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Matter profile effect in a neutrino factory
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We point out that the matter profile effect—the effect of matter density fluctuation on the baseline—is very
important to estimate the parameters in a neutrino factory with a very long baseline. To make it clear, we
propose the method of Fourier series expansion of the matter profile. By using this method, we can take
account of both the matter profile effect and its ambiguity. For very long baseline experiment, such asL
57332 km, in the analysis of the oscillation phenomena we need to introduce a new parametera1—the Fourier
coefficient of the matter profile—as a theoretical parameter to deal with the matter profile effects.
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I. INTRODUCTION

Evidence of neutrino oscillations was presented by
Super-Kamiokande Collaboration@1#. Many experiments
have been planned and some of them have already been
ried out to determine the parameters of neutrino oscillat
@2#. Recently, the neutrino factory@3#—a very long ~over
1000 km! baseline experiment with high-energy neutrin
from a muon storage ring—has been proposed as the m
effective experiment to determine the unknown parame
Ue3 , the sign ofDm2 that is responsible for the atmospher
neutrino anomaly and theCP violating phase@4–13#.

To analyze the oscillation phenomena with such a lo
baseline, we have to treat the matter effect@14# very care-
fully. Two ways have been adopted to deal with matter
fects:~i! to add the averaged matter densityr̄ as a paramete
in addition to the other theoretical parameters such as
mixing angles, and estimate it in the same way as the o
parameters@5,9,11#; ~ii ! to use the preliminary referenc
Earth model@15# ~PREM! for the matter density profile, an
to assume that we know the ingredients of the Earth co
pletely @4,6#. We have, however, questions about these tre
ments. For method~i!, we ask, ‘‘Can we describe the matt
effect precisely enough by only averaged matter densit
The answer is ‘‘No, we cannot. Sometimes the deviat
from the constant density is important.’’@4#.

For method~ii !, we ask ‘‘Is the PREM a trustworthy
model for neutrino oscillation experiments?’’ The PRE
was originally based on the study of earthquake wav
hence it predicts the density profile in the depth. Howeve
does not predict the ingredients of matter. Therefore, ther
an ambiguity in electron number fraction. Then, we sho
0556-2821/2001/63~9!/093004~10!/$20.00 63 0930
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worry about possible ambiguities in electron number dens
If we estimated the parameters without considering their a
biguity, we would have significant errors in the estimates
the parameters. Therefore, we must introduce a way to
into account the matter profile effect as the parameter de
mined by the experiments. We propose the method of
Fourier series expansion of the matter profile@16#. Using the
Fourier expansion we can parametrize the matter profile.
can express the matter profile effect with a finite number
parameters by examining how many terms of the Fou
expansion contribute to the oscillation physics within t
resolution of the experiments. We can incorporate the ma
profile’s ambiguity in the ambiguities of the Fourier coef
cients.

We will review the method of the Fourier series and i
vestigate qualitatively the circumstances that make the m
ter profile effect relevant in Sec. II. In Sec. III, we will ca
culate quantitatively the oscillation probabilities and t
event rates with various sets of the parameters in base
lengths.

II. THE METHOD OF THE FOURIER SERIES

In this section we introduce the Fourier expansi
method. First, we describe its formalism and see its feat
Then, we solve the evolution equation for neutrinos in ma
perturbatively, and study the condition where the matter p
file effect is significant.

A. Fourier expansion method

Assuming three generations of neutrinos, we paramet
the lepton mixing matrix
Ua i[eicl7Geifl5eivl2UMajorana ~1!

5S 1

cc sc

2sc cc

D S 1

1

eid
D S cf sf

1

2sf cf

D S cv sv

2sv cv

1
D UMajorana
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5S cfcv cfsv sf

2ccsc2scsfcveid cccv2scsfsveid sccfeid

scsv2ccsfcveid 2sccv2ccsfsveid cccfeid
D UMajorana,
ib
m

o

r

m-

m-

ls.

e
n:
which relates the flavor eigenstatesuna& (a5e,m,t) with
the mass eigenstates in vacuumun i& ( i 51,2,3) as

una&5Ua i un i&. ~2!

