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CP violation and matter effect in long baseline neutrino oscillation experiments

Jiro Arafune* Masafumi Koike! and Joe Safo
Institute for Cosmic Ray Research, University of Tokyo, Midori-cho, Tanashi, Tokyo 188, Japan
(Received 14 March 1997

We show simple methods of how to separate pDiReviolating effects from matter effects in long baseline
neutrino oscillation experiments with three generations of neutrinos. We give compact formulas for neutrino
oscillation probabilities assuming one of the three neutrino magsesumablyv, mass to be much larger
than the other masses and the effective mass due to the matter effect. Two methods are shown. One is to
observe envelopes of the curves of oscillation probabilities as functions of neutrino energy; a merit of this
method is that only a single detector is enough to determine the presef@P wiolation. The other is to
compare experiments with at least two different baseline lengths; this has the merit that it needs only a narrow
energy range of oscillation datg50556-282(197)02617-9

PACS numbeps): 14.60.Pq, 11.30.Er

I. INTRODUCTION presence of mattdthe detailed derivation of the formulas is
given in the Appendix In Sec. lll we show two methods to

CP violation has been observed only in the hadron sectorglistinguish pureC P violation from matter effect. In Sec. IV
and it is very hard for us to understand whé&#® violation =~ we summarize our work and give discussions.
originates. If we observ€ P violation in the lepton sector
through the neutrino oscillation experiments, we will be Il. COMPACT FORMULAS FOR THE NEUTRINO
given an invaluable key to study the origin GfP violation OSCILLATION PROBABILITIES
and to go beyond the standard model.

The neutrino oscillation search is a powerful experiment
which can examine masses and/or mixing angles of the neu- Let us briefly reviewC P violation in neutrino oscillation
trinos. The several underground experiments, in fact, havgl7—19 to clarify our notation.
shown a lack of the solar neutrinps—4] and an anomaly in We assume three generations of neutrinos which have
the atmospheric neutrinds—7]," strongly indicating neu- mass eigenvaluesy (i =1,2,3) and mixing matrix® re-
trino oscillation[10—12. The solar neutrino deficit implies a lating the flavor eigenstates, («=e,u,7) and the mass
mass difference of IP—10 “eV? while the atmospheric eigenstates in the vacuunf (i=1,2,3) as
neutrino anomaly suggests a mass difference of around 0
10731072 eV? [10-12. Va=Uai i - @)

The latter encourages us to make long baseline neutrino
oscillation experiments. Recently such experiments ardVe parametrize)(®) [20-22 with the Gell-Mann matrices
planned and will be operated in the near fut[8,14). Itis  \i'S as
now desirable to examine whether there is a chance to ob-
serve not only the neutrino oscillation but also @ or T U@ =g/ "M e Psglwhz
violation by long baseline experimeni$5,16. Two of the

A. Brief review and parametrization

present authors have studied how lafgeiolation may be 10 0 100 cs 0 Sy
seen in long baseline experimentss], but they have not =({0 ¢, sy 01 O 0O 1 o0
answered the question of how ti@P violation is distin- _ i _
guished from the matter effect, in case both the solar neu- 0 Sy ¢/ \0 0 e o 0 C
trino deficit and the atmospheric neutrino anomaly are attrib- C, S, O
uted to the neutrino oscillatiofin this case the matter effect _
. . . S, C, O
is expected to give a faké P-violation effect comparable to
pure C P-violation effecy. 0 0 1
In this paper we will answer this question. In Sec. Il we
briefly review neutrino oscillation for 3 generations, and give CyCo CySe Sy
very compact formulas describing neutrino oscillation in the is is is
=| —CySu—5yS¢C,e CyCuw—SyS¢Sue SyCs€'’ |,
SySw—CySeCu€'’  —5,C,—CySyS,E° Cycye'’
*Electronic address: arafune@icrr.u-tokyo.ac.jp 2
TElectronic address: koike@icrr.u-tokyo.ac.jp
*Electronic address: joe@icrr.u-tokyo.ac.jp wherec,,= cos/, s,=sing, etc.
'Some experiments have not observed the atmospheric neutrino The evolution equation for the flavor eigenstate vector in
anomaly[8,9]. the vacuum is
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dv

