»=9

(1.44)
__(EDEmH —m 4 1) (6 = ) [+ 5) 0
2-m(f —m 4+ 1)l (8 + j)(nrm-D) T (4 — §j)»-9
=—2(0 - m+1)€,_1), ()
Eie b,
RiZ,
. 0 +j+ 1)+ g (b +5)(7F0
1.45 _j—1pll = el T
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OEHEHET D, EUD p BESZ.

: (n+£)
A? {R(Zg,l—j—l)z(el+‘7+l) }

(6~ -1)FD

1 1)+
—_—R(Zz,e—j—p—1)2A§-’{(ll+‘7+1) }

(b —j—-1)-8

. [ +i+ 1)

(€1 — ] —_ 1)(n—£)

_ _ p—2 (el +.7 + l)(n+£)
O (e

LB, TNERMETRT, p=0DELERELW, p DEFELVET S, MOEFAR
A;(F(7)e() = FG +1)A59(7) + 9(7) A f(5)

Z2HWNWT,

. (n+£€)
art {R(Zz, g-j-rplatity }

(31 . ] — 1)(n-£)

. (n+£)

(br—j-1)8

O+ §+1)+D
+(AjR(€2,Z—j_p_1)2)A;;{(1+j+ ) }

(6~ -1

/ : 1(n+f)
—2p(j—e+p+1)A§{( 1+i+1) }

(el _ ] — 1)(n—£)

-2 (Aj(j — £+p)) A2} {(ll 4j+1)nt }

(o~ j=1)n=8

i [+ + 1)t
~p(p—1)A? {

(b —j—-1)=9
&b, ZZT,

AjR(Ug,d—j—p—1)2= =20 —€L+p+1),

B;(G—L+p) =1
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THBDT,

: (n+£)

(¢ —j-1)-9

: (n+£)
=R(€2,£—j—p—2)2A§+l{(£1+J+1) }

(b ~j—-1r9

(bi+j+ 1)(n+£) }

=2+ )G - L+p+1)AE {(61 — )

(01 +j +1)+0 }

~p(p+1)AF" { CET sy

EizB, E£le, (1.45) OFAD p BEMI.

P N2 (gl +j)(n+e)
& { R G s
: by + j)+0)
= R(¢ ZAP ( 1
( 1, +p) A] {(el __j)(n~£)
) o1 f (6 +5)0 —2 [ (6 + 7)(@+O
-9 p=1 (_..1__.._._ - - p AL VAN
PU+D)A; {(el = B B (e

Eisd, EBE p=0DLERELY, pDEEELWNELT,

1 f g, et
AJ { (€1,7) @ _j)(n_.z)

. f + j)n+0
= A;R(8y,§ + p+1)°A7+ {H(n_—'ﬁ}

+ (AjR(£, 7 +p)?) AP { (b 49) "0 }

(£ - j)(»=8)

; (62 +5) "0 A [+

—plp - 1)AT? { G i }

(t = 5)tn=0)

_ . 2 a1 [ (L +5)7F0
_R(zl,J +p+1) Aj {————-———(Zl_j)(n_e)

L+ )0 _ At
__2(p+1)(j+p+l)A§{E—ﬁ—l{—;—;(%}—p(p—}—l)A? 1{%}
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&%, fEoT. (1.45) DELZE (-—m+ 1 BAEREES &,

(1 +4+1)9 }

R(ty,m — j = 2)° A" {(‘éle-T)T-_@

(¢ +j+1)nt0 }

~20—m+1)(j~m+1)A™ { (b -7~ 1)™D

7 _ tem—1 [ (la+j+ 10
(‘e m+ 1)(€ m)A] { (el —-j— 1)(71,—2)
_ _ PPy () Nt
=R, -m+j+1) Aj {(fl—j)("‘@

. £—m (‘el +j)(n+€)

—2(£—m+1)(.7 +l—-m+ l)AJ {_(el—_J)(n_e)

e A 2\ (n+8)
— (€= m+1)(¢ - m)AL 1{&7‘3%—(5—‘5}
(_1)£—m+1 (el _ j)(n——m+l)

2=mFI(f —m + 1)! (€, + §)(m+m—1) 2#IT5,

&5, WMl

(€ — j)(n—mt1) _ R(61,5)? (£, — j — 1)(n=m+1)
(L + jHmm=1) T Ry, m — j — 2)% (£1 +j + 1)(n+m=1)

g (b —j = 1)tn~m)
(21 +4j+ 1)("+m)

R(44,7)

2 (b —j —1)(n=m-D)
(el +4+ 1)(n+m+1)

= R(¢1,7)°R(fy,m —j — 1)

(b — )™

= — 1)
R(£2’m '.7 ) (el_l_j)(n-(—m)

(£, — j)(m—m=D)

_ PRty _aelr—g)y 7
= R(fy,m — j — 1)*R({3,m — j) (l1 + §)(rrm1)

CHERTS L.

