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Neutrino masses and lepton-flavor violation in supersymmetric models
with lopsided Froggatt-Nielsen charges
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We analyze in detail lepton-flavor violation~LFV! in the charged-lepton sector such asm→eg, t
→mg, m→eee, and m→e conversion in nuclei, within the framework of supersymmetric models with
lopsided Froggatt-Nielsen charges, in which the large mixing in the neutrino sector as well as small mixing in
the quark sector can be naturally accommodated. We show that the present experimental limits on the LFV
processes already exclude some of the models. The future proposed search for LFV, especially in muon
processes, can provide a significant probe to this framework. We also stress the importance of the measurement
of Ue3

MNS in neutrino experiments, and the fact that the KamLAND experiment could play a significant role to
test a certain class of models.
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I. INTRODUCTION

One of the big mysteries in the standard model~SM! of
elementary particles is the problem of the fermion mass
Since Yukawa couplings, which determine the magnitude
the fermion masses, are totally free parameters in the
theoretically we do not know how we can predict a wi
variety of masses of fermions.

On the experimental side, evidence of nonzero neutr
masses from the atmospheric neutrino experiment has
cently been announced by the Super-Kamiokande Collab
tion @1#. This result is very interesting because not only do
it suggest nonzero neutrino masses, but it also indicate
large mixing in the neutrino sector. The tiny but nonze
neutrino masses clearly imply new physics beyond the S
and the large mixing in the neutrino sector suggests th
flavor structure in the lepton sector seems to be very diffe
from that in the quark sector. Therefore, finding a unifi
picture between small mixings in the quark sector and la
mixing in the lepton sector will be an important key to u
derstanding the problem of fermion masses, and a lot of
tempts have been made@2,3#.

One of the interesting and simple mechanisms to rea
the mass hierarchy of fermions is the Froggatt-Nielsen~FN!
mechanism@4#, which uses a broken U~1! family symmetry.
It has been proposed that lopsided FN U~1! charges for lep-
ton doublets would be an interesting candidate to natur
account for the large mixing for neutrinos and the small m
ings for quarks@2#. The low-energy consequence in neutri
physics has been studied in Ref.@5#. It has been also inter
estingly pointed out that this framework can explain t
baryon asymmetry in the present universe@6#.

The supersymmetric~SUSY! extension of this frame-
work, assuming SUSY is broken at a high-energy scale
rather interesting, because we can expect the other
energy consequence. The lopsided structure of lepton d
blets induces a large mixing in the Yukawa matrices of le
tons. Such a large mixing has a potential to generate
large lepton-flavor violation ~LFV! in slepton masses
0556-2821/2001/63~11!/116010~13!/$20.00 63 1160
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through the renormalization group~RG! effects @7#. Then
LFV processes in the charged-lepton sector such asm
→eg, t→mg, m→eee, and m→e conversion in nuclei,
are induced through diagrams mediated by the sleptons
the presence of large neutrino Yukawa coupling, the ev
rates can be within the reach of future experiments or
models can be strongly constrained@7–10#.

In this paper, we analyze the LFV in SUSY models wi
lopsided FN U~1! charges in detail. We show that the sear
for LFV, especially in muon processes, provides a great
pact on this framework, and even at present many of
models are almost excluded. The future proposed experim
tal improvement of the search for LFV in muon process
will be significant for the SUSY models with lopsided fami
structure. Therefore, we emphasize that the LFV sea
would be an important step in the search for an answer to
fermion mass problem. In Sec. II, we briefly introduce mo
els with lopsided FN U~1! charges. In Sec. III, we discus
neutrino masses and mixings in two interesting classes
models, and especially stress the importance of the meas
ment of the neutrino mixingUe3

MNS and the fact that the
KamLAND experiment could play a significant role to test
certain class of models. In Sec. IV, we discuss LFV in de
and show that them→eg process is more sensitive to th
models than t→mg. Present and future experiment
searches have a great potential to probe the models.

II. MODELS WITH LOPSIDED FROGGATT-NIELSEN U „1…

It has been pointed out that lopsided FN U~1! charges for
left-handed lepton doubletsLi( i 51 –3) are interesting pos
sibilities to explain the largenm-nt mixing observed by the
atmospheric neutrino experiments as well as the mass h
archy of charged leptons and quarks. Here we briefly int
duce two interesting classes of models.

In order to account for the tiny neutrino masses, we c
sider the seesaw mechanism introducing heavy right-han
neutrinos N̄i( i 51 –3) @11#. One possible interesting U~1!
©2001 The American Physical Society10-1



o

o
en

c-
el
e

ca

h
b-

d II
ton
rix

ed
-

of

the

es
nd

a.
rges
e
e-

ark

s
utri-

eu-
of

ds

JOE SATO AND KAZUHIRO TOBE PHYSICAL REVIEW D63 116010
charge assignment is that the lepton doublets of the sec
and third families (L2 andL3) have the same U~1! chargest
and the first familyL1 has a different U~1! charget11,
while the right-handed charged leptonsĒi ( i 51 –3) have
U~1! charges 2, 1, 0, respectively. We refer to this class
models as ‘‘model I.’’ Another interesting charge assignm
is that all lepton doubletsLi have the same charget and the
right-handed charged leptonsĒi have charges 3, 1, 0, respe
tively. Below, we refer to this class of models as ‘‘mod
II.’’ We list the FN U~1! charges of models I and II in Tabl
I.

