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Abstract

Experimental as well as analytical studies have been carried out on the controlling
effects of secondary cable in a cable system and efforts have been made to explain the
results, especially on the basis of nonlinearity in response and interaction. A cable
model consisting of two identical sagged cables in parallel connected by another lighter
secondary cable is selected for investigations. Experimental results reveal that
nonlinearity in the secondary cable motion induces main cables to vibrate with
nonlinear motion consisting of sub-harmonic components in response in addition to
simple harmonic component. Analytical investigations based on the solution of
nonlinear equation of motions, derived from modal synthesis approach with
substructural formulations, show early jump in the frequency response curve of main
cable. Generation of closely spaced modes due to addition of secondary cable plays an
important role on its controlling effects on main cable response through this type of
nonlinear interaction.
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INTRODUCTION

Cable system plays an important role in many of the civil engineering structures
including transmission lines, guyed towers, cables-stayed bridges, suspension bridges
and some space structures. Due to their lighter weight, greater flexibility and lower
damping, however, cables in a structure are prone to vibrations under different types of
dynamic loadings. This dynamic problem can adversely affect the human comfort and
even the structural safety. Because of the importance of the cable vibration, many
interesting and useful studies have been made to develop methodologies for controlling
cable vibration. One of the structural means of controlling cable vibration is the
application of additional secondary cables in the primary cable system and the
effectiveness and applicability of this technique have been confirmed experimentally as
well as analytically [1-3]. Interactions among various substructures of the primary-
secondary system play an important role on control performance of the secondary cable
in reducing the main cable response. Better understanding of these interactions may
help greatly to design a cable structure, and the linear interaction in the primary-
secondary system has been studied in the previous paper [4] in relation to the control
mechanism.

Cables are, however, susceptible to large displacements under various loading
condition because of its little flexural rigidity, as mentioned earlier. This larger
displacement induces geometrically nonlinear behavior and this nonlinear behavior
must be carefully discussed in investigations on the control mechanism of secondary
cable [5].

Nonlinear vibrations of taut cables or strings were considered first by Carrier [6, 7]
and whirling in strings was considered by Miles [8]. Some relatively recent works [9-
12] have been devoted to the study of nonlinear vibrations of cables. Yamaguchi et al.
[10] obtained nonlinear time response of horizontal and inclined cables and showed that
nonlinear time responses of the cable are much dependent on the sag-to-span ratios. Al-
Noury and Ali[12] considered nonlinearly coupled in-plane and out-of-plane vibrations
of parabolic cables. As a result of these studies, the characteristics of nonlinear
vibrations of single cables with small sag-to-span ratios have become clearer. The
single cable behavior is, however, important for understanding a behavior of cable
system only to some extent. Complete understanding of the system characteristics
requires additional knowledge regarding the modifications encountered in the individual
behavior due to interaction among different substructures, while some works have
recently appeared in the literature concerning nonlinear dynamic analysis of cable
system [13-15].

In the case of cable structure consisting of primary and secondary system, the
nonlinearity of secondary cable interacts with the primary cable motion and the whole
system motion may become nonlinear, which might be related to the controlling effect
of secondary cable on main cable response. We are, therefore, motivated to investigate
the effect of secondary cable in controlling the main cable response paying special
attention on the nonlinear interactions among various substructures in the cable system.
At first, experimental investigations have been conducted and the results are explained
from the viewpoint of nonlinear theory. Analytical results are also presented on the
basis of numerical analysis using a nonlinear dynamic modeling of cable. That is, the
traditional substructural method with modal synthesis is adapted to derive the complete



nonlinear equations of motion for the cable system, in order to understand the nonlinear
control mechanism of secondary cable.

MODEL FOR INVESTIGATION

A cable system consisting of two identical sagged cables in parallel connected by
another sagged cross cable, previously studied for the control performance of the
secondary cable [4], is analyzed in this paper. The schematic diagram of the model is
shown in Figure I and the specifications of cables are listed in Table 1. The connecting
cross cable is designated as a secondary cable since its weight and stiffness are very
small in comparison with that of the two parallel, main cables. All the three cables in
the model are wire strand ropes with diameter of 1.5 mm and 0.81 mm for main and
secondary cables, respectively. Several pieces of lead weights were used for both the
main and secondary cables in order to adjust the model weight. It should be noted that
the sag of secondary cable is set to be same as that of main cable in order to make the
natural frequencies of secondary cable close to those of main cable (see Appendix A for
details). This is due to an expectation of Tuned Mass Damper effect in which the
response of secondary cable becomes very large caused by the internal resonance.