R(1,5)°€lo1)n (G +1) + (G — m+ D R(£1,§)°€10 (G + 1)
— R(EL,3) R (b — = 1) €11 +1)
= R(l, £ —m+j + 12, 1y, () + (G +£— m + 1)R(fs,m — j — 1)*€L,,.(4)
- %R(ez,m = 3§ = 1)*R(ta,m — 5)° €11y, (3)
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ElxB, TTT. (L44) BEND &,

(F = m+ 1)R(£1,0)*Crn(f + 1) = (§ + £ — m + 1) Rz, m — j — 1)°€7,,. ()
= (j = m+1) {R(61,5)°€}, ( + 1) = R(ba,m — j — 1€}, ()}
~ER(l,m — j — 1)°€7,,(5)
= =2(j = m +1)(¢— m+1)&,_1), () ~ LR, — § — 1)°€1 (),

R(£1,5)°€ i 1yn(d +1) — R(la,m — §)2€( 1), () = —2(£ — m)€,.(4)
TH5, HZIT, '

0= R(t1,7)°Clrm-1yn(G +1)
- {26 -m+D)(-m+1)+ R, L-m+i+1)2} €, _1,0)
- %{2@ ~ (£~ m)} R(ty,m — j — 1)%€%,,.(5)
= R(t:,0)*€ln-1yn (G +1) = {B(t1,5) = R{t;m = 1)} €0 (5)
- %(e +m)R(ly,m — j —1)%€%,..(j)
= R(t1,5)°8j€m-1yn () + R(&;m — 1)2€F,,_,),.(4)

1
~ (€ +m)R{tz,;m ~ j ~ 1)°€7,(4)
MROILD. &Ko T,

R(£1,7)°84€ 1) (3) + R(&;m — 1)°€F,, 1 (4)
(1.46)
(£+m)R(€r,m — § — 1)°€%,,.(5)

(2R

2%,
(1.44) & (1.46) &0,

(R(£1,5)°A; + R(6,m — 1)?) {R(41,5)*€1(§ + 1) — R(b2,m — j — 1)%€1,,.(5)}

= —R(f,m — 1)’ R(fy,m — j — 1)%€¢,_(j)
s, BETSE,

Aj {R(ZlaJ)2€fnn(J + 1) - R(E%m - .7 - 1)2€£nn(.7)}
+R(Za m— 1)2Aj€£mn(j) + R(& m-— 1)265111(.7.) =0
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EnS el THULEHERIE SN,
R(t:,5)%€t,,.(5) = R(€2,m — j ~ 1)%€, ()

= R(t1,7)?A;€%,.(G + 1) + (R(€1,5)? — R(€2,m — 5 - 1)%) €t (4)
THBHDT,
A; {R(e1,7)%€ . (j + 1) — R(f,m — j — 1)%€L,.(7)}

= R(f1,j +1)°A2¢%, (5) + {B8;R(01,5)} A;€5.(7)
+ (R(61,5+ 1) = R(ta,m — j ~ 2)°) A€} (4)
+ {A; (B(81,)® - R(tz,m — § ~ 1)) } €4,.()
= R(t1,j +1)*Aje;,. ()
+ (=27 + R(b1,£5)* = RG + 1,m — j — 2)?) Aj¢,.(5)
~ (8;R(G,m - j - 1)*) €., ()
= R(¢:,5 +1)*A2el, (5)

+ [2{nts — (m+ 1)} — n(n — 1) + m(m — 3)] 8;€7.,,(§) — 2m€;,.(4)
ERB, Eiz,
—n{n~ 1) +m(m - 3) + R(¢{,m — 1)? = R(¢,m — 1)? — R(m — 1,n — 1)?,
R(¢,m — 1)® — 2m = R({,m)*
TH2DT. HiLid.
R(61,5 +1)*Ader . ()

(1.47) + [2{nty — (m +1)j} + R(¢,m)* — R(m — 1,n — 1)’] A;€7,,. ()

+R(f,m)*¢;.(j) =0

ERRB. TN, (1.43) DEFKTH B, £, Rodorigues DR (1.25) EEDEDK (1.24) &
RBHRBE, £, 500 DEE,
_'.7‘_ ~ Z [PAP ~s i
4 ’ 17977 dap