Mass terms for the lepton sector are given by

W5Ēi f e
i j L jHd1N̄i f n

i j L jHu1
1

2
N̄iM i j N̄j . ~1!

After diagonalizing the charged-lepton Yukawa matrix (f e)
and right-handed neutrino mass matrix~M! and taking into
account the FN charges, we obtain the following mass m
trices:

me[
f ev cosb

A2
5diag~e1e3, e2e, e3!etm3 , ~2!

M5diag~n1e2c, n2e2b, e2a!MR , ~3!

mnD[
f nv sinb

A2
5m3etS C̄3ec1d B̄3ec Ā3ec

C̄2eb1d B̄2eb Ā2eb

C̄1ea1d B̄1ea Ā1ea
D ,

~4!

wherev[A^Hu&
21^Hd&

2, tanb[^Hu&/^HD&, andm3 and
MR represent a weak scale and a right-handed neutrino s
respectively. The coefficientsei , ni , Āi , B̄i , and C̄i are
undetermined but expected to be of order 1, andd50 and 1
for models I and II, respectively. Through the seesaw mec
nism, assumingMR@m3, tiny neutrino masses can be o
tained:

mn5mnD
T M 21mnD ,

5
m3

2

MR
e2tS Ci

2e2d BiCie
d AiCie

d

BiCie
d Bi

2 AiBi

AiCie
d AiBi Ai

2
D , ~5!

where coefficientsAi , Bi , andCi are given by

TABLE I. Froggatt-Nielsen charges for matter and Higgs fiel

In SU~5! language,10i5(Qi , Ū i , Ēi), 5̄i5(D̄ i , Li), and H is
for all Higgs fields.

101 102 103 5̄1 5̄2 5̄3
11 12 13 H

Model I 2 1 0 t11 t t c b a 0
Model II 3 1 0 t t t c b a 0
11601
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~A3 , B3 , C3!5
1

An1

~Ā3 , B̄3 , C̄3!,

~A2 , B2 , C2!5
1

An2

~Ā2 , B̄2 , C̄2!, ~6!

~A1 , B1 , C1!5~Ā1 , B̄1 , C̄1!.

As can be seen in Eq.~5!, a large mixing betweennm andnt
can be expected since the matrix elements (mn) i j ( i , j
52,3) are of the same order. Note that both models I an
have the same hierarchical structure in charged-lep
masses@Eq. ~2!#; on the other hand, the neutrino mass mat
Eq. ~5! depends on the models (d). It has been studied in
Ref. @5# that in order to obtain the correct masses for charg
leptons, the best value fore is 0.07. Therefore in our analy
sis, we will fix e to 0.07.

The neutrino mass matrix in Eq.~5! is diagonalized by a
mixing matrix UMNS:

UMNSTmnUMNS5diag~mn1 , mn2 , mn3!, ~7!

nFa5Ua i
MNSnMi , ~8!

where nF and nM are the flavor and mass eigenstates
neutrinos. The Dirac neutrino mass matrix Eq.~4! is diago-
nalized by the biunitary transformation

VDirac†mnDUDirac5diag~mnD1 , mnD2 , mnD3!. ~9!

The mixing matrixUDirac is relevant to LFV in the charged
lepton sector as we will see later. Although in general
matrix UDirac is different from the neutrino mixing matrix
UMNS, an important point is that the large mixing originat
from the lopsided structure in Dirac neutrino masses, a
hence both mixing matricesUMNS andUDirac possess a large
mixing. This fact is very important for the LFV phenomen

We should stress that because of the lopsided FN cha
listed in Table I, the Kobayashi-Maskawa matrix in th
quark sector has only small mixings. Therefore, this fram
work can naturally accommodate small mixings in the qu
sector as well as large mixing in the neutrino sector.

III. NEUTRINO MASSES AND MIXINGS

As can be seen in Eq.~5!, the mass matrix for neutrino
does not depend on the FN charges of right-handed ne
nos. A dependence on the FN charget is found only in the
overall factor of the neutrino mass matrix Eq.~5!. Therefore
the predictions for the ratio of neutrino masses and the n
trino mixings are almost the same in the different choices

.

0-2
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NEUTRINO MASSES AND LEPTON-FLAVOR VIOLATION . . . PHYSICAL REVIEW D63 116010
the charget.1 However, some of the matrix elements depe
on d. In this section, therefore, we consider models I and
separately.

A. Model I „dÄ1…

First let us consider model I. When we diagonalize t
matrix in Eq.~5! with d51, we naively obtain the neutrino
mixing matrix UMNS as follows:

UMNS;S 1 O~e! O~e!

O~e! O~1! O~1!

O~e! O~1! O~1!
D , ~10!

in the leading order ofe. Since the matrix element
(mn) i j ( i , j 52,3) are of order 1, we can naturally get a lar
mixing for atmospheric neutrinos. For solar neutrinos, it
easy to get a small mixing since (UMNS)e2 can be naturally
small. However, it is not difficult to get even the large mi
ing solutions for solar neutrinos as we will see in our nume
cal analysis later. An interesting point is that a compon
Ue3

MNS is expected to be of ordere, so that this is not only
consistent with CHOOZ and atmospheric neutrino exp
ments, but also can be within the reach of future neutr
experiments.

