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This paper proposes a new relevant logic B, which is obtained by adding two binary
connectives, intensional conjunction M and intensional disjunction L, to Meyer—Routley
minimal positive relevant logic B*, where M and U are weaker than fusion o and fission +,
respectively. We give Kripke-style semantics for B/, with —, M and U modelled by ternary
relations. We prove the soundness and completeness of the proposed semantics. A number
of axiomatic extensions of B} , including negation-extensions, are also considered, together
with the corresponding semantic conditions required for soundness and completeness to be

maintained.

1. Introduction

With sufficiently strong relevant logics, there are two derivative connectives, o and +,
which may be defined as 4 o B =4y =(4 — —B) and 4 + B =4 -4 — B (Anderson and
Belnap 1975). The former is called fusion and the latter fission. These two connectives
may also be called intensional conjunction and intensional disjunction, since they may share
some of the features classically attributed to extensional conjunction A and disjunction V,
respectively. In general, A will be interpreted as a lattice ‘meet’ and V as a lattice join’.
But o fails to have ‘the lattice property’ Ao B — A or Ao B — B, so it is not A; similarly,
+ fails to satisfy A - A+ B or B — A + B, so it is not V.

By the above definitions, o and + are highly related to implication — and negation —.
But in various applications in computer science and artificial intelligence such as auto-
mated theorem finding, knowledge discovery, reasoning rule generation, and so on, weaker
versions of the standard intensional connectives o and + may play important roles (Cheng
2006). In order to axiomatise logics with weaker intensional conjunction and disjunction,
we propose a basic relevant logic B, ,, which is obtained by adding two binary connectives,
M and L, to the minimal positive relevant logic Bt proposed in Routley and Meyer (1972),
where M and U are characterised in such a way that neither of them relies on the presence
of negation —. That is, we adopt Dunn’s approach (Dunn 1990) in which we assign to
each of M and U a distribution type® such that M shares the same distribution type with

T Dunn’s general approach is algebraic, where each logical connective is characterised as an operation on
distributive lattices, which ‘distributes’ in each of its places over at least one of A and V, leaving A or
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of, and U shares with +%. Then, additional axioms or rules can be added to make
coincide with o, and LI with +. This qualifies M and U as weaker versions of intensional
conjunction and disjunction, respectively.

To give a semantics for B, we apply Dunn’s strategy (Dunn 1990), that is, we
use n + 1-placed accessibility relations to model n-placed connectives. The semantics
is defined by adapting and extending the traditional relational semantics for relevant
logics. There are four ternary relations: R; and R; for —; S; for m; and S, for LI
To construct canonical models, as well as theories, we define dualtheories and anti-
dualtheories such that Ry, Ry, Si,S, are canonically defined as derivatives of operations
on theories and anti-dualtheories. The crucial tools for completeness are extensions or
reductions of a given theory or anti-dualtheory to a prime theory. Then, by well-known
standard techniques, together with our extra definitions, we can establish the soundness
and completeness of the proposed semantics for Bf,,. Furthermore, we consider a number
of axiomatic extensions of BZ , (including negation-extensions with negation modelled by
the Routley “*’-operation), together with the corresponding semantic conditions to ensure
that soundness and completeness are maintained.

2. The basic system B
2.1. An axiom system for B7

B, is expressed in a language ., which has the two-place connectives —, A, V, M and LI,
parentheses ( and ), and a stock of propositional variables p,q,r,.. Formulas are defined
recursively in the usual manner. We use the following scope conventions: the connectives
are ranked M, U, A, V, — in order of increasing scope (that is, M binds more strongly
than U, U binds more strongly than A, and so on), otherwise, association is to the left.
A, B, C,... will be used to range over arbitrary formulas.

We begin by giving an axiom system for B*, which is defined in the same way as that
of Priest and Sylvan (1992) and Restall (1993)}:

Axioms

Al A—-> A

A2 A—>AVB, B—>AVB

A3 AANB—>A AANB—>B

Ad ANBVC)—>(AANB)VC

A5 (A—>B)A(A—>C)—>(A—>BAC)
A6 A—->C)AB—->C)—>(AVB—-C(C)

V unchanged or switching it with its dual. More explicitly, let t (with subscripts) range over {A,V}, and
associate with each n-ary operation f a distribution type (ty,...,Tj,...,T;) —> 7. Then, where * and * is A or V
depending on the value of 7; and 7, respectively, f(ai,....b*c,...,ay) = f(ai,...,b,...,ap) * f(ai,...,c,...,ap).

