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Abstract

In the context of the AdS/CFT correspondence the general form of a
three-form flux perturbation to the AdSs x S° solution in the type IIB
supergravity which preserves N' = 2 supersymmetry is obtained. The
arbitrary holomorphic function appearing in the A/ = 1 case studied by
Grana and Polchinski is restricted to a quadratic function of the coordi-
nates transverse to the D3-branes.
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1. Introduction

It was proposed that the type IIB string theory compactified on AdSs x S° has
a dual description by the N' = 4 super Yang-Mills theory in the large N limit
[1, 2, 3]. This conjecture of the AdS/CFT correspondence has been supported
by comparison of spectra, correlation functions and anomalies calculated in both
of the supergravity and the Yang-Mills theory. (For a review, see ref. [4].) The
AdS/CFT correspondence was also studied in various other spacetime dimensions.
At first the correspondence was studied for theories with high supersymmetries such
as N = 4. To apply it to more realistic models one has to consider theories with

lower supersymmtries.

One of the ways to obtain the AdS/CFT correspondence for lower supersym-
metric cases is to modify supergravity solutions by adding a perturbation. In ref.
[5] a perturbation of the three-form flux was added to the AdS; x S®, which breaks
N =4 to N = 1. This perturbation corresponds to fermion mass terms of the three
N = 1 chiral multiplets in the N' = 4 super Yang-Mills theory and polarizes D3
branes into 5-branes [6, 7]. Similar constructions of the AdS/CFT correspondence

with lower supersymmetries were discussed in refs. [8, 9, 10, 11].

The general form of a three-form flux perturbation to the AdSs; x S® solution
which preserves N' = 1 supersymmetry and satisfies the Bianchi identity and the
linearized field equation was obtained in ref. [12]. It contains an arbitrary holo-
morphic function and an arbitrary harmonic function of the coordinates for the
directions transverse to the D3-branes. It was argued that the holomorphic function
corresponds to a superpotential in the dual super Yang-Mills theory. When the
holomorphic function is quadratic in the transverse coordinates, the three-form flux
coincides with that of ref. [5].

The purpose of the present paper is to obtain the general form of a three-form
flux perturbation to the AdSs x S° solution which preserves ' = 2 supersymmetry.
We use the result of the N/ = 1 case [12] and require further that the second
supersymmetry is preserved. We find that the arbitrary holomorphic function in
the N/ = 1 case is restricted to a quadratic function of the transverse coordinates.
This is a special form of the perturbation studied in ref. [5], which has one vanishing
mass. It would be interesting to study a relation of our result to other works on
soft breaking of ' = 4 to N' = 2 in the Coulomb branch [13, 14, 15]. In order
to discuss the corresponding dual field theory and its RG flows we need to find



out an exact solution with non-vanishing three-form flux. In addition, it would be
also interesting to discuss the brane representations and massive vacua using S-dual
transformations.

2. Unperturbed solution

The field content of the type IIB supergravity in ten dimensions [16, 17] is a metric
gun, a complex Rarita-Schwinger field vy, a real fourth-rank antisymmetric tensor
field with a self-dual field strength Fasnpor, & complex second-rank antisymmetric
tensor field with a field strength Gp;nyp, a complex spinor field A and a complex
scalar filed 7 = C + ie~®. We denote ten-dimensional world indices as M, N, --- =
0,1,---,9 and local Lorentz indices as A, B,--- = 0,1,---,9. The fermionic fields
satisfy chirality conditions Tyop¥ar = ¥ar, TiopA = —\, where T'ygp = I'OT!. .. T
is the ten-dimensional chirality matrix. We choose the ten-dimensional gamma
matrices I'* to have real components.