In our numerical analysis, we randomly generate data
of coefficientsĀi , B̄i , andC̄i , in which we vary the abso
lute values of the coefficientsĀi , B̄i , andC̄i from 0.5 to 2
and their phases from 0 to 2p since the coefficientsĀi , B̄i ,
andC̄i are complex constants of order 1. For simplicity, w
fix ni ( i 51,2) to 1 in right-handed neutrino masses in E
~3!. Then we calculate neutrino masses and mixings,
look for neutrino solutions that will solve atmospheric a
solar neutrino problems. In our analysis, we impose the
lowing conditions:

sin2 2uatm>0.8 ~11!

for the atmospheric neutrino solution,

0.2<tan2 usol<1,

3.331023<
dmsol

2

dmatm
2

<1021, ~12!

for the large mixing angle~LMA ! Mikheyev-Smirnov-
Wolfenstein~MSW! solution

231024<tan2 usol<331023,

1Running effects in the RG equations depend on the FN cha
of right-handed neutrinos and left-handed leptons. Thus the
trino mass matrix at the low-energy scale can be affected by
runnings from grand unified theory~GUT! scale to right-handed
neutrino mass scale. However, we have checked that these e
are not very significant, so the results for neutrino masses and
ings are almost the same in the different cases.
11601
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1.331023<
dmsol

2

dmatm
2

<3.331023 ~13!

for the small mixing angle~SMA! MSW solution,

0.3<tan2 usol<3,

1.331027<
dmsol

2

dmatm
2

<131024 ~14!

for the low probability, low mass~LOW! or vacuum solu-
tion. Heredmatm

2 5mn3
2 2mn2

2 anddmsol
2 5mn2

2 2mn1
2 , and we

define ‘‘effective mixings’’ sin2 2uatm and tan2 usol as

sin2 2uatm[4uUm3
MNSu2~12uUm3

MNSu2!, ~15!

tan2 usol[uUe2
MNS/Ue1

MNSu2, ~16!

for three-flavor neutrino oscillation. We also impose t
CHOOZ constraint

uUe3
MNSu,0.15. ~17!

To fix a scale for neutrino masses, we take the scale
atmospheric neutrinos as

dmatm
2 5331023 eV2 ~18!

for simplicity.
With these constraints, 0.1% of data sets out of all d

sets we generated passed the constraints for the CHO
atmospheric, and SMA solutions, 0.3% for the CHOOZ,
mospheric, and LMA solutions, and 0.07% for the CHOO
atmospheric, and LOW solutions. Therefore this class
models can accommodate various solar neutrino solut
~LMA, SMA, and LOW!, but not the vacuum solution. In
Fig. 1 we show the distribution of the neutrino solutions. A
points satisfy the atmospheric neutrino constraint in Eq.~11!,
as shown in Fig. 1. The circle points satisfy the condition
the LMA solution in Eq.~12!, the diamond-shaped points fo
the SMA solution in Eq.~13!, and the square points for th
LOW solution in Eq.~14!.

One interesting point is that most of the predicted valu
for uUe3

MNSu are larger than 1022 ~Fig. 2!, so that the values
uUe3

MNSu can be reached by future neutrino experiments@12#.
Therefore the future precise measurement ofuUe3

MNSu will be
very important to test this class of models.

B. Model II „dÄ0…

In this case, all matrix elements in Eq.~5! with d50 are
of order 1, and hence we can expect all elements of
neutrino mixing matrix to be of order 1:Ui j

MNS;O(1) (i , j
51 –3!. Therefore we can naturally get large mixing angl
for both atmospheric and solar neutrinos. In our numeri
analysis, we impose the same constraints for atmosph
solar neutrino solutions and the CHOOZ experiment as
model I. Then we search for the solutions. In Fig. 3, we sh
their distribution. As we expected, the SMA solution
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u-
e
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hardly obtained, and it is difficult to make a large enou
mass hierarchy for the LOW solution. Thus model
strongly prefers the LMA solution. 0.01% of the data s
passed the conditions for the LMA solution. The probabil
to realize the SMA and LOW solutions is very small. Ther
fore a near-future experiment, KamLAND@13#, will be able
to test this class of models. In model II, the rate to realize
LMA solution is much smaller than in model I. The ma
reason is that the limit on the CHOOZ experiment sever
constrains the models, since the value ofUe3

MNS tends to be-
come of order 1. In Fig. 4, we show the predicted values
Ue3

MNS for model II. As can be seen from Fig. 4, the predict
values are so large that the future measurement ofUe3

MNS can
observe them@12#. Therefore, again the measurement
Ue3

MNS is very important.

FIG. 1. Distribution of the points of neutrino solutions in mod
I. Black circles satisfy the constraints for the LMA solution, th
diamond-shaped points for the SMA solution, and the square po
for the LOW solution.

FIG. 2. Predicted values ofuUe3
MNSu in model I.
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Another interesting possibility within model II is that th
inverted hierarchical neutrino masses, that ismn3

2 !mn1
2

,mn2
2 with dmatm

2 5mn3
2 2mn2

2 anddmsol
2 5mn2

2 2mn1
2 , could

be realized because of the degeneracy of the neutrino m
matrix elements. However, we checked that the rate to r
ize such a possibility is very small; only 231023 % of the
data sets passed the criterion of the inverted hierarchy
the constraints for the LMA solutions. This possibility can
tested by future neutrino experiments such as the neut
factory @12#, if this could be realized.

Here we mainly stressed the importance of the meas
ment ofUe3

MNS. In addition to this,CP violation and 2b0n
decay in neutrino physics are important to see the dist
features for models I and II, as pointed out in Ref.@5#. In the
next section, using the models that satisfied the neutrino c
straints here, we will discuss in detail the LFV in the charg
lepton sector.

ts

FIG. 3. Distribution of the points of neutrino solutions in mod
II. All points satisfy the constraints for atmospheric and LMA s
lutions in Eqs.~11! and ~12!.