UMajoranais part of the Majorana phases. It does not contr
ute to the neutrino oscillation phenomena and hence is o
ted hereafter.

The evolution in matter of the flavor eigenstates
neutrinos1 with its energyE is given by

i
d

dx
unb~x!&5H~x!bauna~x!&, ~3!

H~x!ba[
1

2E H Ub iS 0

Dm21
2

Dm31
2
D Uia

†

1S a~x!

0

0
D

ba

J ,

where

Dmi j
2 [mi

22mj
2,

mi is the mass eigenvalue,

a~x![2&GFne~x!E

57.5631025S r~x!

g/cm3D S Ye

0.5D S E

GeVD eV2, ~4!
09300
-
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whereGF is the Fermi constant,ne(x) is the electron numbe
density,r(x) is the matter density, andYe is the electron
fraction.

To parametrize the matter effect,a(x), we expanda(x)
into a Fourier series as

a~x!5 (
n52`

`

ane2 ipnx, pn[
2p

L
n. ~5!

Note thata2n5an* due to the reality ofa(x). Also within
the PREM,

a2n5an ~6!

sincea(x)5a(L2x).
If this expansion can be approximated with a finite nu

ber ([N) of terms,

a~x!5 (
n52N

n5N

ane2 ipnx, ~7!

then it means that the matter profile effect can be para
etrized. Thus, by introducing new parametersan (n5
2N,...,N) @or n50,...,N, if Eq. ~6! holds#, we can investi-
gate the oscillation physics without the help of Earth mode

B. Perturbative analysis of the matter profile effect

We solve the evolution equation~3! to see the qualitative
feature of the matter profile effect. First, we divide th
HamiltonianH(x) into three pieces for the later calculatio
H00[
1

2E
eicl7GS Dm31

2 sf
2 1ā1Dm21

2 cf
2 sv

2 0 Dm31
2 cfsf2Dm21

2 cfsfsv
2

0 Dm21
2 cv

2 0

Dm31
2 cfsf2Dm21

2 cfsfsv
2 0 Dm31

2 cf
2 1Dm21

2 sf
2 sv

2
D G†e2 icl7, ~8!

H01[
Dm21

2

2E
cvsveicl7GS 0 cf 0

cf 0 2sf

0 2sf 0
D G†e2 icl7, ~9!

H1~x![
1

2E S da~x!

0

0
D , ~10!

1For antineutrinosa(x) andd should be replaced by2a(x) and2d.
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MATTER PROFILE EFFECT IN A NEUTRINO FACTORY PHYSICAL REVIEW D63 093004
where ā[a0 and da(x)[a(x)2ā. The oscillation phenomena arise fromH00; hence its effect must be fully taken int
account. On the other hand,H01 andH1(x) can be treated as the perturbation in almost all cases in neutrino factories,

UDm21
2 L

2E
U!1, Uda~x!L

2E U!1 ~11!

can be almost always expected. Note that we have to includeDm21
2 terms in (H00) i j ( i , j 51,3) to deal with the resonanc

effect.2

Next, we rewriteH00 as

H005
1

2E
Ũ0S l2

Dm21
2 cv

2

l1

D Ũ0
† , ~12!

whereŨ0 andl6 are the mixing matrix and mass square eigenvalues in matter up to the zeroth order of the ‘‘perturb
H01 andH1(x) and are defined by

Ũ0[eicl7Gei f̃l55S cf̃ 0 sf̃

2scsf̃eid cc sccf̃eid

2ccsf̃eid sc cccf̃eid
D , ~13!

tan 2f̃5
s2f~Dm31

2 2Dm21
2 sv

2 !

c2f~Dm31
2 2Dm21

2 sv
2 !2ā

, ~14!

l65
1

2
$a6b%, ~15!

a[Dm31
2 1Dm21

2 sv
2 1ā,

b[A$~Dm31
2 2Dm21

2 sv
2 !c2f2ā%21~Dm31

2 2Dm21
2 sv

2 !2s2f
2 .