gy =~ U'Vdiag p1,pz.ps) U v

1
={ =Pt 5z UOdiag0.6m3;,6mipU©T v, (3)

where p;’s are the momenta,g is the energy, and
sm=m—m?. Neglecting the ternp; which gives an ir-
relevant overall phase, we have

dv 1
i—=-—Udiag 0,6m3,,sm3,)U Ty,

dx 2E “)

Similarly the evolution equation in matter is expressed as

_dV_H 5
Idx_ v, ( )
where
T
H= - Udiag uf,u5,x3)U", 6)

with a unitary mixing matrixU and the effective mass
squaredu;’s (i=1,2,3). The matridJ and the masseg;’s
are determined by

uwi 0 0 0 0 0
ul 0 2 o |ut=u@[0 6m3 0 |yOt
0 0 uj 0 0 omj
a 0 o0
+{0 0 O (7)
0 00
Here
a=2.2G.n,E=7.56x10°5 eVi—" E (8)
Flle . gcmﬁSGeV,

wheren, is the electron density angl is the matter density.
The solution of Eq(5) is then

v(x)=S(x)»(0), 9

with

SETe—if’adsH(s) (10)
(T being the symbol for time orderinggiving the oscillation
probability for v,— v, (a,8=¢,u,7) at distance. as

P(Va—>V,8;L):|Sﬁa(L)|2' (11)
The oscillation probability for the antineutrincﬁ%(v_aﬂy_ﬂ)
is obtained by replacing— —a andU—U* (i.e., 6—~—9)
in Eq. (12).
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B. Approximation of the oscillation probability

If we attribute both the solar neutrino deficit and the at-
mospheric neutrino anomaly to the neutrino oscillation with
MSW solution for the solar neutrinos, we find most plausible
solutions to satisfysm3,< ém3, anda< ém3, [10,11]. In the
following we assume, ém3,< sm3,.2 This case is also in-
teresting when we consider the long baseline neutrino oscil-
lation experiments to be done in the near futii8,14.

Decomposingd =H,+ H; with

0
1
Ho=5=U®© 0 ut (13
2E )
omsz;
and
0 a
1
Hi=o2 uo oma, U@ty 0 ,
0 0
(14

we treatH, as a perturbation and calculate E#)2) up to the
first order ina and 5m§1. Defining )(x) andHq(x) as

Q(x)=e"o*S(x) (15)
and
Hy(x) = elHoxH e~ iHox, (16)
we have
.dQ
1% = H1(0Q(x) 17
and
Q(0)=1, (18
which give the solutioh
Q(x)zTe*ideSHﬂ%l—ifoxdsHl(s). (19
We note the approximatiofl9) requires
ax Sm3,x
E<1 and oE <1. (20)
Equations(15) and (19) give
S(x)ze“H0X+e‘iH0X(—i)JOdeHl(s). (21)

We then obtain the oscillation probabilitieB(v,— ve),
P(v,—v,), andP(v,—v,) in the lowest order approxima-
tion as

We assume in the following the matter density is indepen-

dent of space and time for simplicity, and have

S(x)=e Hx, (12)

2For the cas@dm,<a< 6m3,, see Ref[16].
SWe note Eq.(19) is correct for a case where the matter density
depends orx.





a
2.2 2 2.2
X485 —=s5(2¢5s,—1)
¢w{5m§1</> >y

2
M1 222
+5m2 (S%SySe +c? c¢—2cﬁc¢cws¢s¢sw) ,

31

(23)
and
2 a
P(v,—v,)=4sirf c2s?| 1— —— 452
Iz w 5m§1 ¢
smal  smiL a _, .
+2 = smfcd,cwsl,, 5—§ﬂ2c¢c¢s¢s¢,
m2
5 2 {(c -s s¢)c¢s¢,
+05(02¢—s§,)s¢cwsw}]
6m L sm3,L
2 sip——— sgcﬁ)s(bcwsl,,cwsw. (24)