EWSBERIC BB, fEoT, P
3?7
[2{nt, — (m +1)j} + R(t,m)* = R(m — L,n~ 1))] Aj ~ 2{n — (m + 1)2};;

ERB. WRIT, (147) TBWT, BRI 6 > 00 &THE, (1.43) BSNS,

R(t1,j+1)*A2~ (1 -2%)
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2 WRFEXDOROIERE

(1.47) ZRAWT, ¢ (j) OEEERERTENIO/ — FOEN TS DM, TOTHNERE
LT, ZOFTI. MSTEMHFER (1.43) OEBROHZHEEREEET S, MUEED
EERELTEOT: ORLVICt ZANVD, W HFER

(2.1) (1- tz) T+ 2{n— (m+ 1)t}-l;—?(t) + R(&,m)%u(t) = 0

DREFOFLRMEEZ D, HL.

Rlp,g9)=vV{p-glp+g+1)

<% 5.
B, (= & T, FEREREMu=utlmn) EHLB. L>m EL,

v(t; 4, m,n) = [u(O; ¢,m,n)% + {u_’%_z_,)@}z] K u ('ITZ_m—);e’ m, n)

EBL<, N
{R(¢,m)? — t*} v"(t;4,m, n)
(2.2)
+2{nR(f,m) — (m + 1)t} (t; £, m,n) + R(€, m)>v(t; £,m,n) = 0

DFET,
v(0;£,m,n)? + (v'(0;£,m, n))2 =1

2T, A=A{,mn)eERZ
(2.3) v(0;6,m,n) = cosA, ©'(0;£,m,n)=sinA

ERETER LTS,
KIz.

to.m, > 'uk(t £,m,n)
v(t;f,m,n) = ,; R(Z, m)f
BROI--ET 3, BRWICHINIBD LzdD%E (2.2) KRATS &,

v (84, m,n)

{R(¢,m)? - t?}z R

=0

+2{nR(t,m) - (m + l)t}z AU f le)’k Z ”}’;('; ;’)',i )
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883, v_o(t;l,m,n) = v_1(t;£4,m,n) =0 EBL, BROICHOIEFXH#ET D &,

0= So: [ 1 2 i (t; 4, m,n)  2nv(t; ¢, m,n)
- R(¢,m)? [ R(¢,m)*—2? R(£,m)*-1

k=0

_ 2(m + 1)ty (¢ 4,m, n) ve(t; €, m, n)
R(¢,m)* R(¢,m)k—2

vfl (t; 4, m,n) + v (t; ¢, m,n)
x| o (64, m,n) 4 2nvp_ (£ 4,m,n) — 2(m + 1)tvg (254, m, 1)
B Ig R(¢,m)k—2

ERB, TZT {v) %

'U;c’ (ta Z; m, n‘) + vg (ti ea m, n)
(2.4)
= t2]_,(t; 8, m,n) — 2nv,_, (t; 4, m,n) + 2(m + 1)tv),_,(t; 4, m,n)
(2.5) vE(0;£,m,n) = Spgcos A, v (0;€,m,n) = kg sin A
EZHETHDELTEET S, TIT. § I3 Kronecker @ delta TH D, IN&D, v L ITIF
&SV B, vty m,n) TR, (24) - (2.5) ORI,
vg(t; myn) = dro cos(t — A)

(2.6)

t
+ / sin(t — 7) {T?vy_o (13 m, n) — 20} _1 (T3 m, n) + 2(m + 1)70)_o(T;m,n) } dT
0

THEZOND, BAMEAITE- T,

i
/ 20l _o(T;m,n) sin(t — 7) dt
0

]

¢
—-/ {2rsin(t — ) — T2 cos(t — 7)} vi_o(T; M, M) dT
0

t2vp—o(t;m,n)
i
+ / {2sin(t — 1) — 47 cos(t — 7) ~ T sin(t — T) } vg—-o(T;m,n) dT
0
t
= tlup_s(t;m,n) +/ {-4rcos(t — 1) — (7% — 2) sin(t — 7) } vx—2(7; M, n) dT,
0
t t
/ v (Tym,n)sin(t — 7) dr = —vp_1(0;m, n)sint + / Ug—1(7; m, n) cos(t — ) dr
0 0
¢ t
/ TV, _o(T;m,n)sin(t — 7)dr = — / {sin(t — 7) — 7 cos(t — 7)} vg_o(7;m,n) dr
0 0
t
= / {rcos(t — 7) — sin(t — 1)} vk—a(T; M, n) dT
0
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BERDLD. THEE (2.6) KRATSE,