Then we solve the evolution equation~3! perturbatively as

unb~L !&5TFexpS 2 i E
0

L

H~x!dxD G
ba

una~0!&

5S e2 iH 00L1e2 iH 00L~2 i !E
0

L

H01Idx1e2 iH 00L~2 i !E
0

L

H1~x! Idx1¯ D
ba

una~0!&

[~S001S011S11¯ !bauna~0!&, ~16!

whereS00, S01, andS1 are defined by the first, second, and third terms in the second line, respectively.S01 andS1 are the
perturbative contributions at the first order fromH01 andH1 respectively.S00, S01, andS1 are calculated to be

2On the other hand, we include theDm21
2 term in the~22! element just for convenience. This inclusion is not essential.
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S00~L !ba[e2 iH 00L

5Ũ0S e2 i ~l2/2E!L

e2 i ~Dm21
2 cv

2 /2E!L

e2 i ~l1/2E!L
D Ũ0

†

5S S
f̃

2
e2 i ~l1/2E!L1c

f̃

2
e2 i ~l2/2E!L 1

2
e2 idscs2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!

1

2
eidscs2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L! sc

2~c
f̃

2
e2 i ~l1/2E!L1s

f̃

2
e2 i ~l2/2E!L!1cc

2e2 i ~Dm21
2 cv

2 /2E!L

1

2
eidscs2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!

1

2
s2c~c

f̃

2
e2 i ~l1/2E!L1s

f̃

2
e2 i ~l2/2E!L2e2 i ~Dm21

2 cv
2 /2E!L!

1

2
eidccs2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!

1

2
s2c~c

f̃

2
e2 i ~l1/2E!L1s

f̃

2
e2 i ~l2/2E!L2e2 i ~Dm21

2 cv
2 /2E!L!

cc
2~c

f̃

2
e2 i ~l1/2E!L1s

f̃

2
e2 i ~l2/2E!L!1sc

2e2 i ~Dm21
2 cv

2
!/2E

D , ~17!

S01~L !ba[e2 iH 00L~2 i !E
0

L

dxH01I5Ũ0S 0 A 0

A 0 B
0 B 0

D Ũ0
†

5S 0 cc~cf̃A1sf̃B! 2sc~cf̃A1sf̃B!

cc~cf̃A1sf̃B! 2s2c~sf̃A2cf̃B!cd ~eidsc
22e2 idcc

2 !~sf̃A2cf̃B!

2sc~cf̃A1sf̃B! 2~eidcc
22e2 idsc

2 !~sf̃A2cf̃B! s2c~sf̃A2cf̃B!cd

D , ~18!

A[
Dm21

2

2~Dm21
2 cv

2 2l2!
cf2f̃s2v~e2 i ~Dm21

2 cv
2 /2E!L2e2 i ~l2/2E!L!, ~19!

B[
Dm21

2

2~l12Dm21
2 cv

2 !
sf2f̃s2v~e2 i ~Dm21

2 cv
2 /2E!L2e2 i ~l1/2E!L!, ~20!

S1~L !ba[e2 iH 00L~2 i !E
0

L

dxH1~x! I5(
n

Ũ0S 0 0 Cn

0 0 0

Dn 0 0
D Ũ0

†

5(
n S ~Cn1Dn!sf̃cf̃ e2 idsc~2Dns

f̃

2
1Cnc

f̃

2
! e2 idcc~2Dns

f̃

2
1Cnc

f̃

2
!

eidsc~Dnc
f̃

2
1Cns

f̃

2
! 2~Cn1Dn!sc

2sf̃cf̃ 2~Cn1Dn!scccsf̃cf̃

eidcc~Dnc
f̃

2
1Cns

f̃

2
! 2~Cn1Dn!scccsf̃cf̃ 2~Cn1Dn!cc

2sf̃cf̃

D
5(

n
an

s2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!

2$~l12l2!22~2Epn!2%

3S ~l12l2!s2f̃ e2 idsc$~l12l2!c2f̃22Epn% e2 idcc$~l12l2!c2f̃22Epn%

eidsc$~l12l2!c2f̃12Epn% 2~l12l2!sc
2s2f̃ 2

1

2
~l12l2!s2cs2f̃

eidcc$~l12l2!c2f̃12Epn% 2
1

2
~l12l2!s2cs2f̃ 2~l12l2!cc

2s2f̃

D , ~21!
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Cn[
an

2~l12l212Epn!
s2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!5D2n , ~22!