EXPERIMENTAL RESULTS AND NONLINEARITY IN RESPONSE

Experimental Method and Measurements

One of main cables of the cable system was excited applying harmonically varying
force in the lateral direction, using electro-magnetic vibration exciter, at the point
shown in Fig. 1. Steady state responses of the cables at appropriate positions, as
depicted also in Fig.1, were then measured in both horizontal and vertical directions by
using a video-tracker system. To assure the excitation only in the lateral direction, much
attention was paid to prevent any in-plane component of excitation. The input excitation
and the output response of the cable system were measured simultaneously using
different cameras in order to make the measurement more accurate. The experiment was
done with constant excitation amplitude and the frequency was increased with small
increment at every step. Particularly near the resonant region, the frequency increment
was reduced as necessary. At every step, measurement was done after some time of
changing the excitation frequency in order to allow the system to reach the condition of
steady state response at the new frequency. Averaged amplitude was obtained from the
measured time series of displacement at the position of exciter in the main cable and is
used as excitation amplitude. The excitation frequency was also computed from the
same data. In the construction of frequency response curves of different cables in cable
system, the maximum displacement with time, or the peak displacement in steady state,
at the selected locations is used as the response parameter. In this study, we investigate
the behaviors of the single main cable and the cable system for two modal frequency
regions; the first anti-symmetric modal frequency region of single main cable (the 2nd
out-of-plane mode) around 5.0Hz and the second symmetric out-of-plane modal
frequency region (the 3rd out-of-plane mode) around 7.5Hz.



System Behavior in the Second Out-of-plane Modal Region of Single Main Cable
Both the single main cable and the cable system were excited in the out-of-plane
direction with excitation amplitude of 0.11 mm. Because the excitation frequency was
first restricted in the region of the second out-of-plane mode, which is anti-symmetric,
the responses were measured at the quarter span positions of the main and secondary
cables, depicted in Fig. 1. It is noted that the in-plane response of main cable and the
out-of-plane response of secondary cable were insignificant in this case.

The frequency response curves of the out-of-plane motions for the single main cable
and the excited main cable in the cable system are shown in Fig. 2(a) with the time
response records at some important frequencies. It is obvious from the figure that the
frequency response curve of the main cable in the system is changed into two-peaks
curve, as was studied in the previous paper [4]. The time series corresponding to the
peak response of the single main cable is nearly simple harmonic, while the motion of
the main cable in the system corresponding to the main peak becomes multi-harmonic
caused by the nonlinearity. As for the secondary cable, the frequency response curve of
the in-plane motion is shown in Fig. 2(b) with the time responses corresponding to
those of the main cable in Fig. 2(a). It is evident from the figure that the response of
secondary cable is highly nonlinear (multi-harmonic) at the greater responses. Since the
single main cable response is simple harmonic but the main cable response in the
system is multi-harmonic, secondary cable nonlinearity (consisting of multi-harmonic
components) might be the main controlling factor in inducing the main cable to vibrate
with nonlinear motion with several harmonic components in the response.

In order to identify the nonlinear components in both main and secondary cable
motions in the cable system, the measured time series were analyzed by FFT. The
results in the power spectral density curves are shown in Figs. 3(a) and (b). These
figures reveal the existence of half sub-harmonic component in the main and secondary
cable responses. Due to the existence of the nonlinearity in the responses, the main
cable response is reduced to some extent.

The existence of the fractional harmonic components in the responses can be
explained on the basis of the free vibration characteristics of system. Fig. 4 shows the
first fifteen normal modes along with corresponding natural frequencies of the cable
system, which were obtained by the free-vibration analysis of the cable system based on
the finite element method [4]. The closely spaced natural frequencies, obvious from Fig.
4, are nearly commensurable in many combinations. This commensurable relationship
indicates a possibility of internal resonance, causing the corresponding modes to be
strongly coupled, as well as an existence of combinational resonance for harmonic
excitation of circular frequency € such as w, + w, = Q, which corresponds to the

frequency of approximately 5.00 Hz in this case. The simultaneous existence of internal
and combination resonance resulted in the generation of the fractional harmonics with
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the circular frequency of EQ’ because of a cubic type of nonlinearity in the cable

vibration [16].

On the basis of above discussions and experimental evidences, it can be said that
nonlinearity may become significant particularly due to large response in secondary
cable. The existence of this type of sub-harmonic components should be one of the
underlying factors affecting the reduction of main cable response.