(A detailed derivation is presented in the AppendRecall-
ing that P(v,— vp) is obtained fromP(v,—vg) by the
replacementsi— —a and §— — &, we have
AP(v,—ve)=P(v,—ve;L) = P(v,—ve;L)
=APy(v,—ve) APy (v,—ve)
+AP3(v,—ve), (25

with

56 CP VIOLATION AND MATTER EFFECT IN LONG. .. 3095
P(v,—ve;L) i
222 2
AP ~ = CySySy(1—2sy),
_,om3,L a (26)
=4SII’]2?C¢S¢S¢ 1+ WZ(].—ZS?S)
3 aL om 31 2 > 5
+2 5E smfcd,sqssw (27)
a L and
X\ = 7 SeS1—25%) +—=-5,(S45yS, T CsCyCy)
om3; M3, §m21L 5m31L ,
Sma2,L Sm2.L Aps(’/uH ve)=— Sir? S5C%S¢CySyCuSaw -
. 21 nz 31 2 22)
4 >E ST 5 SsC4S¢CySyCuSu ( (28)
Similarly we obtain
P —1+4 'n2L T 1
(vy—v,)= SI cisy) (Casi—1) Ap 162 [ n25m31L 1 6miL  smaL
, , (V,u_)v,u.)_ 5m§1\-s| 4E 4 2E sin 2E
2s2(1—2c2s?) +2L5m315in% 222 2.2
m2, ¢ >y 2E 2E X CySySy(1—2Cysy) (29

and

AP(v,—v,)=—32 [sinz

smiL 1 smjL 5m31L}

oz 4E 4 2E Si—e
Smi L _smiL
X Cys5,C5S,+8 2; sir? 4;
X $5C5S4CySyCuSy - (30)

Here we make some comments.

(1) P(v,—vp)'s andAP(v,—vg)’s depend orl andE
as functions ofL/E apart from the matter effect factor
a(=22GgnE).

(2) At least four experimental data are necessary to
determine the funct|onAP(v —>ve) since it has four
unknown factors: 6m31,5m21,c¢s¢s¢(1 25¢) and
sﬁcfﬁs(ﬁclpswcwsw. In order to determine all the mixing
angles and theCP-violating phase, we need to observe
P(v,—v,) andP(v,— v,) in addition.

(3) AP(v,—v,) is independent ob and consists only of
the matter effect term.

Ill. SEPARATION OF PURE CP-VIOLATING EFFECT
FROM THE MATTER EFFECT

Next we investigate how we can divideP (v, — v,) into
a pureCP-violation part and a matter effect pﬁﬂl’he terms
APy(v,—ve) andAP,(v,— ve), Which are proportional to
“a,” are due to effect of the matter along the path. The term
AP3(v,—ve), Which is proportional toss, is due to the
pure CP violation. [We simply call AP;i(v,—v.) as AP,
hereafter] In the following we introduce two methods to

41t is straightforward to extend the following arguments to other
processes likev,—v,. We present the cases of,—v, and

V,— Ve as examples

o~
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----- Py, — vs)
........ P(l_/,, - ,;e)
—_— AP
25
=2
~
&
3
k)
2
A
-10 |
0.5 . Lo 15 2.0 25 3.0
@ (L/250km)/ (E/GeV)
5 T
20
P
°\o 15 P N
~ ,/'/I ‘.t\\
g 10 l;, -“‘\
§ 5 ";I “‘\“\
FIG. 1. The oscillation behaviors of theP;, AP,, and AP. ,:3 0 4 o 3
(@ Matter effect term AP,(v,—wv.) divided by L for sk
c3s555(1—2s3)>0. The envelope decreases monotonously with »
L/E. (b) Matter effect termAPy(v,—v,) divided by L for 10 o5 10 15 20 25 20
¢38555(1—2s3)>0. The envelope is flafc) CP-violation effect (b) (L/250km)/ (E / GeV)

term APg(v,—wve) for Sacfbs(,,c(,,swcwsw>0. The envelope in-

creases linearly with /E. FIG. 2. The oscillation probabilities fof= /2 (a) and §=0

