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SUMMARY The frequency dependence of surface resistance
Rs of high temperature superconductor (HTS) films are mea-
sured by a novel measurement method using four TE0mp modes
in a sapphire rod resonator. At first, a loss tangent tan δ of the
sapphire rod and Rs of the HTS films are evaluated separately
from the results measured for the TE021 and TE012 modes with
close resonant frequencies. Secondly, Rs values at two different
resonant frequencies for the TE011 and TE022 modes are mea-
sured using a well-known relation for sapphire tan δ/f = con-
stant, where f is a frequency. Rs values of HoBa2Cu3O7−x thin
films were measured in the frequency range of 10 to 43GHz by us-
ing four sapphire rod resonators with different sizes. As a result,
it is found that these measured results of Rs have a characteristic
of frequency square.
key words: high-Tc superconductors, microwave, surface resis-
tance, frequency dependence

1. Introduction

A dielectric resonator method using a low loss mate-
rial such as sapphire and LaAlO3, which is called the
Hakki-Coleman method, has been commonly used to
measure the surface resistance Rs of high-Tc supercon-
ductors (HTS) in the microwave range, where a loss
tangent tan δ of the dielectric rod is ignored [1]–[3]. On
the other hand, a two-dielectric resonator method us-
ing two sapphire rod resonators has been proposed to
measure tan δ and Rs separately [4], [5]. This method
has been adopted as the international standard mea-
surement method of Rs [6]. However, we must prepare
many pairs of rods, measuring frequency dependence of
Rs.

Recently, the authors have proposed a novel mea-
surement method using four TE0mp modes in a sapphire
rod resonator, where a sapphire rod is placed on a bot-
tom of a conductor cavity made of two HTS films and a
copper (Cu) ring, to evaluate the frequency dependence
of Rs [7]. In this method, the tan δ and Rs values are at
first measured separately from the results measured for
the TE021 and TE012 modes which have close resonant
frequencies each other [8], [9], and then the Rs values
are measured at two different resonant frequencies of
the TE011 and TE022 modes by using the well-known
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relation for sapphire tan δ/f = constant. In the esti-
mation of Rs, however, the influence of the Cu ring has
been ignored on the assumption of the sufficiently large
diameter of the Cu ring.

In this paper, measurement formulas are derived,
where the influence of the Cu ring is taken into account.
Then, the resonator is designed from the mode charts
made by taking account of an uniaxial-anisotropic char-
acteristic of sapphire. By using four sapphire rods
with different sizes, the frequency dependences of Rs

of HTS films are measured in the frequency range of 10
to 43GHz to verify the effectiveness of this method.

2. Design of a Sapphire Rod Resonator

Figure 1 shows a structure of a sapphire rod resonator
used in this measurement. A sapphire rod having diam-
eter D and length L is placed in the center on a lower-
side HTS film having surface resistance Rs. Then, this
structure is shielded by an upper-side HTS film with
the same Rs value and an oxygen-free Cu ring with di-
ameter d, height h and surface resistance Rsy, where

Fig. 1 Fields plots of four TE0mp modes (m, p: integer) in a
sapphire rod resonator.
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Fig. 2 Mode chart for G at X2=3 and S=4 calculated for the
sapphire rod resonator.

M = h − L is an air-gap distance between the sap-
phire rod and the upper-side HTS film. Fields plots
of four TE0mp modes used in this measurement are
shown in Fig. 1. The relative permittivities of the sap-
phire rod having an uniaxial-anisotropic characteristic
are denoted to be εz in the c-axial direction which is
parallel to the z-axis and εr in the plane perpendicular
to the z-axis.

In this resonator design, some mode charts for the
sapphire rod resonator having εr=9.28 and εz=11.3
measured at 20K have been calculated on the basis
of the rigorous analysis by the mode matching method

[2], [10].
At first, for M=0, the appropriate dimension ratios

of the resonator X2=(D/L)2=3 and S = d/D=4 were
determined so that f012 was nearly equal to f021 [7],
where S=4 was chosen so as to be able to ignore the
loss of the Cu ring for a Rs measurement. In this case,
the influence is estimated to be 0.005%, as described in
Sect. 4.3.