v (t;m, 1) = Opg cos(t — \) + t2up_3(t; m, n) + 2nvg—1(0;m, n)sint
t
+ / [{2(m — 1)T cos(t — 7) — (72 + 2m) sin(t — 7) } vk—2(7;m, 1)
0
— 2nvg—1 (T;m, ) cos(t — 7)) d
ERD. KT,
vo(t;m, n) = cos(t — A),
t
vi(t;m,n) = 2n (cos)\sint - / vo(T;m,n) cos(t — 7) dT) ,
0
(27) 'Uk(t; m, n) = t2’Uk_2(t; m, n)
¢
+ / [{2(m —1)Tcos(t— 1) — (7'2 + 2m) sin(t — 7)} vk—2(T;m, m)
0
— 2nvk_1(T;m,n) cos(t — 7)] dr (k>2)

&%, Ih&D,

lo(t;m, )| <1, Jor(m, n)| < 2[n|(1 + [¢])

s ARTASN
Cs(t,m,n) =1
+ max {|2(m — 1)rcos(t — 7) — (72 + 2m) sin(t — 7)| + [2n cos(t — 7)|}

Iri<lel

EBL, nKOBKETDER C(n) BFAREEBE, k=0,1 ITHL.

k k i .
(2.8) |vk (t;m,n)| < Ci(n) Z%T ( f ) (1+ ltl)?(k—i) {Ca(t,m,n) (1 + [t ¥
j=0""
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MDD, k> 1ML, k ETLORERNELVWET S, (2.7) & Cyt,m,n) DEBXD,

|vg+1(t; e, )| < 2|og_1(t;m,n)|  Ca(t;m,n)

(¢l
gl < Hlea s s [ utrsm, ml + s s )

—— ( k J‘. ! ) (@ + [¢)°F9) {Ca(t, m, m) (1 + E)Y

t k-’
+ Cs(t, m,n) /ol | [ng ( j ) (1 +7)2*=D {Cy(r,m, n)(1 + 7))}
: =0

!
=07
k-1 op1 _
+ (P a0 ol mmy 1) | ar
pr i J

k
22—, ( ) (L + (6D ** ) {Calt, m, m) (1 + [£)Y
0

[t k ok+1

+Cy(t, m, m) / ( '; )(1+T)2(k_j) {Ca(r,m,n)(1 + )} dr

!
_OJ

EFHEIND. |r| < |t THHUE. Colr,m,n) < Colt, m,n) THHDOT, B EMS,

12 Z ( ) (1+16)** 2 {Cat,m,m) (1 + [e])Y
=0

k
+Ca(t, m, )T+ (1 + [¢])* ) /, 'Z il ( ) (1 +7)Ydr
0

j=0 gt

<2y gi—l ( j ) L+ [t)** {Caltym, m) (1 + t)Y

LG ( j ) 1+ [t)**P {Calt, m,m) (1 + Y
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RS, 5T,

(Vg1 (ts )|
R+1Cy (n)

l/\

22 ( )(1+:t|>2<’°“”{cg<tmn)<1+1tmﬂ

Z <G = ( ) (14 747 {Caft m,m) (1 [eDY

A

(L )" + Z { ( : ) + ( ; r )} (@ + )P+ (Coft, mom) (14 )Y

i= 1 J

{C‘Z(t’ m, n) (1 + (t()}k-H
k+ 1)1

+
2(k-+1) 1 k+1 2k+1—7)
= (1+}t)) +> Al L+t D {Co(t,m,n) 1 + [t
=

{Ca(t,myn) (1 + |}
(& +1)!

+

k+1

= ZJ. ( kjl ) @+ (t)F D (Cot, mum) (1 + ()}

20T, 28) 1R k+1 DEZFITHRIALTEIENSNS.

K- T, .
ok (t; m, )| (40 +[t)? Cy(t, m, )
Z R m)F <Cl(")2( R,m) ) L (’ T )

k=0
E72%, Laguerre @%Iﬁﬁmﬁggﬁt

, oy
°° =P (— 1- y)
S
k=0

oRFEER 1 THE0T. 3 L™ 1y g

£ R(¢,m)*
it < _ﬁg’—"_‘l ~1 }

I={telR

ETEE B ONHIET2ENSNS, L. I£0 EBBEDITL, £ NAEL B TR
B, WA ot ¢, m,n) THHEERT, TORDIK.