T When o is defined as 4 o B =4f ~(4 — —B), its distribution type is (V,V) — V, that is, o satisfies
(AVB)oC e (AoC)V(BoC)and Co(AV B) < (CoA)V(CoB).

¥ When + is defined as 4 + B =qf —A — B, its distribution type is (A\,A) — A, that is, + satisfies
(ANB)+C > (A+C)A(B+C)and C+(AAB) < (C+ A)A(C+ B).

§ Here, disjunctive forms of rules are not given separately.
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Rules

Rl 4,A4A—>B=1B (Modus Ponens)
R2 A B=AAB (Adjunction)
R3 4—-B,C—->D=(B—->C)— (A— D) (Affixing).

Thus B/, is obtained by adding the following axioms and rules to B*:

A7 (AvB)NC— AnC)v(BnaQ),
CMN(AVB)— (CnA)v(CnB)

A8 (AUC)ABUC)«- (ANB)UC,
(CUAN(CUB)«— CU(AANB)

R4 A—->BC—->D=AnNC —->BnbD

RS A—-B,C—->D=AUC —> BUD.

It may be noted that special cases of R3 are:

A—>B=(C—>A)— (C— B) (Prefixing)
A—->B=(B—->C)—>(A4—-C) (Suffixing)
A—-BB—-C=A4—->C (Transitivity).

And special cases of R4 and RS are, respectively:

A—->B=CnA—-CnB
A—->B=A4AnC->BncC
A—->B=CuUA—->CUB
A—->B=A4AUC —>BUC.

Note that A7 and A8 contain slight redundancies. R4 and RS, together with the axioms
and rules of BY, suffice to prove each of A7 and A8 in right-to-left direction.

Given a logical system L, we use 1, 4 to denote the fact that A is a theorem of L. If
L is obvious, the subscript ‘.’ will be omitted.

2.2. Semantics for B,

Now we define semantics for B . We also give some notions for its extensions, that
is, logics obtained by adding one or more axioms or rules to B . The semantics is an
extension of the traditional semantics for Bt — see Routley et al. (1982, Chapter 4).

A B} -frame (or model structure) is a 7-tuple & =< o, W,0,R,R,,S1,S, >, where W
is a set (of worlds), o € W (the base world), O is a nonempty subset of W, and Ry, R, Sy,
and S, are ternary relations on W, such that definitions d1-d4 apply and postulates p1-p7
hold for every a,b,c,d,e € WT.

dl. a<b =4 Ix(x € O and R;xab)

d2. Ti(Trab)ed =45 Ix(Trabx and Tixcd)

d3. Tia(Trbc)d =45 Ix(Trbex and Tiaxd)

d4. T(Tiab)(Trcd)e =45 Ix, y(Trabx, Tredy and Txye),

 Because the system B, is not strong enough, we can not use a ‘reduced’ frame, that is, to reduce O to
a single element, that is, the base world o. Actually, in non-reduced frames O plays an important role to
guarantee the soundness result.
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where T, Ty and T, represent any of Ry,R;,S; and S,. For d2 and d3, if Ty and T,
coincide, we usually abbreviate Ty(T,ab)cd to Ti(ab)cd, and Tya(T>bc)d to Tia(bc)d. For
example, R;(Syab)cd is defined as Ix(S,abx and Rixcd), and Ri(ab)cd as Ix(Ryabx and
Rixcd)t.

pl. 0€0

p2. a<a

p3. Ryabc iff Ryach

p4. if Ryabc and @' < a, then Ryd'bc
p5. if Ryabe and d' < a, then Ryd'be
p6. if Siabc and ¢ < ¢, then Sjabc’

p7. if S,abc and ¢’ < ¢, then Syabc'.

In fact, definitions d2-4 are only necessary for some extensions of B . We list them
here for later use.

A B} ,-model (or interpretation) is an 8-tuple .# =< o, W,0,R(,R,,S1,5,,1 >, where
< 0,W,0,Ri,R>, 81,5, > is a B} -frame and I is a function that assigns to each pair of
a formula, 4, and a world, x, a truth value I(4,x) € {1,0} that satisfies the following
condition and rules.

Atomic Hereditary Condition.
For a propositional variable p, if I(p,x) =1 and x < y, then I(p,y) = 1.

Evaluation Rules.