Then, to discuss the air-gap effect, a mode chart
was calculated as a function of G = M/D at X2=3 and
S=4 [5], [11]. The result is shown in Fig. 2, where nor-
malized value εr(D/λ0)2 is taken as the vertical axis. It
is seen from the figure that the appropriate G value is
G=0.002, where each of the four TE0mp modes is sep-
arated over ten times of the 3 dB bandwidth from the
other unwanted modes. Also, for G=0.002, f021 is 0.4–
0.8% higher than f012, which depends on D. This is an
enough separation for high Q measurements over a mil-
lion. In this case, the εr(D/λ0)2 values obtained from
the Fig. 2 are 1.63, 4.06, 4.10 and 6.76 for the TE011,
TE012, TE021 and TE022 modes, respectively. As a re-
sult, the appropriate values at 20K were determined to
be X2=3, S=4 and G=0.002.

3. Measurement Principle

3.1 Measurement Principle of εr

The relative permittivity εr0mp of the rod is calculated
from f0mp measured for the TE0mp mode by [2]

εr0mp =
(

c

πDf0mp

)2 {
u20mp + v20mp

}
+ 1 (1)

where c is the velocity of light and v0mp is given by

v20mp =
(

πDf0mp
c

)2{(
pc

2hf0mp

)2
− 1

}
(2)

where we take h = L + M as the length, because there
is no electric field in the air-gap region. Also, an eigen
value u0mp is given by [2]

1
u0mp

J1(u0mp)
J0(u0mp)

= − 1
v0mp

I1(v0mpS)K1(v0mp) − I1(v0mp)K1(v0mpS)
I0(v0mp)K1(v0mpS) + I1(v0mpS)K0(v0mp)

(3)

where Jn(x) is the first-order Bessel function and In(x)
and Kn(x) are the modified first-order and second-order
Bessel functions.

3.2 Measurement Principle of tan δ and Rs

For the TE0mp mode, the unloaded quality factor
Qu0mp of the sapphire rod resonator is represented by
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1
Qu0mp

=
1

A0mp

· (tan δ0mp + B0mpRs0mp + C0mpRsy0mp) (4)

where tan δ0mp is the loss tangent in the plane per-
pendicular to the z-axis at f0mp and geometry factors
A0mp, B0mp and C0mp are given by Eqs. (A· 7) to (A· 9)
in the Appendix.

Then, for the TE012 and TE021 modes having close
frequencies f012 and f021 each other, we assume the
following well-known relations:

tan δ

f
=

tan δ012
f012

=
tan δ021

f021
(5)

for sapphire,

Rsy√
f

=
Rsy012√

f012
=

Rsy021√
f021

(6)

for Cu ring, and

Rs

f2
=

Rs012

f2012
=

Rs021

f2021
(7)

for HTS films, where f is taken as any frequency near
f012 and f021 to minimize the errors.

Substituting Eqs. (5) to (7) into Eq. (4), we can
obtain the following relations:

tan δ =
f
(
B021f

2
021

A012
Qu012

− B012f
2
012

A021
Qu021

)
B021f2021f012 − B012f2012f021

−
Rsy

√
f
(
B021C012f

2
021

√
f012 − B012C021f

2
012

√
f021

)
B021f2021f012 − B012f2012f021

(8)

Rs =
f2
(
f012

A021
Qu021

− f021
A012
Qu012

)
B021f2021f012 − B012f2012f021

−
Rsyf

1.5
(
C021f012

√
f021 − C012f021

√
f012

)
B021f2021f012 − B012f2012f021

(9)

Thus, we can calculate tan δ of the rod and Rs of the
HTS films separately from the measured values of f012
and f021, and Qu012 and Qu021 by Eqs. (8) and (9).

Finally, Rs011 at f011 for the TE011 mode and
Rs022 at f022 for the TE022 mode can be calculated
by Eq. (4) from the measured values Qu011 and Qu022

and values of tan δ011 and tan δ022 estimated on the as-
sumption that Eq. (5) holds in the wide frequency range
including f011 and f022, respectively. As a result, Rs

at three different frequencies can be evaluated by using
only one sapphire rod resonator.