FIG. 4. Predicted values ofuUe3
MNSu in Model II.
0-4
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IV. LEPTON-FLAVOR VIOLATION

In the presence of nonzero neutrino Yukawa couplin
we can expect LFV phenomena in the charged-lepton se
Within the framework of SUSY models, flavor violation i
neutrino Yukawa couplings induces LFV in slepton mas
even if we assume the universal scalar mass for all scala
GUT scale@7,8#. In the present models, the LFV is generat
in left-handed slepton masses since right-handed neutr
couple to the left-handed lepton multiplets. A RG equat
for the left-handed doublet slepton masses (mL̃

2) can be writ-
ten as

m
d~mL̃

2
! i j

dm
5S m

d~mL̃
2
! i j

dm
D

MSSM

1
1

16p2
@mL̃

2
f n

†f n1 f n
†f nmL̃

2

12~ f n
†mñ

2
f n1m̃Hu

2 f n
†f n1An

† An!# i j , ~19!

wheremñ
2 andm̃Hu

2 are soft SUSY-breaking masses for righ

handed sneutrinos (ñ) and doublet Higgs (Hu), respectively.
Here @md(mL̃

2) i j /dm#MSSM denotes the RG equation in th
case of the minimal SUSY SM~MSSM!, and the terms ex-
plicitly written are additional contributions in the presence
the neutrino Yukawa couplings. In a basis where
charged-lepton Yukawa couplings are diagonal, the te
@md(mL̃

2) i j /dm#MSSM does not provide any flavor violations
Therefore the only source of LFV comes from the additio
terms. In our analysis, we numerically solve the RG eq
tions, and then calculate the event rates for the LFV p
cesses by using the complete formula in Ref.@8#. Here, in
order to obtain an approximate estimation for the LF
masses, let us consider one-iteration approximate solutio
the LFV mass terms (iÞ j )

~DmL̃
2
! i j .2

~61a0
2!m0

2

16p2
~ f n

†f n! i j log
MG

MR
. ~20!

Here we assume a universal scalar mass (m0) for all scalars
and a universalA term (Af5a0m0f f) at the GUT scale
(MG5231016 GeV). From Eqs.~4! and ~9!, the solution
can be written as
11601
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~DmL̃
2
! i j .2

~61a0
2!m0

2

16p2
Uik

DiracU jk
Dirac* u f nku2 log

MG

MR
. ~21!

Note that large neutrino Yukawa couplings and large lep
mixings Ui j

Dirac generate the large LFV in the left-hande
slepton masses.

The component (DmL̃
2)32 @(DmL̃

2)21# generates thet
→mg (m→eg) process through diagrams mediated
sleptons. The decay rates can be approximated as follow

G~ei→ejg!.
e2

16p
mei

5 Fu~DmL̃
2
! i j u2. ~22!

HereF is a function of masses and mixings for SUSY pa
ticles. If the nondegeneracy of slepton masses is very sm
the functionF is approximately process independent.

Note that the mixing matrix that is relevant to the LF
masses isUDirac, not the neutrino mixing matrixUMNS. The
mixing matrixUDirac and neutrino Yukawa couplingsf nk de-
pend on the FN charges of right-handed neutrinos (a,b,c)
andd. The larger FN charge~a! of the third generation right-
handed neutrino suppresses the neutrino Yukawa couplin
f n3}ea. Therefore in this paper we will consider mode
with a50, since they are the most interesting cases for L
processes. In the next subsections, we discuss the LF
models I and II with hierarchical right-handed neutrin
(a,b,c)5~0,1,2! and degenerate right-handed neutrin
(a,b,c)5~0,0,0!. For models withaÞ0, we can easily esti-
mate the event rates for LFV processes from the result
models witha50. Roughly speaking the branching ratios a
suppressed bye4a.

A. Model I „dÄ1… with „a,b,c…Ä„0,1,2…

First we discuss model I (d51) with (a,b,c)5(0,1,2).
In this case, the neutrino Dirac mass matrix in Eq.~4! is
given by

mnD5m3etS C̄3e3 B̄3e2 Ā3e2

C̄2e2 B̄2e Ā2e

C̄1e B̄1 Ā1

D . ~23!

When we diagonalize the Dirac mass matrix, we get the
lowing approximate expression forUDirac:
UDirac.1
1 2

eX

A11uB̄1 /Ā1u2

eC̄1* /Ā1*

A11uB̄1 /Ā1u2

eĀ2C̄1

Ā1B̄22B̄1Ā2

1

A11uB̄1 /Ā1u2

B̄1* /Ā1*

A11uB̄1 /Ā1u2

2
eB̄2C̄1

Ā1B̄22B̄1Ā2

2
B̄1 /Ā1

A11uB̄1 /Ā1u2

1

A11uB̄1 /Ā1u2

2 , ~24!
0-5
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whereX5C̄1* (Ā1Ā2* 1B̄1B̄2* )/Ā1(Ā1* B̄2* 2Ā2* B̄1* ). This ex-
pression is a leading order in terms ofe. An important point
is that the lepton mixing matrixUDirac in Eq. ~24! also con-
tains a large mixing because of the lopsided structure of
Dirac neutrino masses.

The component (DmL̃
2)32 induces thet→mg process.

Taking into account the hierarchical structure of neutr
Yukawa couplings (f n1 : f n2 : f n3;e2:e:1), a dominant term
of the matrix element (DmL̃

2)32 can be written as

~DmL̃
2
!32.2

~61a0
2!m0

2

16p2
U33

DiracU23
Dirac* u f n3u2 log

MG

MR
.

~25!

The component (DmL̃
2)21, on the other hand, generates t

m→eg process. SinceU13
Dirac is of ordere, a leading term of

(DmL̃
2)21 can be written as

~DmL̃
2
!21.2

~61a0
2!m0

2

16p2
U23

DiracU13
Dirac* u f n3u2 log

MG

MR
.