(N) I(AAB,a)=1 iff I(A,a)=1and I(B,a) =1

(V) I(AVB,a)=1 iff [(A,a)=1orI(B,a)=1

(M) I(AnB,c)=1 iff da,b € W, Siabc, [(A,a) =1 and I(B,b) =1

(W) I(AuB,c)=1 iff Va,b € W, if Syabc, then I[(A,a) =1 or I(B,b) =1
(—1) I(A—> B,a)=1 iff Vb,c € W, if Ryabc and I(A,b) = 1, then I(B,c) =1
(—2) I(A—> B,a)=1 iff Yb,c € W, if Ryabc and 1(A4,c¢) = 1, then I(B,b) = 1.

With p3, it is easy to see that the rules (—1) and (—,) are equivalent. Hence, if we
omit R,, a B -model is indeed an extension of a B*-model by adding definitions and
postulates for Sy, S, and evaluation rules for M, LI. But, the inclusion of R, makes it easier
to give semantic conditions for additional axioms or rules involving L. So, we introduce
relation R, and rule (—»).

In this paper, we will usually use the following rules, which are equivalent to the above
rules () and (—3), respectively:

(W) I(AUB,c)#1 iff 3a,b € W, Syabc, I(A,a) # 1 and I(B,b) # 1;
(—%) I(A — B,a)=1 iff Vb,c € W, if Ryabc and I(B,b) # 1, then I(4,c) # 1.

Assuming L is a logic obtained by adding additional axioms or rules to BY , an L-
frame F or L-model ./ is obtained by adding corresponding conditions to a B/ ,-frame
or B -model.

T Our representation is a little different from that in Routley er al. (1982), where, given a ternary relation R,
we have RZabcd =4f 3x(Rabx and Rxcd), R2a(bc)d =4f 3x(Rbcx and Raxd), and R3ab(cd)e =df Ix(R%abxe
and Rcdx).
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Now, taking L to be any logic in this paper, we define:

— A is valid on an L-model if I(A,0) = 1.

— A implies B on an L-model if for every a € W, if I(4,a) = 1, then I(B,a) = 1.
— A is valid on an L-frame if A is valid on every L-model based on this frame.

— A implies B on an L-frame if A implies B on every L-model based on this frame.
— A is L-valid if A is valid on every L-frame.

— A L-implies B if A implies B on every L-frame.

The following lemmas will simplify the proof for soundness.

Lemma 2.1 (Hereditary Condition). For an arbitrary formula A, if I(4,x) =1 and x < y,
then I(4,y) = 1.

Proof. The proof is by an induction on the construction of A with the Atomic Hereditary
Condition as basis — note how p4-7 are used. We just give proofs for 1, LI.

(1) Suppose I(AM B,x) =1 and x < y. Then, Ja,b € W such that Syabx, I(4,a) = 1 and
I(B,b) = 1. By p6, we have Sjaby. So I(AM B,y) =1 as required.

() Suppose I(AU B,y) #+ 1 and x < y, to show I(4 U B,x) # 1. Then da,b € W such
that S,aby, I(A,a) # 1 and I(B,b) # 1. By p7, Syabx. So I(A U B,x) # 1 as
required. U]

Lemma 2.2 (Verification Lemma).

(1) If A implies B on an L-model, then 4 — B is valid on this model.
(2) If A4 implies B on an L-frame, then A — B is valid on this frame.
(3) A4 L-implies B if and only if A — B is L-valid.

Proof. The proof is similar to that in Routley et al. (1982, pages 302-303). It is easy to
show (1), (2) and the left-to-right direction of (3) by dl, pl1, rule (—;) and Lemma 2.1.
The converses of (1) and (2) fail, since there is no guarantee that Rjoaa holds for every a
in an arbitrary L-frame or L-model.