System Behavior in the Third Out-of-plane Modal Region of Single Main Cable
Two sets of experiments were conducted with different excitation amplitudes in this
case of frequency region around 7.5 Hz. At first, smaller excitation (excitation
amplitude is 0.18 mm) was applied, and the responses were measured at the mid-span
positions of the main and secondary cables simply because the third out-of-plane mode
is symmetric. The response of single main cable was also measured with the same
excitation amplitude. Frequency response curves of the out-of-plane motion for the
single cable and the excited main cable in the cable system are shown in Fig. 5(a), and
the corresponding frequency response curve of the in-plane motion for the secondary
cable in Fig. 5(b). It is noted that the in-plane response of main cable and the out-of-
plane response of secondary cable were insignificant in this case. As can be seen from
Fig. 5(a), the responses of the single cable and the excited main cable in the system are
nonlinear and more or less same, while the early jump of the main cable response in the
cable system is observed. As a result, response of the main cable is reduced to some
extent. Another important observation is the fact that all the cable motions are nearly
simple harmonic, which was confirmed by the FFT analysis. There exists, however,
small amount of beating in all the responses, shown in the time series in Fig. 5, caused
by the existence of two closely-spaced modes (mode-14 and mode-15 in Fig. 4) in
which the two main cable motions are in-phase and out-of-phase. Because of this,
constant exchange of energy from one mode to another is observed.

Secondly, the cable system and the single cable were excited with comparatively
large excitation amplitude of 0.69 mm. The frequency response curves for the out-of-
plane response of the main cable and the in-plane response of the secondary cable are
shown in Figs. 6(a) and (b), respectively, while the coupling between the out-of-plane
motion and the in-plane motion was observed in both the main and secondary cables in
this case (see Appendix B for details). Significant change in the response of the main
cable in the system is obvious, and the motion of the secondary cable as well as that of
the main cable become multi-harmonic due to the nonlinearity, as can be seen from the
time series shown in Fig. 6. However, the single main cable response remains almost
simple harmonic even for the response greater than the maximum response of the main
cable in the system. The FFT analysis of the time responses for the main cable and the
secondary cable in the cable system shows the existence of one-third sub-harmonic
component in the response, as is evident from the power spectra shown in Figs. 7(a) and
(b).

The generation of this sub-harmonic component in the response can be explained in
the same way as the previous section. From Fig.4, the presence of internal resonance is
obvious from the commensurable relationships; w,, = w, s =3w, =3w, =3w,. In this
circular frequency range corresponding to the frequency around 7.5Hz, furthermore,
there exist a large number of linear relationships among the excitation circular
frequency Q2 and the modal circular frequencies w, causing combinational resonance.
Some examples are Q = (a)7 + a)l) ~ (w8 + wl) ~ (an + wl) for the quadratic nonlinearity
and Q ~(w, + 0, + ©;), Q= (2w, + 0,) = (w, + 2w,) for the cubic nonlinearity. Due to

the simultaneous existence of internal resonance and combinational resonance, an odd-
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fractional sub-harmonic component pair (3 Q, EQ) is observed in the responses because

of the quadratic type of nonlinearity. Saturation phenomena, due to the presence of
internal resonance coupled with quadratic nonlinearity, have played an important role



for existence of sub-harmonic components in the total response of the system. As a

result, contributions from modes with frequencies equal to the excitation frequency

have reached the upper bound and energy spills over to the lower modes. According to

Dallos [17], the general form of this type of odd-fractional sub-harmonics can be
n+1

obtained from the general relationship; w, = Q and w, =Q forn=1, 2,

2n +1 2n+1

3..., where the subscripts L and U correspond to lower and upper odd-fractional sub-
harmonic components, respectively. Some other researchers also observed this type of
fractional harmonic pairs in many physical systems [18, 19].

Effect of Secondary Cable Nonlinearity on the Control Performance

It is obvious from the previous discussions that the source of nonlinearity from the
viewpoint of multi-harmonic response in the cable system is the multi-harmonic motion
of secondary cable due to its large response. This affected the motion of the main cable
in several respects. For example, one additional peak around 7.34 Hz, which is caused
mainly by the one-third sub-harmonic response, is observed in the frequency response
curve of the main cable of the system for larger excitation amplitude in Fig. 6(a), while
it is nonexistence for the smaller excitation amplitude in Fig. 5(a).

As mentioned earlier, adding secondary cable generates many closely spaced modes
of the cable system, in which the magnitude of secondary cable response becomes
greater for out-of-phase motions of the two main cables and smaller for in-phase
motions. Some particular modes among them can be excited depending on the
excitation frequency, and characterize the nonlinear response of the cable system. At the
excitation frequency of around 7.34 Hz in Fig. 6, the two main cables vibrate in the
main harmonics with in-phase motions and more largely in the one-third sub-harmonics
with out-of-phase motions, as shown in Figs. 7(a) and 8(a), resulting very large
secondary cable response only in the one-third sub-harmonics in Fig. 7(b). The main
harmonics might be in the system mode-15 in Fig. 4, while the sub-harmonics is most
probably due to the participation of the system mode-3 in Fig. 4, which corresponds to
the first out-of-plane mode of the single main cable. This is because, when the response
becomes greater, there is a tendency for the energy to flow from the higher to the lower
modes in the case of existence of internal resonance [16].