~26!

The branching ratio for thet→mg (m→eg) process is pro-
portional to the square of (DmL̃

2)32 @(DmL̃
2)21#, as given in

Eq. ~22!. Thus the important parameters for the branch
ratios are the matrix elementsU23

Dirac, U13
Dirac, and U33

Dirac,
and the third-generation Yukawa couplingf n3. In model I,
the elementU23

Dirac is expected to be of order 1 because of t
lopsided structure in the Dirac mass terms as expresse
Eq. ~24!. In Fig. 5, we show the numerical result forU23

Dirac

compared toUm3
MNS. As expected from Eq.~24!, U13

Dirac is of

FIG. 5. UMNS versusUDirac in model I with (a,b,c)5(0,1,2).
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the order ofe, as shown in Fig. 5. The order-1U23
Dirac and the

order-e ~nonzero! U13
Dirac can induce a significantly large

event rate form→eg process if the neutrino Yukawa cou
pling f n3 is large, as pointed out in Ref.@10#.

A magnitude off n3 depends on the FN charget. Even at
this stage, however, we can estimate the ratio of the bran
ing ratios of them→eg and t→mg processes as Br(m
→eg)/Br(t→mg), which ist independent. If we consider
value ofG(ei→ejg)/G(ei→ejn i n̄ j ), the dependence of th
initial lepton mass in the process is cancelled. Thus we
expect the following relation from Eqs.~22!, ~25!, and~26!:

G~m→eg!/G~m→enmn̄e!

G~t→mg!/G~t→mntn̄m!
;U~DmL̃

2
!21

~DmL̃
2
!32
U2

.UU13
Dirac

U33
DiracU2

;e2UC̄1

Ā1
U2

. ~27!

Taking into account Br(m→enmn̄e).100% and Br(t
→mntn̄m).17%, we obtain

Br~m→eg!

Br~t→mg!
;

e2

0.17UC̄1

Ā1
U2

;0.03S e

0.07D
2S uC̄1 /Ā1u

1.0
D 2

.

~28!

This relation is at-independent prediction of model I with
(a,b,c)5(0,1,2). Since the current experimental limits o
these processes are Br(m→eg),1.2310211 and Br(t
→mg),1.131026 @14#, the processm→eg is much more
sensitive to this class of models.

In order to discuss the absolute values of the branch
ratios for LFV processes, we need to fix the FN charge
rametert. In SUSY models, there are two interesting cas
In the models witht50, it is suggested that all the third
generation Yukawa couplings are of order 1. In SUSY mo
els, this is realized in the case with the large tanb (tanb
.50). In the models witht51, all the third-generation
Yukawa couplings are of ordere, except the top Yukawa
coupling, which is expected to be of order 1. This is likely
be the case with small tanb (tanb.5) in SUSY models.
Therefore, in the next subsections, we will consider the t
cases 1,t50 and 2,t51, to see how large the predicte
branching ratios for LFV processes can be.

1. Case 1,tÄ0

In case 1, the models suggest that all third-genera
Yukawa couplings at the GUT scale are of order 1. The
fore, a large tanb is preferred. Here we take tanb550. In
our numerical analysis, we imposem35mtop at GUT scale in
the Dirac neutrino mass Eq.~23! with t50, and then we
require the neutrino mass squared difference to bedm32

2 53
31023 eV2 in order to fix the right-handed neutrino ma
scale MR . We have checked that all third-generatio
Yukawa couplings are of the same order, which is ab
0.5–0.8. Since the third-generation neutrino Yukawa c
pling is as large as the top Yukawa coupling, so the larg
0-6
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LFV masses are generated through the RGE running.
thermore, since tanb is very large, the low-energy ampli
tudes of LFV processes are enhanced. Therefore, we
expect very large branching ratios for LFV processes@10#.

In Fig. 6, we show the numerical result for Br(t→mg)
and Br(m→eg). Here the circle points satisfy the LMA so
lution for solar neutrinos, the diamond-shaped points
SMA solution, and the square points the LOW solution.
can be seen from the figure, the branching ratios for the L
processes do not depend on the solar neutrino solutions s
the important parameters form→eg and t→mg branching
ratios are onlyU13

Dirac, U23
Dirac, and U33

Dirac, which are not
affected very much by the constraints on solar neutrino
lutions, as shown in Fig. 5. We also see that the estima
Eq. ~28! is approximately correct, so that the limit from th
m→eg process can provide much stronger constraints on
models. In Fig. 7, we select one point from Fig. 6 and sh
the slepton mass dependence of the branching ratio for
m→eg process. In this case, these branching ratios are
large to be consistent with the present experimental bou
Therefore the large region of parameter space is already
cluded. These results illustrate the significant potential of
LFV searches to probe the realistic neutrino models.

2. Case 2,tÄ1

In models with t51, the top Yukawa coupling is ex
pected to be of order 1, while the other third-generat

FIG. 6. Br(m→eg) versus Br(t→mg) in model I with
(a,b,c,t)5(0,1,2,0). Here we take the left-handed slepton mas
be 300 GeV, theW-ino mass to be 150 GeV, ande50.07.