We will now give the proof in full for the right-to-left direction of (3). Assume 4 — B
is L-valid. Suppose % is an arbitrary L-frame with the base world o in order to show
A implies B on #. Suppose also that .# is an arbitrary L-model based on % with the
assignment function I, and that I(A4,a) = 1 for an arbitrary a € W. Then it suffices to
show I(B,a) = 1, since then A implies B on .#, and, furthermore, since .# is arbitrary,
A implies B on . Now by d1 and p2, for some o' € W, we have o' € O and R;0 aa.
Consider an L-frame %', which differs from % simply in a change in the base world
brought about by selecting o’ as base in place of 0. So F’ is an L-frame, since no semantic
condition depends on the choice of o as base. We now define an assignment function I’ in
ZF' such that I'(C, x) = I(C, x) for every formula C and every world x. Hence we obtain
an L-model .#’ based on %' with the assignment function I’ such that I'(4,a) = 1 and
I'(B,a) = I(B,a). .#' is indeed an L-model, since neither the Atomic Hereditary Condition
nor the Evaluation Rules depend on the choice of o as base, so both of them still hold.
Since A — B is L-valid, I'(4 — B,0’) = 1. But Ry0'aa, so it follows that I'(B,a) = 1 by
rule (—1). Hence I(B,a) = 1 as required. |
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Thus, for soundness, in order to show the validity of axioms with the form A — B, we
usually suppose for an arbitrary L-model .#, that I(4,x) = 1 (I(B,x) # 1) in order to
show I(B,x) =1 (I(4,x) # 1). Then, A — B is valid on .# by Lemma 2.2 (1). Hence,
since .# is arbitrary, A — B is L-valid. Conversely, if A — B is L-valid, then for an
arbitrary L-model .#, we will have I(B,x) =1 (I(4,x) # 1) from I(4,x) =1 (I(B,x) # 1)
by Lemma 2.2 (3).

2.3. Soundness

In this section we demonstrate the soundness of the semantics for B,
Theorem 2.3. If A is a theorem of BZ , then A is B, -valid.

Proof. The proof is by a simple induction over the length of proofs. It suffices to prove
that all axioms are Bf,-valid and all rules preserve validity. We just give proofs for one
of A8 (in one direction) and R4.

A8 Suppose I((AAB)U C,c) # 1 in order to show I((AU C)A(BUC),c) # 1. Then
Jda,b € W such that S,abc, I(A N B,a) #+= 1 and I(C,b) #+ 1. So I(4,a) #+ 1 or
I(B,a) # 1. Since S,abc, we have I(AU C,c) #+ 1 or I(BU C,c¢) # 1 by rule (U).
Hence I((AU C) A (BUC),c) # 1 as required.

R4 Suppose A — B and C — D are B, -valid in order to show that AMMC — BN D is
B -valid. Suppose also that I(4M C,c) = 1. It suffices to show I(BM D,c) = 1. Then
da,b € W such that Siabc, I(A,a) =1 and I(C,b) = 1. Since A —» B and C — D are
B -valid, we have I(B,a) = 1 and I(D,b) = 1 by Lemma 2.2 (3). But S;abc, so by rule
(1), we have I(BM D,c) =1 as required. ]

2.4. Key notions for completeness

We establish completeness in the usual way. For any non-theorem A, we design a canonical
model that refutes 4. Most of the techniques come from Routley et al. (1982, Chapter 4),
and Brady (2003, Chapter 8). In this section, we will give some definitions for any logic
L in this paper.

First, we establish some conventions. With Z the set of all formulas, we have for every
V,UcZ:

(1) U is L-derivable from V, written V t U, if and only if for some Ay,..., A, in V and
some Bji,...,B,, in U, we have - 4] A..NA, > B{V ..V B,

(2) An L-derivation of A from V, written V k| A, is a finite sequence of formulas Ay, ..., 4,,
with 4, = A such that each member A; of the sequence either belongs to V or is
obtained from predecessors in the sequence by adjunction or a provable L-implication
(that is, in the latter case, 4; is obtained from A4; (j < i) since -y, 4; — 4;).

(3) An L-derivation of U from V is an L-derivation of some disjunction B; V...V B, of
formulas By,...,B,, of U from V. Hence, U is L-derivable from V if and only if there
is an L-derivation of U from V.
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(4) < V,U > is an L-maximal pair if and only if:
— VuU=ZX
— V¥, U.

It is immediate that if < V/,U > is an L-maximal pair, then VNU = (.
Next, it is easy to see that if a < X and b = £ — q, then a satisfies the following al, a2,
a3 separately if and only if b satisfies b1, b2, b3 separately.

al.If - A —» B and A € a, then B € a.
a2.If A €aand B € q, then AAB € a.
a3.If AVBe€a,then A€aorBe€a.
bl.If ~; A — B and B € b, then 4 € b.
b2.If ANB e b,then A€ bor Beb.
b3.If A€ band B € b, then AV B € b.

Then we define, for every a,b = X:

(1) a is an L-theory if and only if it satisfies al and a2.

(2) An L-theory a is prime if and only if it satisfies a3 also.

(3) a is an L-anti-dualtheory if and only if it satisfies al and a3.

(4) An L-anti-dualtheory a is prime if and only if it satisfies a2 also.
(5) b is an L-dualtheory if and only if it satisfies b1 and b3.