Dn[
an

2~l12l222Epn!
s2f̃~e2 i ~l1/2E!L2e2 i ~l2/2E!L!5C2n . ~23!

With Eqs. ~17!, ~18!, and ~21!, the oscillation probability, for example, fromne to nm , up to the lowest order of the
perturbations,H01 andH1(x), is calculated as

Pne→nm
5uS~L !meu2

.u~S00!meu212 Re@~S00!me~S01!me* #12 Re@~S00!me~S1!me* #

5sc
2s

2f̃

2
sin2

l12l2

4E
L1

1

2
cds2cs2vs2f̃

3F S cf̃cf2f̃

Dm21
2

Dm21
2 cv

2 2l2

1sf̃sf2f̃

Dm21
2

l12Dm21
2 cv

2 D sin2
Dm21

2 cv
2 2l2

4E
L

2S cf̃cf2f̃

Dm21
2

Dm21
2 cv

2 2l2

1sf̃sf2f̃

Dm21
2

l12Dm21
2 cv

2 D sin2
l12Dm21

2 cv
2

4E
L

1S cf̃cf2f̃

Dm21
2

Dm21
2 cv

2 2l2

2sf̃sf2f̃

Dm21
2

l12Dm21
2 cv

2 D sin2
l12l2

4E
LG

1
1

4
sds2cs2vs2f̃S cf̃cf2f̃

Dm21
2

Dm21
2 cv

2 2l2

1sf̃sf2f̃

Dm21
2

l12Dm21
2 cv

2 D
3S sin

l12Dm21
2 cv

2

2E
L1sin

Dm21
2 cv

2 2l2

2E
L2sin

l12l2

2E
L D

12sc
2s

2f̃

2 (
n

Re@an#
~l12l2!c2f̃

~l12l2!22~2Epn!2 sin2
l12l2

4E
L. ~24!
ffi
n

or
d

rre
th
o

rie
s

th
s
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ing
From this equation~24! we find the following:~i! The matter
profile effect is relevant when some of the Fourier coe
cientsan’s are as large asDm21

2 or the resonance conditio
@17#,

l12l252Epn , ~25!

is satisfied.~ii ! The matter profile effect decreases in prop
tion to 1/n when the resonance condition is not satisfie
Therefore the higher Fourier modes are expected to be i
evant. In other words, we do not need the details of
matter profile. Thus we expect that we can truncate the F
rier expansion ofa(x) at the finite numberN. We can esti-
mate the matter profile effect in neutrino factories.

III. NUMERICAL ANALYSIS

In this section we examine how many terms in the Fou
expansion are necessary. To see this we compare the o
lation probability and the event rate calculated using
PREM with those calculated using the truncated Fourier
ries ~7!. We first calculate the transition probabilities wi
several matter profiles, the PREM matter profile and the F
09300
-

-
.
l-

e
u-
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cil-
e
e-
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rier series matter profiles that are truncated at variousN’s.
Next, using these probabilities we derive the event rates
the appearance channel,ne→nm , as the ‘‘observed’’ num-
bers in an experiment. To derive them we use the follow
equation with a given number of muons in decayNm , muon
energy Em , detector sizeNkt and detection efficiencye.

where

sn50.673102423S E

GeVD @m2#

is the CC cross section,NA’s Avogadro’s number,g
[Em /mm , mm is the muon mass, andEth is the threshold
4-5
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energy of the detection. Then we compare these res
Through these comparisons we find how many Fourier co
ficients we have to introduce to the theoretical parameters
the following we assume thatNmNkte5531022kt.3

A. LÄ3000 km

Neutrino factories of this length are considered to be m
efficient, so we consider this case first. The matter profi4

and its Fourier coefficients are shown in Fig. 1. From th
figures we find that the density fluctuation is very small.
should also be noted that the resonance condition~25! will
not be satisfied for anyn in neutrino factories. These fact
indicate that the the constant matter density approximatio
valid. In other words, the Fourier modes will be irreleva
To confirm this we plot the oscillation probabilities in Fig.
with the various matter profiles:~i! constant density~dotted
line!, ~ii ! Eq. ~7! with N51 ~dashed line!, and ~iii ! PREM
matter profile in Fig. 1~solid line!. We find that indeed this
figure confirms our expectation.