At around the frequency of 7.70 Hz in Fig. 6, on the contrary, very large responses of
the two main cables are dominated by the main harmonics with in-phase motions in the
system mode-15, as shown in Figs. 7(a) and 8(b), and the corresponding response of the
secondary cable is much smaller than the main cable (Figs. 7(a) and (b)). However,
there exists enough amount of the main harmonics in the secondary cable response to
have significant sub-harmonic response in the secondary cable, resulting the sub-
harmonics in the main cable response with out-of-phase motions in some amount. In
this way, the main cable response becomes nonlinear, containing the sub-harmonic
component, due to the large response of the secondary cable with complicated nonlinear
motions. As a result, the main cable response contains the contributions not only from
the main harmonics in the system mode-15 but also from the one-third sub-harmonic
component. This is also because of the presence of the system mode-3, corresponding to
the first out-of-plane mode of the single main cable, due to energy flow from higher
modes to lower modes in the presence of internal resonance.



The nonlinearity of the secondary cable, therefore, induces the main cable to vibrate
in nonlinear multi-harmonic motion and thereby helps in the distribution of energy
among various harmonics and among different modes. This energy distribution due to
secondary cable nonlinearity is one of the important factors underlying the controlled
response of the main cable.

ANALYTICAL INVESTIGATION - A COMPLETE NONLINEAR
APPROACH

Derivation of Equation of Motion
An approach of substructural formulation with modal synthesis [20-22] is applied to
solve the dynamic interaction problem of cable system. This is because it is convenient
to explain the effect of one component, or substructure, on the other on the basis of
substructural response solution. Since cables are geometrically nonlinear in nature,
some modifications have been incorporated in the substructural formulation in this
study [23].

For the r-th substructure, the dynamic position vector, {X},, can be decomposed into
the static position vector, {X’},, and the dynamic displacement vector, {u},, as follows.

{xX(s)}, = {x°()}, + {uls)}, (1)

where s is a material coordinate designating the arc length of substructural cable.
According to the modal synthesis approach, the dynamic displacement vector is
represented in the modal space as

{1(5)}, = [Peonsirain(s)* Brormals)] {p}, )

where sub-matrices [(I)mmim] and [@norm,] are substructural constraint mode matrix

and truncated normal mode matrix, respectively. {p}, in Eq. (2) is the generalized
coordinate vector for the r-th substructure. In the case of traditional substructural
formulation, system matrices corresponding to the substructural generalized coordinates
are first derived from direct assembly of the substructural matrices. A linear
transformation matrix is then obtained by considering kinematic compatibility
conditions at the junctions of substructures. Finally, performing the linear
transformation, the system matrices corresponding to the independent generalized
coordinates are obtained.

In the case of nonlinear system, however, this type of linear transformation is not
possible. In order to overcome this difficulty in the formulation, the substructural
displacement in Eq. (2) is expressed in terms of independent generalized coordinates of
the system for all the substructures, considering displacement compatibility at inter-
substructural junctions. Let us consider n,, n, and n, are the number of substructural
modes for the 1st main cable, the 2nd main cable and the secondary cable, respectively.
Assuming the substructural generalized coordinates for each main cable as independent
from generalized coordinates of other main cable and the secondary cable, we can
express Eq. (2) for two main cables as

{u(s)},, =[@(s)], {a}.. (3.2)
wls) =[@(s)] {a},, (3.b)

where {q},, and {q},, are the independent generalized coordinates for the 1st and 2nd
main cables and [d(s)],, and [D(s)],, are the substructural mode shape matrices for



these two main cables, respectively. If the total substructural degrees of freedom are k,
and k, for the Ist and 2nd main cables, [d(s)],, and [D(s)],, are (k, X n;) and (k,X n,)
square matrices, respectively.

As for the substructural displacement vector for the secondary cable, we can expand
it into three components, corresponding to constraint modes and normal modes, as
follows.

o)}, =[@(9)], {a},. + [@(s)], . {a}c + [2()] o}, “)

{q}.., and {q},, in Eq. (4) are generalized coordinate vectors for constraint modes
corresponding to the junctions of seconadry cable to the 1st main cable and to the 2nd
main cable, respectively, which are completely dependent on the generalized
coordinate vectors of the 1st and 2nd main cable. It is noted that the order of {¢},.,and
{q}.. 1s equal to the number of degrees of freedom at the respective junction node (for
this study 3; x, y and z displacements). {¢},, in Eq. (4), on the contrary, corresponds to
the substructural normal modes of secondary cable and independent of any other
generalized coordinates.