) _ (b). P(v,—ve), P(v,—ve), and AP(v,—v,) are given by a
separate the pur€ P-violating effectAP; from the matter  proken line, a dotted line, and a solid line, respectively. Here
effect AP, +AP,. p=3g cnm® and L=250 km (the distance between KEK and
Super-Kamiokandeare taken. Other parameters are fixed at the
following values which are consistent with the solar and atmo-
spheric  neutrino  experiments [11]:  &m3,=10 % eV?,

One method is to observe the pattern of the envelope ofm2,=1072 eV? s,=1/y2,5,= 0.1, ands, = 1/2.
AP, and to separatd P5; from it. Considering the energy

A. Observation of envelope patterns

dependence of(«<E), we see thatAP,/L, AP,/L, and _ . . Ay Az Agg
AP3 depend on a variable/E alone. The dependences of  f=SinAz+SinAg,+sinA 3= — 4 sin-sin—-sin—-,
them on the variabl&/E, however, are different from each (31)

other as seen in Fig. 1. Each of them oscillates with common

zeros atL/E=2mn/ém3, (n=0,1,2...) and has itchar-  where

acteristic envelope. The envelope &P, /L decreases mo-

notonously. That ofAP,/L is flat. That of AP; increases SpfL

linearly. It is thus possible to separate these three functions i~ o - (32)
and determineC P-violating effect AP; by measuring the

probability AP over wide energy range in the long baseline Since we are interested in the first several peak$, ofie
neutrino oscillation experiments. This method has a merihave

that we can determine the puP-violating effect with a

single detector. 25 ! —
'ﬂ Fig_. 2 we give the probabilitiesP(v,—ve) and 20 i G igy :Z;

P(v,—wve) for a set of typical parameters which are . 150 RN - AP

consistent with the solar and atmospheric neutrino experi- 3 :"\ RN i N

ments[11]: sm3,=10 * eV?, om3,=10 2 eV, s,=1/2, o n ) ow e

s4=10.1, ands,, = 1/2. We see the effect of pu@P viola- : , RV Noof e

tion in Fig. 2a), since we find that the curvAP has the \ \_"

envelope characteristic dfP5;. We show in Fig. 3 the same N Y

probabilities as Fig. @ but as functions ofE to see the 10— 3 ' n 3 "

energy dependence more directly. Energy / GeV

We comment that the envelope behaviorX® can be

understood rather simply as follows: The tef®; is pro- FIG. 3. The oscillation probabilities as functions Bf Param-
portional to[23,16] eters are taken the same as in Fitp)2





Pgexysk = P(vy — ve; L = 250km)
Piinos = P(v, = ve; L = 730km)
Pgex/sk — PMinos

CP violation AP; for KEK/SK

25

Probability / %

-10

0.5 1.0 15 20

(L/250km)/ (E/GeV)

25 3.0

FIG. 4. The oscillation probabilitie®(v,— v¢)'s for KEK/
Super-Kamiokande experiment with=250 km (broken ling and
those for Minos experiment with =730 km (dotted ling. Masses
and mixing angles are the same as in Fig)2Their difference,

which consists only of matter effect, is shown by a dot-dashed line.
The pureCP-violating effect in KEK/Super-Kamiokande experi-

ment determined by Eq38) is drawn by a solid line.