K
v (t; m,n)
2h(t ,myn) = v(t4,myn) = Y
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EB<L. (2.2), (23), (24), (2.5) DB, 2x i
zg(t; €, m,n) + 2x (t; £, m,n)

{t2 _o(t; £, m,n) — 2nR (€, m) 2k _; (t;m,n) + 2(m + 1)tzl _,(t;:4,m,n)}
R(¢,m)? ’

2k (0;4,m,n) = 2;(0; £,m,n) =0

BRIZTENDDD. £oT,

zix (t; 4, m,n) = t2 2k _o(t;m,n)

e
+ /t [{2(m — 1)7 cos(t — 7) — (72 + 2m) sin(t — 7)} zx —2(7; £, m, n)
0

— 2nR(¢,m)2g _1(T; £, m, ) cos(t — T)] dT)

ERB.tel £TBE. 2 BH DY 2 WEERE—RIKTZOT, LOXTK -0 £TB L.
t2
(1= Rt st
t
= / [{2(m - 1)7 cos(t — 7) — (7% + 2m) sin(t — 7)}
0

— 2nR(¢,m) cos(t — 7)] 2(7; ¢, m,n) dr

5B RNE SIS, Gronwall DEEIC LS T, 2=0 905,

tel THBEE,
k
ok (t;m,n)| S fa@+)? <C2(t,m,n))
14, m, < —_ < —_— y L | —————
tsemns 35 el <o 3 {4 (-2
THB, UELIESL,
Ty
__Gyt,mn)  4(1+]H)? ¥ exp(“l—y)
m——-—l—_!_'m—-, y_—ﬁ@,_m)—’ fz,y) = ZyLk(-’E .

-y

EB<,

oo o0 K
Y v Li@) = Y y*Li(z) - D vF Li(z)
k=0 k=0

k=K+1

K kaf K+l K+1f
= f(m,y)—kz_ﬂ%a k( 3 )_ (K+1)'8 K+1($,0?J)
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L3, 013t L, m, n ITEKETDN, 0L 1 OFICHD. t, m, n WEFRTEHBEEZEE, 1D,
L0 DEE, y—>0 E2BDT,

Cl('n)2K+l (1+ |t|)2(K+l) 3K+1f

limsup R(¢, m)K+llzK(t; {,m,n)| < z,0)
£-r00

K +1)! ByRT
= 2K+1C’1(n) (1 + lt])Z(K-H') LK+]_ (IL‘)
=280 (n) (1 + !tl)z(K+l) Lgs (- ——Czl(t_"_nﬁln))

AR D ILD,
n=0OFERE. KVBRVHERNFELNS, (2.7) &V, vpq1 =0 THEIENIN B, €2
T vy ZEDOT v, EESFICTE, TDEE,
Ca(t,m,n) = max |2(m — 1)Tcos(t — 7) — (r° + 2m) sin(t — 7)|
LT,
k ,
vk (t; m, )| < Z < ) (Ca(t, m, n)[t])’

THRIENRMWIZEHETES., LD,

X okt m,n)| 2 k (_C’g(t, m,n))
2 R mE S g(w m)? ) L 7]
. . v(t;m,n)
BEEND. 5T, Zﬁ(e e &

I={teR|t* < R(,m)?}
2BREMT v(t; 6, m,n) KIEBE—HRESIORT2ENGN D, REFME

< 2B+, (_ Cao(t, m, n))

X o (t;m,n)
limsup R(£, m)2K+2 y(t;4,m,m) = Y 22 m

) o R(e m)2k

bEOHND.

3 Clebsch-Gordan &30 #:AER
Clebsch-Gordan &% C (41,41 — n, 8§, m — j,m) 2D UERLE € () BETESHER

{R(Zla m)2 - R(J + lim)2} A?’U(j;el’ e’ m, n)
(3.1) + [2{nt; — (m +1)j} + R(£,m)% — R(m — 1,n — 1)?] Ajv(j; &1, £, m, n)
+ R(¢,m)%(j; 1,€,m,n) =0
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%% %%, Clebsch-Gordan fREDERN 5.
i<, m—jl<ti-n, |m|<{

ThHBH, T Tid.
0<m<Ye, n<l, mlj<h

TEZX .