According to the definition of constraint modes, at any instance of time, {¢},., and
{q}..can be the displacement vectors at the junction nodes j, and j,. That is,

{q}m:{”}jl =[q)]fnll{q}ml (5.a)

{q}sd:{”}jz = [q)]r;zz{Q}mz (5.b)
Substituting Egs. (5.a, b) into Eq. (4) leads to

{uls)}, =[@(s)], [@(5)]) {a},., + [2(5)] [@(6)], o}, +[@(s)], {al, (©)

After matrix multiplications and adding the sub-matrices in Eq. (6), we can express the
above equation in terms of independent generalized coordinates as

(19}, )
{uls)} = [5(s)]31{q}mzf )

{a},.

The mode shape matrix,[@(s)] , in the above equation is the final form of modified

A

mode shape matrix for the secondary cable.

Static configuration of the cable system, {X’}, is determined by nonlinear finite
element analysis method [24] using 3-node elements with shape function matrix, [N(s)].
Since the dynamic displacement vector for the cable element can be also represented in
terms of the shape function, the dynamic position vector in the cable element is given as

{X(s)}, =[Ns)x}+ [V (s) [ @, Ha} ®)
where the subscripts e and n represent quantities evaluated in the element and at the
nodal points, respectively.

Lagrangian strain, €, is evaluated for the cable element by using the nonlinear
strain-displacement relation. That is,

(), = (XY VT TV, Jad + 5o} [0, VT TV, Ha) ©)

e

where (') indicates differentiation with respect to the arc length, s. The second term of
Eq. (9) is the nonlinear part of the Lagrangian strain, s?l.



The equation of motion for the system’s generalized coordinate can be derived by
applying the principle of virtual work:

gf: {6u}:{f}eds+{6un}T{r}—%f;(Aaséss)eds—gf: (A0058Afl)eds=0 (10)

where {f}, {r}, A and L are the distributed load vector, the nodal load vector, the cross-
sectional area and the element length, respectively. g, is the static stress with self-
weight, while g, is Kirchhoff’s stress. It should be noted that the static stress does work
only on the nonlinear component of the dynamic strain [25]. Substituting Egs. (8) and
(9) into Eq. (10) with some manipulations leads to the final expression of the equation
of motion.
[M]{a}+[Clat+ [K]{at +{s@} ~{r,} =0 (1D

In this equation of motion, the mass matrix, [M], the linear stiffness matrix, [K], the
geometrically nonlinear stiffness term, {g(¢)}, and the generalized force vector ,{r},
are represented as follows.

[m]-3m [ [B]ds (12.2)

[K]- é[(aoA)e [i[B)ds+(EA), [ OL{b}{b}Tds] (12.b)

{s(a)} - %g(EA)ef (o} [B:){a})[B.Ja}ds + 3(EA), J. OL({b}T{q})[Bz]{q}dS(12 §
+23(EA), f (fa) [B.Ja} ohas

{r}=[o]{r} (12.d)
where m is the cable mass per unit length and

[5]-[@, [V V@, [8.]-[o.) V] V]e.) (130.b)

{pr={x} INT [V, ] (13.0)
Solution Methodology

Six substructural normal modes and necessary constraint modes for main and secondary
cables [4], shown in Fig. 9, are considered for the substructural formulation to compute
each term in Eq. (11). As for the evaluation of damping matrix [C], the energy-based
damping theory is used on the basis of experimentally obtained damping properties of
cables [14].

In order to discuss analytically the nonlinear and interactive responses of the cable
system in the frequency range corresponding to the third out-of-plane modal region of
single main cable, the solution for the i-th generalized coordinate in the equations of
motion in Eq. (11) is assumed in terms of Fourier series as follows, and the harmonic
balance method [26, 27] is applied to determine the Fourier amplitudes and the
corresponding phase angles.

g, = A+ Al cos(ngt + 91’) + Al cos(%Qt + 9;) + Al cos(Qt + 6;) (14)

where 4/ is the constant component of the i-th generalized coordinate; A', A!, and Al are

the amplitudes of one-third sub-harmonic component, two-third sub-harmonic
component and the simple harmonic component of the i-th generalized coordinate,



respectively; 6], 6;, 6, are the corresponding phase angles; € is the excitation circular-
frequency.