FIG. 7. Br(m→eg) as a function of the left-handed selectro
mass in model I with (a,b,c)5(0,1,2,0).
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Yukawa couplings~bottom, tau, and tau-neutrino Yukaw
couplings! are of ordere. It is thus likely to be the case with
relatively small tanb. Here we take tanb55, and we im-
posem35mtop at the GUT scale in the Dirac neutrino ma
matrix in Eq. ~23! with t51, in other words, (f n)33

5e f topĀ1. We checked that in the case with tanb55, the
bottom and tau Yukawa couplings approximately satisfy
condition f b. f t.e f top.2 Therefore, as compared with th
case witht50, the LFV masses in Eqs.~25! and ~26! are
suppressed bye2, and then the branching ratios for thet
→mg andm→eg processes are reduced bye4. The numeri-
cal results for the branching ratios are shown in Fig. 8.

Note that the predicted branching ratios in all solar ne
trino solutions are almost the same, and that the relatio
Eq. ~28! is approximately satisfied. Thus them→eg search
is much more sensitive to this class of models, unless
future sensitivity of Br(t→mg) can reach values much be
low 10210. In Fig. 9 we also show the branching ratio fo
m→eg as a function of the left-handed selectron mass.
can be seen from Figs. 8 and 9, it is very interesting that
predicted branching ratios form→eg can be just below the
present experimental bound†Br(m→eg),1.2310211 @14#‡
in a wide range of parameter space. We also get the ra
between branching ratios Br(m→eee)/Br(m→eg) and
R„m→e in Ti (Al) …/Br(m→eg) as follows:

Br~m→eee!

Br~m→eg!
.631023, ~29!

R„m→e in Ti ~Al !…

Br~m→eg!
.5 ~3!31023. ~30!

In the present models, these ratios are quite predictive s

2The tanb dependence of the branching ratios is approximat
tan2 b.

to

FIG. 8. Br(m→eg) versus Br(t→mg) in model I with
(a,b,c,t)5(0,1,2,1). Here we take the left-handed slepton mas
be 300 GeV, theW-ino mass to be 150 GeV, ande50.07.
0-7
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the on-shell photon penguin diagram, which induces them
→eg process, dominates over the other contributions to
m→eeeand m→e conversion processes. Therefore the
ture improvements of the branching ratios Br(m→eg)
;10214 @15# andR(m→e in Al) ;10216 @16# @and possibly
R(m→e in Ti);10218 @17## will provide a significant im-
pact to this class of models.

FIG. 9. Br(m→eg) as a function of the left-handed selectro
mass in model I with (a,b,c,t)5(0,1,2,1).
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B. Model I with „a,b,c…Ä„0,0,0…

In this case, the Dirac neutrino mass matrix in Eq.~4! is
given by

mnD5m3etS C̄3e B̄3 Ā3

C̄2e B̄2 Ā2

C̄1e B̄1 Ā1

D . ~31!

Then we obtain the mixing matrixUDirac as follows:

UDirac.S 1 e
X2

AN2

e
X1

AN1

eY0
Y2

AN2

Y1

AN1

eZ0
Z

AN2

Z

AN1

D , ~32!

in the leading order of e. Here the coefficients
X6 , Y6(0) , Z(0) , andN6 are expressed by
Y05
~Āi B̄i* !~Āj* C̄j !2~Āi Āi* !~B̄j* C̄j !

~Āi* Āi !~B̄j* B̄j !2~Āi B̄i* !~Āj* B̄j !
, Z05

~Āi* B̄i !~B̄j* C̄j !2~Āi* C̄i !~B̄j* B̄j !

~Āi* Āi !~B̄j* B̄j !2~Āi B̄i* !~Āj* B̄j !
,

Y65
2~Āi* Āi !1~B̄i* B̄i !6A$~Āi* Āi !2~B̄i* B̄i !%

214~Āi* B̄i !~Āj B̄j* !

2
, ~33!

Z5~Āi* B̄i !, X652Y6Y0* 2Z6Z0* , N65uY6u21uZ6u2.
rix,

ass
Here summation overi and j ( i , j 51,2) is assumed: for ex

ample, (Āi* B̄i)[( i 5122Āi* B̄i . The main difference from
that in the previous case@see Eq.~24!# is that the matrix
elementsUi j

Dirac depend on more parameters, since the ma
elements (mnD) i j ( i 51,2, j 5123) are larger than those i
Eq. ~23!. However, the important point is the same, that
the matrix elementsUi j

Dirac ( i , j 52,3) in Eq.~32! are of or-
der 1 because of the lopsided structure of the Dirac neut
mass matrix, and the elementU13

Dirac is of ordere.
In the present case, the feature of the LFV is very sim

to the previous case: model I with (a,b,c)5(0,1,2). The
hierarchy of neutrino Yukawa couplings isf n1 : f n2 : f n3

;e:e21:1, which depends on the solar neutrino solution
and hence also the contributions induced byf n2 will be im-
portant. The leading contribution to the LFV mass (DmL̃

2)32

is given by
ix

o

r

,

~DmL̃
2
!32.2

~61a0
2!m0

2

16p2
@U33

DiracU23
Dirac* u f n3u2

1U32
DiracU22

Dirac* u f n2u2# log
MG

MR
,

;2
~61a0

2!m0
2

16p2
U33

DiracU23
Dirac* ~ u f n3u2

2u f n2u2!log
MG

MR
. ~34!

In the SMA and LOW solutions,uU33
DiracU23

Diracu;0.5 because
of the lopsided structure of the Dirac neutrino mass mat
and (u f n3u22u f n2u2)/(u f n1u21u f n2u21u f n3u2);1 since the
mass scale for solar neutrinos is much smaller than the m
0-8
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scale for atmospheric neutrinos~i.e., u f n3u@u f n2u, u f n1u). On
the other hand, in the LMA solution,uU33

DiracU23
Diracu and

(u f n3u22u f n2u2)/(u f n1u21u f n2u21u f n3u2) can be widely
spread since other matrix elements ofUDirac may have a
large mixing and the mass scale for solar neutrinos can
close to the scale for atmospheric neutrinos. In Fig. 10,
example, we show the distribution of the values forU23

Dirac

compared with the values forU23
MNS. In the SMA and LOW

solutionsU23
Dirac.Um3

MNS; on the other hand, the values fo
U23

Dirac in the LMA solution are widely distributed. Therefore
the values of the branching ratio fort→mg in the case of the
LMA solution can be much more broadly distributed than
the other cases.