4. Experiments

4.1 Mode Identification

We prepared four sapphire rods (Shinko-sha Co.) and
four Cu rings to measure the frequency dependence of

(a) Diameter and height

(b) Surface resistance

Fig. 3 Measured results of a Cu circular empty cavity at
18GHz [13].

Table 1 Sizes of four sapphire rods and Cu rings. (@293K)

Rs in 10–40GHz. In order to realize X2=3, S=4 and
G=0.002 at 20K, we estimated D0, L0, d0 and h0 at
room temperature, taking into account of a thermal
expansion coefficient of sapphire (Alumina [12]) and the
temperature dependence of dimensions measured for a
Cu circular cavity at 18GHz, as shown in Fig. 3(a) [13].
The result is shown in Table 1.

The experiment of the mode identification was per-
formed to verify the validity of the mode chart. A res-
onator was constructed using the No. 2 resonator in Ta-
ble 1 and two HoBa2Cu3O7−x (HoBCO) films (0.4µm
in thickness), each of which is deposited on a sapphire
substrate with a CeO2 buffer layer (φ = 3′′, t=0.5mm,
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Fig. 4 Frequency responses at 20K around the four TE0mp modes of the No. 2 resonator
and the calculated resonant frequencies.

Sumitomo Electric Industry Co.). This structure was
set in the GM type cryostat (AISIN Co.) and cooled
down from room temperature to 20K. The distances
between the resonator and coupling loops were adjusted
by three-dimensional mechanical stages in the cryostat,
so that the reflection coefficients |S11| and |S22| were
adjusted to have the equal values and the transmission
coefficient |S21| was adjusted to be about −30 dB at
20K [14].

The measured frequency responses at 20K around
the TE011, TE012, TE021 and TE022 modes are shown
in Fig. 4. The resonance modes indicated on the top of
the figure were calculated from the mode chart shown
in Fig. 2. The measured resonant frequencies of the
four TE0mp modes agreed well with calculated ones
and could be identified clearly from the other resonance
modes. On the other hand, measured resonant frequen-
cies of the TM, HE and EH modes are considerably
higher than the calculated ones, because the resonant
frequencies are affected strongly by M at 20K.

4.2 Measured Results

After the AC supply of the cryostat was turned off at
20K, f012 and Qu012 for the TE012 mode were mea-
sured automatically every 1K going up naturally from
20K to Tc. Then, after the resonator was cooled down
to 20K again, similar processes were repeated for the
TE021, TE011 and TE022 modes. The measured re-
sults for the No. 2 resonator are given in [7]. Similar
measured results for the No. 3 resonator are shown in
Fig. 5. Figures 5(a) to (c) show the measured values
of f0mp and Qu0mp for the four TE0mp modes. Fig-
ure 5(d) shows the εr0mp values calculated by Eq. (1)
from the measured f0mp values, where D is estimated
by taking account of the thermal expansion of Alumina

[12], and h and d are estimated from the h0 and d0
values using Fig. 3(a). In Fig. 5(d), the temperature
dependence of the London penetration depth may af-
fect rapid increase of these εr0mp values above 70K.
The tan δ values calculated by Eq. (8) from the mea-
sured values of f021, f012, Qu021 and Qu012 are shown
in Fig. 5(e), where Rsy values were calculated by Eq. (6)
from the surface resistance of Cu measured at 18GHz
using a circular Cu cavity, as in Fig. 3(b). In Fig. 5(e),
the tan δ values below 30K are negative because of the
measurement limit. Then, the Rs values calculated by
Eq. (9) are indicated by dots in Fig. 5(f), where Rsy

values were ignored because the influence to Rs is es-
timated to be below 0.005%, as described in Sect. 4.3.
Moreover, Rs011 and Rs022 were estimated by Eq. (4)
using measured Qu011 and Qu022, where tan δ011 and
tan δ022 were ignored. These results are indicated in
Fig. 5(f) by triangles and crosses. As a result, the tem-
perature dependences of Rs at 16, 25 and 32GHz could
be measured by using only one sapphire rod resonator.