The event rates are shown in Fig. 3. We plot the ev
rates calculated with the followingd’s and the matter pro-
files: ~i! d5p/2 and constant density~dotted line!, ~ii ! d
5p/2 and the PREM matter profile~solid line!, and ~iii ! d
50 and the PREM matter profile~dash-dotted line!. The
event rate withd5p/2 is different from that withd50.5 We
can observe this difference, if we know all the other theor
ical parameters, the mixing angles,Dm2’s and ā accurately
enough.6 Therefore we have to consider the contribution od
to the oscillation probability. However, we cannot see
difference of the event rate for the casea150 and a1Þ0
with baselineL53000 km. Thus we do not have to take in
account the fluctuation of the matter density.

B. LÄ7332 km

There are many analyses of oscillation physics with
baseline lengthL57332 km too. Therefore we consider th
case next.

The matter profile based on the PREM and its Fou
coefficients are shown in Fig. 4. We find that the first tw
coefficients are large. We argue, however, that the first F
rier coefficient among them contributes much more to
oscillation probability because the resonance condition~25!
for n561 can be satisfied in a neutrino factory.

In Fig. 5, we compare the oscillation probabilities calc
lated with different matter profiles:~i! constant density~dot-

3We also assume that we can reconstruct the neutrino energ
4To calculate the matter profile, we linearly interpolate t

PREM’s data given discretely for the depth. For this calculation
modify the density of the crust~or the most outside layer! into 2.3
g/cm3 from 1 g/cm3.

5In this paper, we consider the casesd5p/2 andd50 to study
whether we can see the pureCP violation effect. Though there is no
CP violation effect ford5p @18#, for simplicity we compare only
these two cases.

6We cannot see this difference, however, since we will not de
mine the theoretical parameters accurately enough@18#.
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FIG. 1. ~a! Matter profile on the baseline and~b! its Fourier
coefficients forL53000 km.

FIG. 2. Transition probabilityPne→nm
for L53000 km. In this

plot we set sinv51/&, sinc51/&, sinf50.1, Dm31
2 53

31023 eV2, Dm21
2 5531025 eV2, ā52.5131024(En /@GeV#!

eV2, a1523.4431026(En /@GeV#) eV2, and d5p/2. There are
three lines corresponding to the following matter profiles:~i! con-
stant density~dotted line!, ~ii ! Eq. ~7! with N51 ~dashed line!, and
~iii ! PREM matter profile in Fig. 1~solid line!. These lines are quite
similar to each other so that we cannot see these three lines in
vidually.
4-6
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MATTER PROFILE EFFECT IN A NEUTRINO FACTORY PHYSICAL REVIEW D63 093004
ted line!, ~ii ! Eq. ~7! with N51 ~dashed line!, ~iii ! Eq. ~7!
with N52 ~dash-dotted line!, and~iv! the PREM matter pro-
file in Fig. 4 ~solid line!.

We see that the probability calculated using PREM@Fig.
5, profile ~iv!# and another calculated using Eq.~7! with N
51 @Fig. 5, profile~ii !# are very similar. However the prob
ability calculated using the constant density matter pro
@Fig. 5, profile~i!# is quite different. Furthermore, there is n
significant difference between the probabilities calculated
ing Eq. ~7! with N51 and N52 @Fig. 5, profiles~ii ! and
~iii !#. Thus we have to take into account a new parametea1
in the analysis of neutrino factories with the baselineL
57332 km. This new parametera1 should be estimated b
the experimental results.

To see the importance ofa1 more clearly, we show the
event rate in Fig. 6 using differentd and different matter
profiles: ~i! d5p/2 and the constant density approximati
~dotted line!, ~ii ! d5p/2 and the matter profile~7! with N
51 ~dashed line!, ~iii ! d5p/2 and the PREM matter profile
~solid line!, and ~iv! d50 and the PREM matter profile
~dash-dotted line!.