Nonlinearity in Response and Early Jump in Frequency-Response Curves

One of the main cables is excited by applying harmonically varying concentrated load
(Force=P cos £2) in the out-of-plane direction of main cable at a distance of 0.75 % of
span length from the support. Fig. 10 shows computed frequency response curves for
the single cable and for the main cable in the cable system under the condition of P =
5.0 N, which was selected for simulating the maximum peak-displacement comparable
to that measured in the experiment. Both the curves were obtained from the nonlinear
analysis considering all nonlinear terms in Eq. (7). The controlling effect of secondary
cable in reducing the main cable response is obvious from Fig. 10. That is, the early
jump in the frequency response curve of main cable in the cable system is one of the
most important factors in controlling the response.

This can be explained on the basis of the existence of many closely spaced modes in
the cable system. The previous investigation [4] shows that there exist two modes at the
frequencies of 7.55 Hz and 7.57 Hz corresponding to the system mode-14 and the
system mode-15 in Fig. 4. Two main cable motions are out-of-phase in the system
mode-14, while they exhibit in-phase motion in the system mode-15. Because of out-of-
phase motions of two main cables in the system mode-14, the secondary cable motion is
dominant and thereby the main cable motion becomes limited. On the other hand, in-
phase motion in the system mode-15 causes the secondary cable to vibrate with
asymmetric modal contribution with dominant motion in the main cables. From this
observation, it can be understood that the symmetric motion of the secondary cable
makes the main cable in the system stiffer than the case when the secondary cable
motion is asymmetric, in the sense that the symmetric motion of the secondary cable
constrains the main cables’ motion significantly.

In the case of nonlinear analysis, above mentioned modes are also existent but the
system can vibrate with these linear modes up to frequency considerably larger than the
corresponding natural frequencies. This is evident from the frequency response curve of
the single cable in Fig. 10. For the frequency range considered in this figure, the single
cable response is a contribution only from the 5th mode or the 3rd out-of-plane mode.
The natural frequency of this normal mode is 7.43 Hz, but the peak response with this
modal vibration occurs at the frequency of around 12.0 Hz due to the consideration of
nonlinearity, which is evidenced also in the experimental investigation of single cable as
shown in Fig. 6(a). In the case of the cable system, there exist two dominant modes at
the frequency of 7.55 and 7.56 Hz with main contribution from the 3rd out-of-plane
mode. After the first smaller peak at frequency 7.28 Hz in Fig. 10, the cable system
begins to vibrate with the 15th normal mode in which two main cables are in in-phase
motion. The existence of this motion prevails up to the frequency of 8.94 Hz, which is
obvious from the vibration mode shown in Fig. 10 for 8.93 Hz. However, there exists
another mode with out-of-phase motion of two main cables and symmetric motion of
the secondary cable, that is, the system mode-14. Nonlinearity plays a role in such a
way that the contribution of system mode-14 becomes existent beyond 8.94 Hz. Since
the main cable in the system mode-14 is stiffer than that in the system mode-15, as
previously discussed, the response of the main cable in the system suddenly becomes
smaller and early jump phenomenon is observed because of the existence of the system

10



mode-14. This early jump in the frequency response curve is one of the important
factors affecting the control performance of the secondary cable.

Nonlinear Interaction and Energy Redistribution Among Substructural Modes
The addition of secondary cable has another effect of causing the excitation energy to
be distributed among the different substructural modes due to nonlinear interaction. In
the case of single cable, the response in the resonance region is dominated mainly by
the normal mode corresponding to the frequency. Due to the addition of secondary
cable, on the contrary, several substructural modes have considerable contribution in the
response in the system.

This is obvious from the variation of generalized coordinates with excitation
frequency as shown in Fig. 11 for the excited main cable and Fig. 12 for the secondary
cable. Only the constant component (A,) and the amplitude of simple harmonic
component (A;) for different generalized coordinates are shown in the figures, because
the contributions from the sub-harmonic components were found very small under the
loading conditions considered in the analysis. It is noted that the existence of sub-
harmonic component can be observed only under certain loading conditions with a
particular set of initial values of the generalized, which is discussed in the next section.

It is obvious in Fig. 11(a) that the contributions from the first out-of-plane normal
mode (the third mode in Fig. 9(a)) and the second out-of-plane normal mode (the fifth
mode in Fig. 9(a)) are relatively large, while the third out-of-plane normal mode is
dominant due to the resonance. Furthermore, not only the out-of-plane modes but also
the in-plane substructural modes are excited with considerable contribution in the
system responseas shown in Fig. 11(b). Strong coupling between the out-of-plane
motion and the in-plane motion of main cables are observed near the smaller response
peaks at 6.5 Hz and 7.1 Hz.