Similar measurements were performed for Nos. 1
and 4 resonators given in Table 1. The measured re-
sults of Rs are summarized in Fig. 6, where the tan δ
values were ignored for No. 4 resonator because of the
measurement limit described above. Discontinuities of
the measured Rs values are observed around 40K as in
Fig. 6. It is explained that residual gas in the cryostat
frozen below 40K such as oxygen gasifies around 40K,
the temperature of the resonator is increased rapidly,
the computer could not chase the resonance peaks and
could not take a data. However, if the residual gases can
be pulled out sufficiently by a vacuum pomp in room
temperature, the Rs can be measured continually as
shown in Fig. 5(f).

Then, the measured Rs values at 20K, 50K and
70K are plotted as a function of frequency in Fig. 7(a),
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(a) f0mp − T (b) f0mp − T (c) Qu0mp − T

(d) εr0mp − T (e) tan δ − T (f) Rs0mp − T

Fig. 5 Measured results of εr and tan δ of No. 3 sapphire rod and Rs of HoBCO films.

(a) No. 1 (b) No. 2 (c) No. 4

Fig. 6 Measured temperature dependences of Rs of the HoBCO films using Nos. 1, 2
and 4 resonators.

in which fitting lines of Rs = af2 in log scale are indi-
cated, where a is constant. It is seen from the Fig. 7(a)
that the measured Rs values have a characteristic of fre-
quency square in the range of 10 to 43GHz, although
the square characteristic of Rs in Eq. (7) is used only
near f012 and f021.

Moreover, the Rs values at 20K and 70K of the
HoBCO films are compared with that of Cu plates
measured at 12GHz by the two-dielectric resonator
method. The results are shown in Fig. 7(b), together
with the fitting lines of Rs = bf1/2 in log scale, where

b is constant. It is seen from Fig. 7(b) that the Rs

values of the HoBCO films and the Cu plates cross at
320GHz at 20K and 140GHz at 70K, respectively. We
can expect to apply HTS films to RF devices also in the
millimeter wave region.

4.3 Estimation of Measurement Errors

The root mean square errors of tan δ and Rs measured
using the TE012 and TE021 modes, ∆ tan δ and ∆Rs,
will be discussed below. They are determined mainly
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(a) HoBCO films at 20, 50 and 70K

(b) HoBCO films and Cu plates

Fig. 7 Measured results of frequency dependence of Rs in the
frequency range of 10 to 43GHz.

by the measurement precisions of Qu and Rsy, ∆Qu/Qu

and ∆Rsy/Rsy, and are expressed by (See Appendix)

∆ tan δ2 = ∆tan δ(Qu)2 + ∆tan δ(Rsy)2 (10)
∆R2s = ∆Rs(Qu)2 + ∆Rs(Rsy)2 (11)

where ∆ tan δ(Qu) is an error of tan δ due to
∆Qu021/Qu021 and ∆Qu012/Qu012 and ∆ tan δ(Rsy) is
an error of tan δ due to ∆Rsy/Rsy. Also, ∆Rs(Qu) is
an error of Rs due to ∆Qu021/Qu021 and ∆Qu012/Qu012

and ∆Rs(Rsy) is an error of Rs due to ∆Rsy/Rsy.
These error components are given by Eqs. (A· 12) to
(A· 15) in the Appendix.

Using ∆Qu012/Qu012 = ∆Qu021/Qu021= 1% and
∆Rsy/Rsy= 2% obtained from the repeat measure-
ments, we estimated ∆ tan δ/ tan δ to be below 22%
for No. 1 resonator with 16.6GHz, 37% for No. 2 res-
onator with 19.9GHz and 72% for No. 3 resonator with
24.8GHz. Thus, the effects of tan δ on Rs can be ne-
glected in the Rs measurement over 24GHz, because
tan δ values are too small. Similarly, we estimated the

∆Rs/Rs values from Eq. (11) to be below 2% for the
four resonators, where ∆Rs(Rsy)/Rs was below 0.005%
using the measured Rsy values in Fig. 3(b). Thus, the
influence of Rsy on the Rs measurement can be ignored.