Azp, Az~ 1 (33
On the other hand, we have
Ayl (39
because\ ,1<A3;,A5,. Taking into account
Ayt Azt As=0 (39
and Eqgs.(33) and(34), we obtain
APgocf= 2A21sin2A731. (36)

This showsAP5; has a linearly increasing envelopk,,
«L/E. On the other hand, the envelopesAd®?, andAP, do
not increase with_/E for fixed L, and it makesA P; domi-
nant inAP for largeL/E.

B. Comparison of experiments with differentL’s

The other method is to separate the p@®-violating
effect by comparison of experiments with two differeris.
Suppose that two experiments, one witi L, and the other

CP VIOLATION AND MATTER EFFECT IN LONG . ..

3097

i
o
IFE N

0.5 1.0 '
(L / 250 km) / (E / GeV)

20

Probability / %

25 3.0

—_
Q
~

Y
VA
; | b

0.5 1.0 15 20 25 3.0
(L /250 km) / (E / GeV)

Probability / %

(b)
FIG. 5. Exact and approximated values B{v,—v,) for
L=250 km (a) and those for.=730 km (b). Exact values and

approximated ones are shown by solid lines and white circles, re-
spectively. The parametesg, s,, s,,, 4, andp are taken the same

as in Fig. Za).
AP3( Vy— Ve;l—l)

2L,
= VM—>Ve, )7 V’u—>Ve, 2
AP(r,—veiLy)~ [~ [P, veily)

—P(y,— Ve;l—l)}}

(39
L/E=const
. Ll .
= AP(VIL_) Ve!Ll) - L2_ Ll{AP(V'u—) VevLZ)
—AP(v,—ve;Ly)} (39
L/E=const

This method has the merit that it does not need to observe
the envelope nor many oscillation bumps in the low energy
range.

In Fig. 4 we compar®(v,— v,) for L=250 km(KEK to
Super-Kamiokande experimgntvith that for L=730 km
(Minos experimentin a case with the same neutrino masses
and mixing angles as those in Figap (or Fig. 3. We see

L=L,, are available. We observe two probabilities yhejr gifference, consisting only of the matter effect, has the

P(v,—ve;L,) at energyE; and P(v,—ve;L,) at energy
E, with L1/E;=L,/E,. Recalling thatP(v,—ve;L) is a
function of L/E apart from the matter effect facta(<E),
we see that the difference

{P(vy—ve;L1) —P(v,—veila)}b re,-1,E, (37)
is due only to terms proportional toa:” We obtain AP by
subtracting these terma P, +AP,) from AP(v,— ve) as

*Note that Eq(38) does not requir®(v,— ve;L,).

same shape as the solid line in FigbRup to an overall
constant. We also show the pu€P-violating effect ob-
tained by the two probabilities with E438). This curve has
a linearly increasing envelope as seen in Fig).1

IV. SUMMARY AND DISCUSSIONS

We have given very simple formulas for the transition
probabilities of neutrinos in long baseline experiments. They
have taken into account not only tkEP-violation effect but
also the matter effect, and are applicable to such interesting
parameter regions that can explain both the atmospheric neu-
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trino anomaly and the solar neutrino deficit by the neutrino

oscillation.

We have shown with the aid of these formulas two meth-

ods to distinguish pur€ P violation from matter effect. The
dependence of pur@ P-violation effect on the energlg and

the distancel is different from that of matter effect: The

former depends oh/E alone and has a forf(L/E), while
the latter has a formh X g(L/E)=E X g(L/E). One method

to distinguish is to observe closely the energy dependence of

the differenceP(v,— ve;L) —P(v,— v¢;L) including the

envelope of oscillation bumps. The other is to compare re-

sults from two different distanced; and L, with

L,/E;=L,/E, and then to subtract the matter effect by Eq.

(38) or Eq.(39).