The distributions of the event rate in Fig. 6, profiles~i!
and~iii ! are quite different from each other. This means t
the estimation of the event rate with the constant den
approximation does not work. In other words, we can
estimate the values of the parameters from the experime

FIG. 3. Differential event rateNne→nm
for L53000 km with~a!

Em530 GeV and~b! Em550 GeV. The oscillation parameters a
same as those in Fig. 2 exceptd. There are three lines with respe
to d and the following matter profiles:~i! d5p/2 and constant
density ~dotted line!, ~ii ! d5p/2 and PREM matter profile~solid
line!, and ~iii ! d50 and PREM matter profile~dash-dotted line!.
Curve line~iii ! is different from the others.
09300
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FIG. 4. ~a! Matter profile on the baseline and~b! its Fourier
coefficients forL57332 km.

FIG. 5. Transition probabilityPne→nm
for L57332 km. The os-

cillation parameters are the same as those in Fig. 2 butā53.19
31024(En /@GeV#) eV2, a1522.4431025(En /@GeV#! eV2, and
a259.9831026(En /@GeV#! eV2. There are four lines correspond-
ing to the following matter profiles;~i! constant density~dotted
line!, ~ii ! Eq. ~7! with N51 ~dashed line!, ~iii ! Eq. ~7! with N52
~dash-dotted line!, and ~iv! PREM matter profile in Fig. 4~solid
line!. Curve ~i! is quite different form the others, while the other
three lines show quite a similar line shape.
4-7
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T. OTA AND J. SATO PHYSICAL REVIEW D 63 093004
data precisely without taking into account the contribution
a1 . On the other hand, the event rates in profiles~ii ! and~iii !
are quite similar. If we can insist from Fig. 3 that we ca
observe theCP violating effect, then we can insist from Fig
6 that we can observe the effect ofa1 . Furthermore, since
the contribution ofa1 cannot be explained by other term
we expect that we can estimatea1 very well experimentally.
We can study geophysics by neutrinos.

Consider the difference between profiles~iii ! and ~iv! in
Fig. 6. The effect of theCP violating phase on the event rat
is so small that we cannot distinguish between the two th
ries that have differentCP violating phases. Indeed the effec
of d is smaller than that ofa2 , which is already beyond the
experimental sensitivity.

C. LÄ12 000 km

In this case neutrinos penetrate the Earth almost along
diameter. Neutrinos go through both the mantle and the c
Therefore the matter profile is very complicated. We exp
that we can observe the higher modes in Eq.~7!.

The matter profile and the Fourier coefficients are giv
in Fig. 7. From these figures we expect that not onlya1 but
also the higher Fourier modes are relevant.

FIG. 6. Differential event rateNne→nm
for L57332 km with~a!

Em530 GeV and~b! Em550 GeV. The oscillation parameters ar
the same as those in Fig. 2 exceptd. There are four lines with
respect tod and the following matter profiles:~i! d5p/2 and con-
stant density~dotted line!, ~ii ! d5p/2 and Eq. ~7! with N51
~dashed line!, ~iii ! d5p/2 and PREM matter profile~solid line!,
and~iv! d50 and PREM matter profile~dash-dotted line!. Curve~i!
is different from the others while the other three are quite simil
09300
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In Fig. 8, we plot the transition probabilities correspon
ing to the matter profiles~i! constant density~dotted line!,
~ii ! Eq. ~7! with N51 ~dashed line!, ~iii ! Eq. ~7! with N
53 ~dash-dotted line!, and ~iv! the PREM matter profile in
Fig. 7 ~solid line!. From Fig. 8 we find that there are signifi
cant contributions to the oscillation probability from th
higher modes. The probability calculated with the const
density matter profile@Fig. 8, profile ~i!# is quite different
from that calculated with the PREM matter profile@Fig. 8,
profile ~iv!#. Even the probability calculated using the matt
profile, Eq.~7!, with N51 @Fig. 8, profile~ii !# differs appar-
ently from that with the PREM matter profile@Fig. 8, profile
~iv!#. On the other hand, we find that the matter profile, E
~7!, with N53 mimics very well the PREM matter profile t
calculate the oscillation probability.