The field equations of this theory have a solution with the AdS; x S metric
(18, 19]
gunda™da™N = Z7 3, detda? + 226, da™da”, (1)

where M = (u,m) (p = 0,1,2,3; m = 4,5,---.9), Z = f—f and 72 = 2"2",n.
The constant R is a radius of AdS; and S°. The fifth-rank field strength has non-

vanishing components

1
F;wpam = ﬁe,uupoamza
73 .
anpqr = _7€mnpqrsa Z? (2)

where k is a coupling constant. This solution represents a supergravity configuration
produced by D3-branes located at ™ = 0. More generally, the warp factor Z can
be an arbitrary function of 2™ which is harmonic except at points where D3-branes
exist. We will consider the general Z but assume that the density of D3-branes
vanishes for r — oo and therefore Z — f—f for r — oo.

We are interested in how many supersymmetries are preserved by this solution

and by a solution with a perturbation of Gy;yp discussed later. They are found by



studying vanishing of local supertransformations of the fermionic fields 15, and .
The supertransformations of the fermionic fields [16, 17] in these backgrounds are

1 1
(S’QZ)M = *DME + ZFpl...pE)FlePSFME — %GNPQ (FMNPQ - gdﬁFPQ) 6*

1
16 - 5!
1
= fGMNpFMNPE, (3)
24
where the transformation parameter € is a complex spinor satisfying the chirality
condition I'jope = €. To study the supertransformations for the above backgrounds
it is convenient to represent the ten-dimensional gamma matrices as
FM — fy# ® 1’
'™ = 3up @™, (4)
where v* and 7™ are the SO(3,1) and SO(6) gamma matrices respectively. The

chirality matrices are defined as

Yo =V Fep = v (5)

which are related to the ten-dimensional one as T'1op = —F4pTsD-

The above solution (1), (2) without a perturbation has 32 supersymmetries [18,
19]. This can be seen as follows. The supertransformation 6 A automatically vanishes,
while the vanishing of dv),; requires

DME = 0, (6)

where we have defined

Du = au 828 Z’Vu'Y (1 +’_Y4D)>
. 1
Dy = 0 — 878"Z (0 YD — Y (1 4+ Fap)) - (7)

For solutions of eq. (6) to exist the integrability condition
[EM,DN]GIO (8)

must be satisfied. Using the expression (7) it is easy to show that eq. (8) is satisfied
for an arbitrary e. Therefore, all of 32 supersymmetries are preserved [18, 19]. From
the four-dimensional field theoretical point of view in the AdS/CFT correspondence



16 of them are Poincaré supersymmetries while other 16 are conformal supersym-
metries. Thus, we have N/ = 4 supersymmetry in four dimensions. More explicitly,
the solutions of eq. (6) with the chirality ,p = —1 have a form

€= Z_%n, (9)

where 7 is an arbitrary constant spinor with the chirality 44p = —1. These solutions
correspond to Poincaré supersymmetries. The solutions with the chirality 7,p = +1

depend on z* and correspond to conformal supersymmetries.

3. Three-form flux with N/ = 2 supersymmetry

By introducing a perturbation of the three-form flux G,,,, the N' = 4 supersym-
metry of the unperturbed supergravity background is broken to lower N. In ref.
[12] the conditions on Gy, for unbroken N' = 1 supersymmetry were studied. The
supersymmetry parameter is expanded as € = ¢y + €; + - - -, where ¢ is a solution
of eq. (6) for the unperturbed background and ¢ is the first order correction due to
the perturbation. Substituting it into eq. (6) €; is determined by €¢,. To proceed it

is convenient to define complex coordinates 2 (i = 1,2, 3) from 2™

1 1 1
1 4 7 2 5, ;.8 3 6, ;.9
2 =—@ +1z'), 2=-—4(" +12°), 2°=-—7%( +127). 10
et i) = i), S i) (10)
It was required in ref. [12] that one of the four Poincaré supersymmetries ¢y =
A _én, where 7 is a constant spinor satisfying

Yin=7"n=7"n=0, (11)
is preserved. Here, 7 denote indices of z, while i denote those of z*. Using the
expression Yp = (1 — v*91)(1 — +?92)(1 — v3+?3) it is easy to see that this ¢y has

the chirality 44p = —96p = —1 appropriate for the Poincaré supersymmetry. Then,
this N = 1 supersymmetry restricts the form of G, as [12]