In the main resonant region around 8 Hz, the contribution of generalized coordinates
for the lower out-of-plane modes of the main cable in Fig. 11(a), can be explained in
relation to the response of the secondary cable in Fig. 12(a). Only constraint modes are
excited for the secondary cable (Fig 12(a)), while normal mode contributions in the total
response of secondary cable are very small (Fig. 12(b)). Actually, secondary cable acted
as a medium of continuity between two main cables and thereby causing coupling
between the motions of the two main cables. As mentioned previously, the secondary
cable connects two main cables at a distance of 5/12 of the main cable span from the left
supports, which is at halfway of two node points of the second and third out-of-plane
normal modes. During the vibration of the cable system, the effects of the secondary
cable can be considered as the main cable vibration with additional dynamic load at this
junction point. This dynamic force causes the lower out-of-plane modes to be excited
due the secondary cable response. As a result, total excitation energy is distributed
among different substructural modes. This energy redistribution among different
substructural modes is one of the underlying factors related to the control mechanism of
the secondary cable.

Excitation Amplitude and Modal Jump

Depending on the excitation force amplitude, the composition of the response becomes
significantly different. For smaller excitation force amplitude, the response is almost
similar to the linear response. But as the response increases with increasing excitation
force, the response contains considerable contribution from several lower modes of each
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substructure. Figs. 13 and 14 represent the variation of generalized coordinates
corresponding to different substructural modes with excitation force amplitude, P, for
the excited main cable and the secondary cable, respectively. The excitation frequency
is 7.6 Hz which is very near to the natural frequency of system mode-14 (f=7.551 Hz)
and system mode-15 (f=7.566 Hz). As can be seen in these figures, multi-valued
response is possible for each substructure depending on the excitation force amplitude.
As discussed previously, constraint modes are excited significantly for the secondary
cable (Fig 14(a)), while contributions from most of the normal modes are small (Fig.
14(b)). However, contribution from 6™ normal mode (10" substructural mode) has
become bigger.

As shown in Fig. 13(a) for the excited main cable, A; of the generalized coordinate
corresponding to the 7th substructural mode increases sharply for smaller excitation and
it reaches a maximum value at around 2.66 N of excitation force amplitude. For
excitation amplitude greater than this, three distinct magnitudes are possible for each
generalized coordinates for a given excitation. In addition to this, coupling between in-
plane and out-of-plane normal modes has become obvious from Fig. 13(b), and
contribution from 4™ normal mode (6" substructural mode) is bigger in the main cable
response. This coupling should be due to the presence of secondary cable in the system,
what makes the motions of two main cables inter-dependent on each other.

One of the three values is possible in reality depending on the sequence of excitation.
If excitation increases from zero, the generalized coordinate corresponding to the 7th
substructural mode will increase and reach the maximum value at the excitation of 2.66
N. After that, this generalized coordinate reduces in magnitude while the generalized
coordinates corresponding to the 3rd and 5th substructural modes (the 1st and 3rd
normal modes) increase up to the excitation of around 6.7 N. At this stage, the
contributions of the 3rd and 5th substructural modes become greater than that of the 7th
substructural mode. Further increase in the excitation causes the system to be unstable
and jump occurs from the point b to ¢ and the generalized coordinate corresponding to
the 7th mode again become greater than that of the 3rd and 5th mode. Beyond this
excitation, the generalized coordinates increase with smaller rate and follow the path
from the point ¢ to d. On the other hand, in the case of decreasing the excitation,
different path will be followed. All the generalized coordinates reduce with smaller rate
from the point indicated by d to the point f without exhibiting any jump at the point c.
But after the point f, further decrease in the excitation results in jump from the higher
values to lower values of generalized coordinates. The path between the points b and fis
unstable and can never be traversed.

The jump phenomena observed here is, actually, related to the existence of different
vibration modes with closely spaced frequencies, due to the existence of secondary
cable in the system. The system vibrates with the system mode-15 and it becomes
saturated at the excitation amplitude of 2.66 N. Further increase in the excitation energy
causes the energy transfer from this mode to the system mode-14. This energy-sharing
situation can exist up to the point b, beyond which the vibration energy cannot be
accommodated with the combination of modes. Therefore, the system jumps from the
in-phase motion of main cables to the complete out-of-phase motion to accommodate
the increased excitation energy. The diagram in Fig. 15, showing the vibration mode at
different excitation amplitudes, reveals this change of vibration modes depending on the
excitation. It is obvious from Fig. 15(c) that the response at the mid-span of main cable
is controlled, but that the response at around quarter span becomes greater. Due to this
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vibration localization, apparently, negative controlling effect can exist, while it can be
predicted from this phenomenon that nearly even vibration in the whole span might be
possible by connecting secondary cable at appropriate location having some appropriate
properties. Positive controlling effect can be expected under this type of nearly even
vibration along span length.

CONCLUDING REMARKS

Investigations, based on both experimental and numerical nonlinear analysis, revealed
some important phenomena providing useful information regarding the controlling
effect of secondary cable and the underlying mechanism, as summarized as follows.