We also plot the event rates in Figs. 9. There the lin
correspond to the followingd and matter profiles:~i! d
5p/2, Eq.~7!, with N51 ~dotted line!, ~ii ! d5p/2, Eq.~7!,
with N53 ~dashed line!, ~iii ! d5p/2 and PREM matter pro-
file ~solid line!; ~iv! d50 and PREM matter profile~dash-
dotted line!. We see few discrepancies in profiles~ii !, ~iii !,
and ~iv! in Fig. 9, while there is a conceivable differenc
between profile~i! and the others in Fig. 9. We find, there
fore, that the effect ofd is irrelevant in the oscillation phys
ics, while the first three modes of the Fourier coefficien
have a measurable contribution to the oscillation physics

We examine more carefully whether the higher mode c
tribution is really measurable. The number of the necess

.

FIG. 7. ~a! Matter profile on the baseline and~b! its Fourier
coefficients forL512 000 km.
4-8
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new parameters is quite dependent on the event rate of
experiment. We can find that there is a conceivable diffe
ence between profile~i! and profiles~ii ! and ~iii ! in Fig. 9.
However, this difference is not significant statistically in Fig
9~a!. As long asNmNkte is less than 531022, we need to
introduce onlya1 as the theoretical parameter. On the othe
hand, this discrepancy is very significant in Fig. 9~b!. We can
measure the contributions from the higher modes such asa2
anda3 . We should introduce higher modes according to th
expected event rate.

IV. SUMMARY AND DISCUSSION

We considered how to deal with the matter profile effec
We proposed that the Fourier coefficients of the matter pr
file are used as the theoretical parameters. Using this meth
we can evaluate the size of the ambiguities in the estimate
the mixing parameters.

The perturbative solution for the evolution equation, Eq
~24!, implies that the higher Fourier modes are irrelevan
The introduction of the first few modes gives enough prec
sion to the estimate of the event rate.

We saw the following three cases in detail numerically.
L53000 km. The matter profile effect itself is irrelevant.

We can assume the matter density is constant.
L57332 km. We need to introducea1 as the theoretical

parameter that should be measured experimentally. On t

FIG. 8. Transition probabilityPne→nm
for L512 000 km. In this

plot we use the same oscillation parameters as those
Fig. 2 but ā55.7331024(En /@GeV#) eV2, a1521.63
31024(En /@GeV#) eV2, a251.2131025(En /@GeV#) eV2, and
a352.4231025(En /@GeV#) eV2. There are four lines correspond-
ing to the following matter profiles:~i! constant density~dotted
line!, ~ii ! Eq. ~7! with N51 ~dashed line!, ~iii ! Eq. ~7! with N53
~dash-dotted line!, and ~iv! PREM matter profile in Fig. 7~solid
line!. Curve~i! is quite different from the others. Curve~ii ! is also
different from the curve~iv!, while curve~iii ! shows quite a similar
shape with curve~iv!.
09300
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other hand, theCP violating phased is irrelevant. We cannot
determine theCP violating phase at this baseline.

L512 000 km. We need to introduce higher modes as
theoretical parameters. However, since the event rate w
this baseline length is significantly small, by using onlya1
we can estimate the theoretical parameters accurately wi
the precision of the experiment. Depending on the precis
required, we must decide the number of coefficients to int
duce.

In general the Fourier modes are relevant when the ba
line passes through the lower mantle (L*5000 km). In this
case we need to use the method developed in this pape
make an accurate analysis. In other words, we can exp
the interior of the earth in neutrino factories.
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FIG. 9. Differential event rateNne→nm
for L512 000 km with

~a! Em530 GeV and~b! Em550 GeV. The oscillation parameters
are the same as those in Fig. 2 exceptd. There are four lines cor-
responding tod ’s and the matter profiles:~i! d5p/2 and Eq.~7!
with N51 ~dotted line!, ~ii ! d5p/2 and Eq.~7! with N53 ~dashed
line!, ~iii ! d5p/2 and PREM matter profile~solid line!; ~iv! d50
and PREM matter profile~dash-dotted line!.
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