Gijr = 0,
Gt = ?}é,;ma%pa[iqsaﬂaqz + &, 0500,
Giap = 112“# (201062 — atu* 0,7 — 406017 ,
E = (13%3;;5”3@31‘2, (12)



where ¢(z1, 22, 23) is an arbitrary holomorphic function, « is an arbitrary constant
and v is an arbitrary harmonic function.* 1In eq. (12) éijf“ and é;;k are totally
antisymmetric in their indices and take constant values 0, +1 regardless of index
positions, and 9% = 26%9;0; is the Laplacian. The three-form flux (12) also satisfies
the Bianchi identity as well as the linearized field equation.

We shall obtain conditions on G, for unbroken N' = 2 supersymmetry. We
require that in addition to ¢ = Z _%77 the second supersymmetry with the parameter

€ = 27577 (13)

is also preserved. This ¢, satisfies
veg = v2ep = 'ygeo =0 (14)
and has the chirality 74p = —1. Comparing egs. (11) and (14) it is easy to see

that the conditions for the second supersymmetry are obtained from eq. (12) by the
replacements

le1, 22 a—d, ¢4 —¢E2% 2%, v—¢  (15)
for new o/, ¢’ and v’

We now require that the expression (12) and that with the replacements (15) are
compatible each other. Let us first consider G23. From the expression (12) we have
G123 = 0. From the other expression we have Gio3 = %8§¢’ Z, which is obtained
from Giss in eq. (12) by the replacements (15). Thus we obtain a condition

G123 : 8§¢’ =0. (16)
Similarly, we obtain conditions

Goar + Gz @ 02039 =0,
Griz + Gz 0 01039 =0,
Gz : 030 =0,
Gaoi + Gz Oa030 =0,
Gz +Gszz 0 01039 =0,
Gias : 6?¢ = a%¢/,
Gio3 83(;5 = 812(?,' (17)

* In ref. [12] the constant « is required to vanish by the Bianchi identity. However, we do not
agree with this result and leave a non-vanishing.
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The component G735 + G933 vanishes in both of the two expressions and gives no
condition. These conditions fix the forms of ¢ and ¢’ as
¢ = mi(2h)? + ma(2%)? + 2a2' 2 + b1zt 4 by2? + bsy2?,
¢ = mo(2')? +my(2%)* +2d'2 22 + b, 2" + V2% 4 by 2P, (18)
where my, mo, a, @', b; and b} are arbitrary constants. We further obtain conditions
Gras 8%@/’ = 822@/)/
Gizs a§¢ 3 v,
Gai: 010aY = —010x)',  a=—d. (19)
By a linear transformation z* — U;z? (4,5 = 1,2) with a unitary matrix U we can
set a = —a' = 0.

So far we have not used a particular form of Z. We now examine the remaining
conditions first by using the asymptotic form Z ~ If—j for r — oo to fix the coefficients
in eq. (18) and «, o’. We then check that the conditions are satisfied also for r < oco.
From the equation for (G;75 we obtain

1
Gis —*313%152 + — 1 (052 + 201905 Z — 205001 2)
1
8182¢ Z 1 ( /83Z + 281¢,82 - 28§¢/(91Z) . (20)
The equation for Gy33 gives the same condition. Substituting the asymptotic form

Z ~ If—f and eq. (18) into eq. (20) we find o = —a and by = by = b} = b, = 0. The
remaining conditions become

1
Giz: 01050 = (0482 + 2b301)Z,
, 1
G3§i . 82831/} = —E(Oéaj — 2b382)Z
2 /1 1
Giaz : 03¢ = 653331
1 /
E(Oéag — 2[?381)Z
1
GIQQ . 8263'(/) = (Oéal + 2b/ 82)

Gasz : 01050 = —

Gios 821#— blas (21)



Comparing the equation obtained by applying 05 to the first equation in eq. (21)
and that obtained by applying 0; to the third equation we find @ = 0. Then, eq.
(21) determines v, ¥ as