5. Conclusions

The sapphire rod resonators were designed successfully
from the mode charts calculated on the basis of the
mode matching method. The measurement formulas
including the influence of Cu ring were derived. By us-
ing four sapphire rod resonators, the temperature de-
pendences of Rs of HoBCO films were measured in the
frequency range of 10 to 43GHz. As a result, it was
found that these measured results of Rs have a charac-
teristic of frequency square. This method is useful to
evaluate the frequency dependence of Rs of HTS films.
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Appendix

For the TE0mp mode resonator shown in Fig.A· 1, Qu

is determined from

1
Qu

=
1

Qd
+

2
Qc

+
1

Qcy
(A· 1)

where

Qd = ω
W0

Pd
, Qc = ω

W0

Pc
, Qcy = ω

W0

Pcy

The dielectric loss Pd due to the tan δ, the conduc-
tor loss Pc due to the Rs of the two HTS films and the
conductor loss Pcy due to the Rsy of the Cu ring are
defined by

Pd = ωW1 tan δ (A· 2)

Pc =
Rs

2

∫ 2π

0

∫ b

0

( ∣∣Hr1(z=0)

∣∣2 +
∣∣Hr2(z=0)

∣∣2)
·rdθdr (A· 3)

Fig. A· 1 Configuration of a dielectric rod resonator.

Pcy =
Rsy

2

∫ 2π

0

∫ h

0

∣∣Hz2(r=b)

∣∣2 rdθdz (A· 4)

where W0 = W1+W2 is the total electric energy stored
in the resonator structure, W1 and W2 are the electric
energy stored in the rod and in air region and they are
defined by

W1 =
ε0εr

2

∫ 2π

0

∫ a

0

∫ h

0

|Eθ1|2 rdθdrdz (A· 5)

W2 =
ε0
2

∫ 2π

0

∫ b

a

∫ h

0

|Eθ2|2 rdθdrdz (A· 6)

The electric energy filling factor A0mp and the ge-
ometric factors B0mp and C0mp indicated in Eq. (4) are
given by

A0mp = 1 +
W0mp

εr0mp
(A· 7)

B0mp =
(

cp

hf0mp

)3 1 + W0mp

480π2pεr0mp
(A· 8)

C0mp =
v2S

60π4εr0mp

(
c

Df0mp

)3

· J21 (u)
J21 (u)− J0(u)J2(u)

·
{

I0(vS)K1(vS) + I1(vS)K0(vS)
I1(v)K1(vS)− I1(vS)K1(v)

}2
(A· 9)

where εr0mp is given in Eq. (1) and W0mp is given by

W0mp = Y

{
J1(u)K1(vS)

I1(v)K1(vS)− I1(vS)K1(v)

}2
(A· 10)

and Y is given by

Y =

∫ b

a

r

{
I1(k2r)−

I1(vS)
K1(vS)

K1(k2r)
}2

dr∫ a

0

rJ21 (k1r)dr

(A· 11)

where k1a = u, k2a = v, k2b = vS.
The error components indicated in Eq. (10) are

given by

∆ tan δ2(Qu)=
(

∂ tan δ

∂Qu021
∆Qu021

)2
+
(

∂ tan δ

∂Qu012
∆Qu012

)2

=
(
− f2012f A021B012

B021f2021f012 − B012f2012f021

1
Qu021

∆Qu021

Qu021

)2

+
(

f2021f A012B021
B021f2021f012 − B012f2012f021

1
Qu012

∆Qu012

Qu012

)2
(A· 12)

∆ tan δ2(Rsy) =
(

∂ tan δ

∂Rsy
∆Rsy

)2
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=

(
B021C012f

2
021

√
f012 − B012C021f

2
012

√
f021

B021f2021f012 − B012f2012f021

·f1.5Rsy
∆Rsy

Rsy

)2
(A· 13)

Also, the components indicated in Eq. (11) are
given by

∆R2s(Qu)

=
(

∂Rs

∂Qu021
∆Qu021

)2
+
(

∂Rs

∂Qu012
∆Qu012

)2

=
(
− f012f

2A021
B021f2021f012 − B012f2012f021

1
Qu021

∆Qu021

Qu021

)2

+
(

f021f
2A012

B021f2021f012 − B012f2012f021

1
Qu012

∆Qu012

Qu012

)2
(A· 14)

∆R2s(Rsy)

=
(

∂Rs

∂Rsy
∆Rsy

)2

=
(

C012f021
√

f012 − C021f012
√

f021
B021f2021f012 − B012f2012f021

f1.5Rsy
∆Rsy

Rsy

)2
(A· 15)
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