1) Due to the addition of secondary cable, different substructural cables can interact
because of the secondary cable nonlinearity. One of the important effects of this
nonlinear interaction is the early jump in the frequency response curve, whereby the
maximum response of main cable is reduced significantly. This type of early jump,
observed in the experimental as well as numerical investigations, plays an important
role in reducing the maximum response of main cable in the cable system. The
transition of vibration modes due to nonlinear interaction is the underlying factor for
this phenomenon to be occurred.

2) Secondary cable nonlinearity can induce the whole system to vibrate with multi-
harmonic and multi-modal response. In this way, the total excitation energy can be
redistributed among the different substructural modes. This type of energy transfer from
higher modes to lower modes plays an important role in the reduction of the main cable
motion.

3) Depending on the level of excitation, the vibration pattern of the system may
change significantly and multi-valued response is found in this study. Another
important observation is the jumping from one mode to another depending on the
excitation force. This jumping may cause vibration localization whereby negative
controlling effect can be observed at some location. But, it might be possible to
minimize this vibration localization using appropriate arrangement of the secondary
cable, whereby positive controlling effect of secondary cable can be expected.

Appendix A. Natural frequencies of single cable

The n-th natural frequency, f,, of a single cable with the length, L, the mass per unit

length, m, and the horizontal component of cable tension, H, is represented by Eq. (A1)

if the frequency is far from the modal crossover point [28].
n [H

L 2L\ m

It should be noted that this formula gives the exact value of the n-th natural frequency in

the cases of the in-plane motion with the antisymmetric mode and the out-of-plane

motion, while it becomes erroneous in the frequency region of modal crossover in the

case of the symmetric in-plane mode.

The horizontal component of cable tension can be evaluated from the initial
configuration of cable, which is characterized by the sag of the cable, f. In the case of a
shallow cable with small sag, its initial configuration becomes a parabola and the
horizontal cable tension can be derived as

(AL)
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mgl’

H = A2
8 (A2)
where g is the gravitational acceleration [28].
Substituting Eq. (A2) into Eq. (A1) leads to
n
fo= 8 (A3)

a2\ f
where the n-th natural frequency is now represented in terms of the sag of the cable.
Therefore, the natural frequencies of the secondary cable can be close enough to those
of the main cable by setting the secondary cable’s sag to be same as the main cable’s
one.

Appendix B. Coupling between in-plane and out-of-plane responses in the
cable system

One interesting phenomenon in nonlinear cable dynamics is the coupling of the in-plane
and out-of-plane motions. Under the harmonic planar excitation, the planar response
becomes unstable and a non-planar whirling motion occurs when the response
amplitude exceeds a critical level. Even in this experimental investigation where one of
the main cables was excited in the out-of-plane direction, couplings between the out-of-
plane and in-plane responses were measured for both the main and secondary cables in
the case of the third out-of-plane modal excitation with the large excitation amplitude of
0.69mm.

Figure B1 shows the paths of the mid span motions in the vertical planes for (1) the
excited main cable, (2) the secondary cable and (3) the non-excited main cable for
different excitation frequencies. The existence of the coupling is obvious from the
figure, and the coupling characteristics, represented by the motion path, is significantly
different depending on the excitation frequency. However, it should be noted that the
out-of-plane and in-plane motions dominate all the responses of the main and secondary
cables in Fig.B1, respectively. Because of this, the nonlinear behaviors of the out-of-
plane response in the main cable and the in-plane response in the secondary cable are
only discussed in this paper.
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Table 1. Specifications of main and secondary cables

Cables Total mass Weight Span Sag Sag ratio  Horizontal EA

() Mass (g) Spacing (m) (m) (m) (%) tension (N)  (kN)
Main cable 547.0 15.0 0.090 3.10 0.050 1.6 41.5 353
Secondary cable 11.5 0.9 0.047 0.60 0.050 8.3 0.169 103

Engineering Structures
Yamaguchi, H. and Alauddin, Md.
Table 1
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(a) Generalized coordinates, AO and A3, for the 3rd, 5th and 7th substructural modes (out-of-
plane mode) in Fig. 9
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(b) Generalized coordinates, AO and A3, for the 4th, 6th and 8th substructural modes (in-plane
mode) in Fig. 9
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(a) Generalized coordinates, AO and A3, for the 1st - 4th substructural modes (constraint
mode) in Fig. 9
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(b) Generalized coordinates, AO and A3, for the 6th, 8th and 10th substructral modes (normal
mode) in Fig. 9
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(a) Excitation frequency = 6.95 Hz
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(b) Excitation frequency = 7.34 Hz
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(c) Excitation frequency = 7.71 Hz
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