1
O3tp = éng + f(2', 2%, 2%,
1
agwl = 6bBZ + f/<217 227 23)7 (22)

where f and f’ are arbitrary functions of each variables. Substituting eq. (22) into
R4

the z* derivative of eq. (19) and using the asymptotic form Z ~ % we obtain
by = b, =0.
As a result of these analyses at asymptotic region r ~ 0o we obtain
¢ = my(z')? + ma(2°)?,
¢ = ma(2')? +ma(2%) (23)
We have to check that egs. (19), (20) and (21) are satisfied even for r < co. Substi-

tuting eq. (23) into eq. (21) we find that their right-hand sides vanish. The general
solution of these equations are

Jg(z' 2" 22 2, 2P, (24)

where f, f’, g and ¢’ are arbitrary functions of each variables. The conditions in eq.

(19) then require
Olg=03g,  DBg=0lg, 0109 =—10ag" (25)

The conditions that ¢ and ¢ in eq. (24) are harmonic are

829(217 21? 227 227 23) = _an(Zla 227 23)7

0*g (2, 2, 22, 22, %) = —0sf' (24, 22, 2%). (26)
The functions f and f’ do not appear in G,,,, as one can see by substituting eq. (24)
into eq. (12). We only need to consider g and ¢’. Eq. (26) means that 9*¢g and 9?¢’
are independent of z!, 22 and 2!, 22 respectively. These conditions are automatically

satisfied when g and ¢’ satisfy eq. (25). The functions g and ¢’ need not be harmonic.
Finally, we have to consider eq. (20). Substituting eq. (23) into eq. (20) we obtain

<m1z182 — Me2?0) + myzt0s — mliz(?i) Z = 0. (27)
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This means that Z is invariant under SO(2) rotation of (\/my 2!, \/m3 2?) and
(/ma 2t \/my 2%). Therefore, Z must be a function of SO(2) invariant variables
r? =2 (2121 + 2222), my(21)2 + ma(2%)2, ma(2h)? + my(22)? and my 2122 — my22zL.

Let us summarize the result. The general form of the three-form flux G,,,,, which
preserves the N = 2 supersymmetry at the first order of the perturbation is given
by eq. (12) with a = 0, ¢ in eq. (23) and 1 replaced by g(z', 2!, 22, 22, 23) satisfy-

122,22 2%). Thus, ¢, which is an arbitrary

ing eq. (25) for some function ¢'(2!,z
holomorphic function in the N/ = 1 case [12], is severely restricted to a quadratic
function in the N' = 2 case. Such N/ = 2 preserving perturbation is possible only

when the warp factor Z satisfies eq. (27).

In our analysis at the first order of the perturbation we did not need the condition
m1 = ms to obtain the N/ = 2 supersymmetry. At higher orders [20] we would need
the condition m; = my since these parameters correspond to masses of two N = 1
chiral multiplets, which should be combined into an N' = 2 hypermultiplet. This is
indeed the case in the field theory side. To see this let us consider two N/ = 1 chiral
supermultiplets (A, 1) and (As, 1), where Ay, Ay are complex scalar fields and
1, ¥y are Weyl spinor fields, with the action

S = /d4$ [—@AI@"Al — aqua"Ag — iwlaﬂa,ﬂﬂl — ’L'wQO'ua/ﬂZQ
1 I 1 -
—mIATA, — m3AL A, — 3™ (1/11%01 + 1/’1%) —gMa <¢21/J2 + ¢2¢2)} (28)

Here we have used the two-component spinor notation in ref. [21]. S is invariant
under the N = 1 supertransformation

0A; = V2ethi, 0 = V2i0"€D, A — V2meAl (i = 1,2). (29)

The exact N = 2 supersymmetry of course requires m; = my. However, even for

my # mg, it is also invariant under the second supertransformation

§A; = V2ehy, oy = \/52'0“68“142 — V2myed;,
0Ay = —\/iﬂbh 0y = —\/51'0“@8”/11 + \/§m2€A>f (30)

at the first order in my, msy. Thus, the condition m; = ms is needed only in quadratic
and higher order terms for the N' = 2 supersymmetry.
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