The dominant contribution to the LFV mass (DmL̃
2)21 can

be written as

~DmL̃
2
!21.2

~61a0
2!m0

2

16p2
@U23

DiracU13
Dirac* u f n3u2

1U22
DiracU12

Dirac* u f n2u2# log
MG

MR
,

52
~61a0

2!m0
2

16p2
@U23

DiracU13
Dirac* ~ u f n3u22u f n2u2!

2U21
DiracU11

Dirac* u f n2u2# log
MG

MR
. ~35!

FIG. 10. UMNS versus UDirac in model I with (a,b,c)
5(0,0,0).
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In the cases of the SMA and LOW solutions, the first term
Eq. ~35! is dominant sinceu f n3u@u f n2u and U13

Dirac is non-
negligible, as shown in Fig. 10. In the case of the LM
solution, the second term can be large sincef n3; f n2 in order
to get mass scale for the LMA solution, andU21

Dirac can be
large because of the large mixing for the LMA solution. T
matrix elementsuU23

DiracU13
Diracu and uU21

DiracU11
Diracu are broadly

distributed~for example, see Fig. 10!, and hence the value o
the branching ratio form→eg can be widely distributed in
all cases.

When u f n3u2@u f n2u2, a ratio of branching ratios can b
approximately as follows:

Br~m→eg!

Br~t→mg!
;

1

0.17U~DmL̃
2
!21

~DmL̃
2
!32
U2

;0.01UU13
Dirac/0.03

U33
Dirac/0.7

U2

.

~36!

Taking into account the present experimental limits and
future expectation on these processes, the search fom
→eg can be much more sensitive to this class of mod
than the search fort→mg. In the following subsections, in
order to obtain the magnitude of the branching ratios for
LFV processes, we consider two cases again: Case 1,t50
and case 2,t51.

1. Case 1,tÄ0

As in the previous models in Sec. IV A 1, we take tanb
550 in order for all the third-generation Yukawa couplin
to be of order 1. We assume thatm35mtop at the GUT scale
in Eq. ~31! with t50. In Fig. 11 we show the result of th
branching ratios for thet→mg and m→eg processes. Be-
cause of the large neutrino Yukawa coupling, the branch
ratios of them→eg process are so large that most of t
parameter region can be excluded by the present limit om
→eg. As in the models with the FN charges (a,b,c)
5(0,1,2), the models witht50, which have a mild Yukawa

FIG. 11. Br(m→eg) versus Br(t→mg) in model I with
(a,b,c,t)5(0,0,0,0). Here we take the left-handed slepton mas
be 300 GeV, theW-ino mass to be 150 GeV, ande50.07.
0-9
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JOE SATO AND KAZUHIRO TOBE PHYSICAL REVIEW D63 116010
unification between the top and tau neutrino, are almost
cluded by the bound onm→eg @10#.

2. Case 2,tÄ1

In the models witht51, as discussed in Sec. IV B 2, th
following relations among the third generation Yukawa co
plings are implied:f b; f t; f n3;e f top. Thus we assume tha
in Eq. ~31! with t51, m35mtop at the GUT scale and tak
tanb to be 5 in order to realize the relation. As compared
the case witht50, the branching ratios fort→mg and m
→eg are suppressed bye4, with the additional suppressio
due to small tanb. In Fig. 12 we show the result of th
branching ratios fort→mg andm→eg. For them→3e and
m→e conversion processes, we have checked that the
tions in Eqs.~29! and~30! are held. Therefore, interestingly
the predicted event rates form→eg and m→e conversion
can be as large as those the future experiments can reac
the other hand, fort→mg process, the significant improve
ment of the branching ratio sensitivity of much below 10210

will be needed in order to reach the predicted values.

C. Model II „dÄ0… with „a,b,c,t…Ä„0,1,2,1…

Let us discuss the LFV in model II (d50). First we con-
sider the case with hierarchical right-handed neutr
masses, that is the case with (a,b,c)5(0,1,2). The Dirac
neutrino mass matrix is given by

mnD5m3eS C̄3e2 B̄3e2 Ā3e2

C̄2e B̄2e Ā2e

C̄1 B̄1 Ā1

D . ~37!

Since the matrix elements (mnD)3i /(m3e) ( i 51 –3) are of
order 1, we can expect that all elements of the mixing ma
UDirac would be of order 1:Ui j

Dirac;O(1), even if we im-
posed the constraints of neutrino parameters on the neu
mixing matrix UMNS. This structure of the mixing matrix
UDirac is quite distinct from that in model I, as seen in Eq
~24! and~32!. For example, in Fig. 13, we showU13

Dirac com-
pared withU33

Dirac. Even though the CHOOZ limituUe3
MNSu

FIG. 12. Same as Fig. 11 except for model I with (a,b,c,t)
5(0,0,0,1).
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,0.15 was imposed, the componentU13
Dirac can be of order 1.