31 4=4,n=0 DS
EAHER
R(£,5 +1)2A2u(j)
+ {=2(m + 1)j + R(¢,m)? — R(m — 1,~1)*} Aju(j) + R(¢,m)*u(j) = 0
DIEEREERE u(j) = u(j; ,m) OFEEBHEEZEZ X 5,
v(j; 4, m) = {u(m; 2, m)? + (Aju(m; L, m))z}_"l’ w(j; £, m)
e, T,
{R(¢,m)? — R(j + 1,m)?} A2v(j; ¢, m)

(3.2) + {-2(m+1)j + R(¢,m)? - R(m — 1,-1)*} Ajv(j; £, m)

+ R(¢,m)%v(j; £, m) =0

DFET.
v(m; £,m)? + (Aj0(m; £,m))? =1

BRRT. (i lm) = Z’;’g(g’e)ﬁ ERAMICRATS &

A?vk +Ajup +v =R +1, m)zAj?vk_l + {2(m +1)j+R(m-1, —1)2} Ajvg—1

Ei2B, BT, v B LITES RN, L. v(f;m) £EBL, Aju=w, EBL &,
s(5)+ (0 7))
Wi 1 1 W,

0
B ( R(j + 1,m)?Ajwie—y + {2(m +1)j + R(m — 1,-1)*}wi_, )

3B, BIOE 2 7% b(i;m) 8L,

- (17)-(40)



EBL L,

vi(4) =\Ilj"m( vk (m) ) -1 i _1< 0 )
(wk(j)) wi(m) +1§n\p ? bi,(p)

k7%,
gi-p-1 2 sin?—Pr sin ‘-7———§—_—£1r
V31 _sini1ZP2" 17|' sin 2 -p+11r
3 3
THBDDT.
N2 _j=m+1 j — =
u(f) = 7 (vk(m) sin ‘l—%t——r + wi (m) sin 2 3 Tt Z b (p) sin J
p=m
L7525, Abel BHUTLD,
Jj=1 . 1
Z R(p+1, m)zprk_l(p) sin %——ﬂ’
p=m
= —R(m +1, m)zwk_l(m) sin ‘7—:-”;—_--&%
=1 .
= Y we-1(p)Ap {R(:o, m)?sin 3 pﬂ}
p=m—+1
= —R(m + 1,m)%*wg_1(m)sin ‘7——_—?:——1%
j-1 .
- 5 a1, R, m?sin 50
p=m+1
= —R(m + 1,m)%wy_,(m)sin Z—%-——lﬂ'

+vp_1(m+ 1) A, { R(p, m)* sin 1= Pr
3 p=m-+1

j—1 .
-+ Z vk_l(p)Af, {R(p—l,m)2sin‘7—_§—+-—1-7r}

p=m-+2

—vp-1(4) Bp {R(p, m)? sin? ;pﬂ'}

p=j—1
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-1 N

Z {2(m + 1)p+ R(m - 1, =1)*}we_1(p) sin J T
j-1 ‘
- Z{2(m +1)p+ R(m — 1,-1)"}Apvp_1(p) sin 2 13) -

p=m

=%ﬂm+nm+mm-h4m%4mhmt%g;r

j-1

- Z ve—1(P)Ap [{2(m+1)(p—1)+R(m—1—1 }sm _Pn
p=m-+1 i
&5,
v(m) =wr(m) =0 (k2>1)
&
A, {R(p, m)? sinj _pﬂ'} = ——\{—§R(j —1,m)?
3 Jlpmjr 2
WHEET &
) = 2 (somysin =L 4 n(min? %),
j-1
w(j) = RG - 1,m)Pvue_1(j) + Y ®G,Bim)ve-1(p) (k>1)
p=m
tm%o

Cogym) = max  |2(j,p;m)|
EBL. jem+1iTHL.
loe(4)] < Z ( ) ( ) Ca(j;m)R(j — 1,m)**—9)
g=0

éz‘_i?_o Bﬂgh\l: k = 0 @&:%Liﬂ:‘:b(ﬁo k @&%‘:Ebbxa—g—%’o {EE_‘:‘ 0 S p S m— 1 ‘:j;j,
L. w(p) =0 &B<,

=1

e ()] € BG = 1,m) o)l + Y Calds m)loi(a)
k
= Z( ) ( )C’z(y,m)’R(] 1, m)Z(k+1—q)
g=0

+ Z ZC'z (j;m)itT ( ) <Z )R(p,m)Z(k-—q)

=m q—o
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ERB, m<p<Lj~1DEE, R(p,m)2 < R(J — 1’m)2 CEETD L,

k .
w1 ()] < Z( ’; ) (f} )Cz(j;m)jR(j—l,m)z(kﬂ-q)

g=0

+JZZ( > ( >C'2(J m)J+lR(J 1, m)2(k—q)

p=0qg=0

2(1)-£0)-(4)
ERAWD &,

k .
[or+1(7)| < Z ( Z > {( 2 ) Cg(],m)JR(J - 1’m)2(k+1—Q)

g=0

E78%. BT,

d iimY TR — 2(k—q)
+ ( g1 )Cz(J,m) R(j —1,m)