JIRO ARAFUNE, MASAFUMI KOIKE, AND JOE SATO 56
I'(x)i;= f dsex;{ —i {(x s) 5|3+3513})
ms,;
:5i35jgxex —1 oF +{(1 5,3)5]3
2\ -1
. 0Mgzy
+5i3(1—513)}( —i5E

o —i Sma,x ~
2E

Each method has both its merits and demerits. The first

one has the merit that we need experiments with only a
single detector. A merit of the second is that we do not need

wide range of energymany bumpsto survey the neutrino
oscillation.

It is desirable to make long baseline neutrino oscillation
experiments with high intensity neutrino flux, and to study

CP violation in the lepton sector experimentally.

APPENDIX: DERIVATION OF THE OSCILLATION
PROBABILITIES

Here we present the derivation of E§82)—(24) with use

of Eg. (21), and show how well this approximation works. we obtain

Let us setS(x) = Sy(X) + S;(X), defining

SO(X)=e_iH0X, (Al)
Sl(X)=e“H°X(—i)JdeHl(s)- (A2)
0
We see
So(X) ga= 1 U(O)ex;< —i %diago,O,émél) ) U(O)T] .
5
= 5pa+ UQUQ* exp( r;El ) 1} (A3)

and

Si1(X) o=~ foxds[exp(— iHo(x—s))H,e7 0% 5,

= —IURU (H) U UT T 00, (A4)

where

P(vo—vg;L)=[S(L) gal?

2
m3,L
(0) 31
=8| 1—4|U Q)| sir? AE
2
_, OmgL
+4|UR2|U | ?sin? e | 1450

31

lUQ2+2
1]

( a al  omiL
_ 0)2_ D NP 31

o 1) +(1-83)(1- 8j3)x.
(A5)
Using
1
U (0,057 = diag 0.5, 0
+U@"diaga,0,00U%};
5m2
- 5.2512+ U<o>* © (e
and
2
3 U U= 6,4~ UGUg, (A7)
S(X)Bazaﬁa‘l‘iT(X)Ba (A8)
with
omix\  omi,
. . . (0)
iIT(X) ga 2|ex;< ! 4E) "aE "aE Us U3
1_—(2|u /2= 8a1— 3p1)
5m31
_.ax U(O) 2| 6m§1X 5m§lU(0)U(O)*
eIVl —T—E sm2, P22

a
+—{8,1851| U2+ UQUZ* (2]uY?
msq

— 83— 0p3)} |- (A9)

We then obtain the oscillation probability in the lowest

order approximation as

U1V

5 (81t 5,31)]
&
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Sm2,L 5m31|_[ oM,

sin

2E 2E [5m

0 0 0 0 0 0
Re(UfG" VUV ™)+ { 8ar 8| U3 2+ UG U 2
31 31

5m21L 5m31

X (2UY|2— 81— 8p1)} | — sin? Im (UR*UQURUD*). (A10)

Substituting Eq(2) in Eqg. (A10) we finally obtain Eqs(22)—(24).
Figure 5 shows how well this approximation works for KEK/Super-Kamiokande experiment and also for Minos experiment
with the same masses, mixing angles, &eé-violating phase as in Fig.(2). Our approximation requirdsee Eq.(20)]

A o42d s P
E_ ' 730 k 3gcmﬁ3

sma,L (6m3,/10™* eV?)(L/730 km
2E  O18° E/GeV <1,

<1 (A11)

and

(A12)

which is marginally satisfied fo =730 km. We see that even in this case E&L0) gives a good approximation.
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PACS numbd(s): 14.60.Pq, 11.30.Er, 99.16g

Equation(22) should be

2
omg,L 5 2 2

3
AE C4SeSy

P(v,—ve;L)=4 sirf

14— 2(1-282
om3, ( @)

sm3,L sinﬁmélL c2s.s. — a S4S,(1—252)+ gls (—S¢SySwt CsCyCy)
2E 2E P ¥y 5m321 L ¢ 6m321 © ¢>y20 T Lsbylo

sm2.L smz.L
—4—2 gipp — 2L

2E 4E

S5C5S4CySyCuS, - (22)

All other results in the paper are consistent with this correct formula.
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