This largeU13
Dirac is a very important feature for the LFV in

the present models.
Because of the FN charges of right-handed neutrinos,

structure of neutrino Yukawa couplings is hierarchic
( f n1 : f n2 : f n3;e2:e:1). Therefore, only the third-generatio
Yukawa couplingf n3 is important for contributions to LFV
masses. The dominant terms of the matrix eleme
@(DmL̃

2)32# and @(DmL̃
2)21# are given by

~DmL̃
2
!32.2

~61a0
2!m0

2

16p2
U33

DiracU23
Dirac* u f n3u2 log

MG

MR
,

~38!

~DmL̃
2
!21.2

~61a0
2!m0

2

16p2
U23

DiracU13
Dirac* u f n3u2 log

MG

MR
.

~39!

Then a ratio of branching ratios Br(m→eg)/Br(t→mg) are
approximately expressed as follows:

Br~m→eg!

Br~t→mg!
.

1

0.17U~DmL̃
2
!21

~DmL̃
2
!32
U2

;6UU13
Dirac

U33
DiracU2

. ~40!

Since uU13
Diracu;uU33

Diracu, as shown in Fig. 13, the branchin
ratio for m→eg can be as large as or even larger than t
for t→mg. As discussed in model I, the models witht
50, in which a mild Yukawa unification between the to
and tau neutrino is realized, are almost excluded by
presentm→eg bound @10#. Therefore, in this section, we
only present the result in the models witht51.

In Fig. 14, we show the numerical result for these bran
ing ratios. The predicted branching ratios form→eg are
larger than those in model I, since the mixing elementU13

Dirac

is much larger than that in model I. On the other hand,
branching ratios fort→mg are almost the same as those

FIG. 13. U13
Dirac versus U33

Dirac in model II with (a,b,c)
5(0,1,2).
0-10
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NEUTRINO MASSES AND LEPTON-FLAVOR VIOLATION . . . PHYSICAL REVIEW D63 116010
model I.3 As expected, the predicted branching ratios form
→eg are as large as those fort→mg. Note that for them
→3e and m→e conversion processes, the relations in E
~29! and~30! are predicted. Therefore the search for LFV
muon processes is much more sensitive to this class of m
els too. Even at present, some of the points in Fig. 14
already excluded by the current experimental limit onm
→eg @Br(m→eg),1.2310211 @14##. The future proposed
improvement of the limit on LFV in muon processes w
definitely provide a significant test of this class of models

D. Model II „dÄ0… with „a,b,c,t…Ä„0,0,0,1…

Next we consider the models in which the heavy rig
handed neutrinos are nearly degenerate, that is the mo
with (a,b,c)5(0,0,0). Again here we only discuss the ca
with t51.

The Dirac neutrino mass matrix is given by

mnD5m3eS C̄3 B̄3 Ā3

C̄2 B̄2 Ā2

C̄1 B̄1 Ā1

D . ~41!

As in the previous case of model II, we expectUi j
Dirac

;O(1). In this case, if coefficientsĀi , B̄i , andC̄i are all
real, UDirac5UMNS. Thus, as shown in Fig. 15, the comp
nentU13

Dirac tends to be smaller than that in the previous ca
because the constraintuUe3

MNSu,0.15 slightly affects the
value ofU13

Dirac. However, all components in the Dirac ma
matrix Eq. ~41! are of order 1, and all Yukawa coupling
f n i ( i 51 –3) can contribute to the LFV in slepton mass
Therefore, branching ratios oft→mg and m→eg can be

3If the inverted neutrino mass hierarchy is realized, as discusse
Sec. II B, neutrino Yukawa couplingsf n1 and f n2 can be so large
that they can contribute to the LFV masses. In this case, we h
checked that the branching ratios for the LFV processes, espec
for m→eg, could be more enhanced because of the additional c
tributions from f n1 and f n2 to the LFV masses.

FIG. 14. Br(m→eg) versus Br(t→mg) in model II with
(a,b,c,t)5(0,1,2,1). Here we take the left-handed slepton mas
be 300 GeV, theW-ino mass to be 150 GeV, ande50.07.
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.

d-
re

-
els

e,

.

larger than those in the previous case of model II. We pres
the numerical result in Fig. 16. As can be seen in Fig. 16,
branching ratio form→eg can be as large as that oft
→mg, because all componentsVDirac can be of the same
order. Many of the points are already excluded by the pres
experimental limit on them→eg process, and the future
improvement will be able to test this class of models.

V. CONCLUSIONS

We discussed the neutrino masses and LFV in SU
models with lopsided FN charges. For neutrino physics,
stressed the importance of the measurement ofUe3

MNS in both
models I and II. In model II, the LMA solution is strongl
preferred so that the near-future KamLAND experime
could play a significant role for this class of models.

We also analyzed the LFV in detail within this frame
work. The present experimental limits on LFV processes
most excluded the models in which a mild Yukawa coupli
unification between the top and tau neutrino is realized at
GUT scale. In the models in which the tau-neutrino Yuka
coupling is suppressed bye compared with the top Yukawa
coupling, the predicted branching ratios fort→mg are as
large as or much less than 10210, and hence a significan
experimental improvement of the limit on the branching ra

in
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to

FIG. 15. U13
Dirac versus U33

Dirac in model II with (a,b,c)
5(0,0,0).

FIG. 16. Br(m→eg) versus Br(t→mg) in model II with
(a,b,c,t)5(0,0,0,1). Here we take the left-handed slepton mas
be 300 GeV, theW-ino mass to be 150 GeV, ande50.07.
0-11
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is needed in order to reach the predictions of this framewo
On the other hand, the predicted branching ratios form
→eg andm→e conversion in nuclei can be as large as tho
the future proposed experiments can reach. Therefore,
future experiments can provide the significant test of t
realistic framework for neutrino masses as well as char
lepton and quark masses.
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