= R(j -1, m)z(k+1)

’ Xk:{( ) ) i ( k )} ( ! ) Ca(j;m)TR(j — 1,m)?*+1=9)
g=1 q g-1 q

+ J R(G -1, 2(k+1)

k+1

= Z ( k+1 ( ) 02(]’m):)R §—1, m)2(k+1—q)

g=0

k
Z ( ) ( ) Ca(j; m)?R(j — 1,m)>*=9)

q=0

k
J Co(5;m) \?
=R(j -1, msz( ) ( y ) (R(;_‘l,m)z)

q=0

Lizs. i,

k ] q
S_R(j—l,m)ZkZ( ’; ) Qz(_ﬂqlm_)

g=0

= R(j — 1,m)* Ly (—Ca(j; m))
EFHHEENDENS,

- - o L)\ 2
Z [vi (45 m)] < (.‘E%_(Zl?’)_).) L (—C2(j;m))
k=0 ’
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&725%, Laguerre ZEHEAORBEBOIGRERII 1 THH2EMNS, LORBKT o< j<iTBNT
vk (m; m))|

PRTDENR DB j=m DEER, v(m)=0(k21) THZDT, HEHIZ :‘;0 R(e, m)%*

WK T B,
KAz,

zK(j§£7 m) = v(J; €7m Z ;?Z(jmryz)k

&EB<. Thid.
A?ZK + AjZK + 2K

R(Z m)? [R(j +1, m)2A2zK 1+ {2(m+1)j +R(m—1,-1)*} Ajze1],

zg(m;é,m) = Ajzr(m;é,m) =0

WY, o T,

j-1
zg (§;4,m) = 'é(jlm—)'g (R(J' ~1,m)%zg (i &m) + ) B, m)zx—l(P))

p=m
E78%, K—>00 DEE, 25(j;4,m) & 53 2(;4,m) TNETZDT, LOXTK -0 &
R
_ R(j N lam)Z ..
(1 W) z(]a&m) R(Z Z¢(.7’p, m)z(p,l m)
ERBDENNDD, B Gronwall OFEER NS &, z(j,f, m) =0 BB,
Fh jo>m+1DEE,

oo

0 . i~ 1.m 2k
wigmis > 2Omle S (BB T Coyim)

k=K+1 k=K+1
Ty
€x ————
P ( 1- y)

, flzy) = Zoy’“Lk(w) .

&%, UBLESL,

. R(j —1,m)?
z=-Co(j;m), y= -%(Z—m)_z)—

&B<,

oo ) K
> VL) = Y v Li(z) - D v Lk(=)
k=0 k=0

k=K+1

3f K+1 aK—i—lf
= f(z,9) - EZ, 5 (0 = T gk @09

L35, 012 4,6, m IEKETZMN, 0&10MCH2, 7, m WERBEHEZEE, "D, £ > 0
DEE, y20 &RB0T,

. ] R(] -1 m)Z(K-H) 8K+lf
i R 2K+4-2 . < )
;I_liip (¢, m) lzx A m)| < (K + 1) GyE+1

(,0)

=R(j - 1,m)* E* DL (z) = R(j — 1,m)* D Ly 1) (~Ca(4; m))
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MROMLD, j=m DEER, 2x(m;f,m) =0 (k>1) TH3,
THE 3.1
L. Jo(fim)| < R( ~ 1,m)2* Ly, (=Ca(j; m)) DERILT B,

2. ZI;’&(J’ 2 m < j <LRBVT, v f,m) KEHRT S,

3. £BICEEINEZ JeIN\ {1, ---,m -1} ITH L.

i 2k+2 g ’Uk(],
1;r_1+s°1.}pmm§mx R(¢,m) v(j; £, m) Z R(E m)2’“
S R(J —- 1,m)* B+ [k 1 (-Cy(J;m))

ARV D,

3.2 (=L THB3PHTLY n=0 TRIEZNES
E=ahHER

R(£,j +1)2A%u(j)
+ [2{nt — (m +1)j} — 2(m + 1)j + R(¢, m)* — R(m — 1,n — 1)?] Aju(j)

+ R(£,m)%u(§) =0
DI EREER u(j) = u(f; £, m,n) OWERMEEE R B,
v(j; £,m,n) = {u(0;£,m,m)® + (Azu(0;¢, m,n))z}_% u (j; €, m, n)
EB<, Thid.

{R(¢,m)* ~ R(j +1,m)?} AZv(j; £, m, n)
(3.3) + [2{nl - (m +1)j} + R(¢,m)* — R(m — 1,n ~ 1)%] Ajv(4; £, m,n)

+ R(¢,m)*v(j; £, m,n) = 0

DFET,
v(m; £, m,n)? + (Aju(m; £, m, n))z =1

BWzT,
ﬁ% 3.1 Eﬁ&ﬁj {ak} %3

k
ag=1 a= E Qp_10k—r

r=1
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0
TEETE. Y et B o] < T OLE

k=0

o0
Sttt =120 vi-dz

mﬁﬂﬂﬁb4ﬂ>§@a3%&¢a

k
. aklz/* = arifzMap—|zF T THBOT,

r=1

K~-1 2
Za‘klmlk-,-l Zzar-llml Qg ,,.[.'L'fk—H'I (Zaklwfk+l) ,

k=1r=1 k=0

o

k=lr=1 k=l

K K & [£]-1 ’
Zakimfk+l = zzar—llzlrak—rlm(k—r+l > ax lmik+l
k=1

K
E7B. THDL. Ax =Y arle|t! LEL L.

k=0
At S Ak —Jo] < Ak

E78%. {Ax} BERDFITHBDOT, oo BEEIE. Aw = lim Ax BEETS. EOFERAL
D, A B y— (2| =92 DEBRTH DM 0 Th 3.
lds%@t%\y—M=y2ME®¥ﬁéﬁ9°%@55K%<Ehﬁéa&§<o?mb

b, a= 14 yi-dfzf TH53. Jz| <a THDDT, Ap=z]<a &b, Ag-1 <a ERET

2
3&,
Ag <lz|+A4%_ < [z]+a? =a

&fot%o 1%'9 T\ Aoo =« E?&%o
jz| > 7 DEE, y—|z|=y? BEREFLERVDOT, A =00 TH%.

BRI OMRRIC R TR L. RS CREMTDOT, Y gttt OISR

k=0
ﬁm,P%E]T5%$#ﬁﬂéoit ogxg%@ag\
iakwkﬂ _1- V21 — 4z
T%%§ﬁk@%ﬁi@ﬁ#%°ﬁﬂwﬁﬁﬁ¢b\:nmaﬂgimégﬁﬁTéo 5,

8 3.1 4(L+1)>8m(im+1)+1 DEE,

Z ( ]. (2m +1 2k+2ak

t= 24k+3R g m)2k+l

WRILT B, BT HICRT B, 40(0+1) <8m(m+1)+1 DEF, HLIRET 5.
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. 2m+1)* |, [Ty T
BI#A. z=-— 0 ))2 EB< H4(L+1) > 8m(m+1)+1 1 [|z] < 1 EFRMETSH 5. #RE 3.1
XD,

1)*(2m 4 1)*+24 - |
Z ( 24)k+(3R(£ m))2k+l = —2R(t,m) Y axe*tt = —R(6,m) (1 - V1 - 4z)
k=0

ALY B ZORRIBHHAPRTH S,

R(¢,m) (1 —-+v1~-4z) = R(¢,m) {1— 1+§(§g(—}—;))27}

- % {2R(6,m) — VEREm) + G+ 17

1 1
= 5 2R(6m) - (2 +1)} = R(t,m) - £~ 5

<% 3,
M(E+1) <8m(m+1)+1 DEEE, [z] > % THBHOT. BKIRHT 5. O

FE 3.1 WAL OFHHIZ. BE 31 EHWER, Fohs Z0EEIRENY o =0T,
MEOXEIZ. ROKIZ L'Cz“éwt_o fH¥D=®. R¢,m)=R, Rm,0)=mm+1)=M &B

<o RB=L(0+1)-MIZ, e_z b smmmicrATBE,

p——l

[ 1 p+1
R2=R*, + (2 18y +E_)R+20_,0, + B+ 0— M+ I 3 lolp g+ 4

p=1 g=-1

&%, R?, R, R, R~ ofakz&L T,

=1, 22 lo+0_1=0, 20_10; ++0~M, 2(0-1f2+Lol1)+0 =0

LB, -l’ff—u (> o0) BEETBE, 0, =1 ERB, LD,

4M+1

= 1, =~ 93 °

£ = l=0

1
'2‘,
285,

T 2 EOBREICHL, 4, =0 THEELRMETRT. p>3 EFRETD. k=2,4,
ey p—1IHU, 4, =0 LEETS. ZHid. p=3 ODBEIIZEL W, £, {o DEXD.
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