(6) An L-dualtheory b is prime if and only if it satisfies b2 also.

Thus,ifacXand b= —a:
— a is a prime L-theory if and only if a is a prime L-anti-dualtheory.

— a is an L-anti-dualtheory if and only if b is an L-dualtheory.
— ais a prime L-theory if and only if b is a prime L-dualtheory.

— — — —

It is obvious that the set of all theorems of L is a theory. We will use [ to denote this
particular theory. In addition, an L-theory a is regular if and only if | < a, that is,
whenever F;, 4, A € a.

In the following, the subscript ‘
obvious.

Now we define four operations’™ on sets of formulas. For every a,b < X:

>

and the prefix ‘L-> will be omitted if system L is

a®b = {B:34€b,A—> Bea}

a®b = {4:YB,A— Bca=Bcbh}

aeb ={C:34A€a,3dBe bt ANB — C}

aob =2X—{C:34¢a,3B ¢ b,t, C > AL B}.
We now give some propositions for @, ®,© and @.

Proposition 2.4.

(1) If a,b are L-theories, then a @ b is an L-theory.

(2) If a is an L-theory and b is an L-anti-dualtheory, then a ® b is an L-anti-dualtheory.
(3) If a,b are L-theories, then a © b is an L-theory.

(4) If a,b are L-anti-dualtheories, then a @ b is an L-anti-dualtheory.

 The notation ‘@’ and ‘® come from Brady (2003).
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Proof. We will just show (4) as an example. First, suppose C, ¢ a@b and - C; — C, in
order to show C; ¢ a@b. Then 34 ¢ a,3B ¢ b such that+- C, > AUB. So+ C; -» AUB.
Hence C; ¢ a @ b as required.

Now suppose Cy, C, € a@b in order to show C1VC; ¢ aob. Then 34,4, ¢ a,AB,B, ¢ b
such that H C; > A U By and - C, — A, LI B;. Since F A; U By — (A; U B;) V (42 U By),
we have - C; — (A; U By) V (4> U By). Similarly, - C; — (4; U By) V (4, U B;). So
FCyVvC,— (A1 UBy)V (4, U By). Now, since - A4 — A; V A; and - By — By V B,, we
have - A UB; — (A; VA;)U (B V By) by RS, Similarly, - A, U By — (A1 VA>)U (B V B)).
SoF (A1UB;)V(A;UBy) = (A1 VA)U(B1V B;). Thus - C; vV Cy — (A1 V A2) U (By V By).
Since a and b are L-anti-dualtheory, A1V Ay ¢ a and BV B, ¢ b.So C{VCy, ¢ a@ b as
required. ]

Thus, if a and b are prime L-theories, then a @ b and a © b are L-theories; a ® b and
a © b are L-anti-dualtheories.

Proposition 2.5. For every a,b,c = X, we havea@® b S cif and only if b= a®c.

Proof. For the left-to-right direction, suppose A € b, but A ¢ a ® ¢. Then 3B ¢ ¢ such
that A —» B € a. Since A € b, we have B € a® b; and since a ® b < ¢, we have B € ¢,
giving a contradiction. Thus 4 € a ® c.

For the right-to-left direction, suppose B € a @ b in order to show B € ¢. Then 34 € b
such that A > B € a. Since b = a® ¢, we have 4 € a ® ¢, so B € ¢ as required. ]

We now define ternary relations Ry, Ry, S, S» on sets of formulas. For every a,b,c = X:

— Ryabc if and only if a ® b < ¢, that is, for every 4,B, if A —» B € a and A € b, then
B ec
— Ryabc if and only if ¢ € a ® b, that is, for every A,B, if A - B € a and B ¢ b, then
A¢c.
— Siabc if and only if a©b < ¢, that is, for every 4,B,C,if A € a,B € band - ANB — C,
then C € c.
— Syabce if and only if ¢ € a @ b, that is, for every 4,B,C, if A ¢ a, B ¢ b and
F. C —> AU B, then C ¢ c.
Thus, since a® b < ¢ if and only if b < a ® ¢, it is immediate that Rjabc if and only if
Ryach.
Please note that since - ATMB — AT B, AU B — AL B, it is easy to see that for
every a,b,c = X, and every formula 4, B:

— If Syabc, A€ aand Be b, then AT B € c.
— If Spabc, A ¢ aand B ¢ b, then AU B ¢ c.

2.5. Lemmas for completeness

We begin by giving some results (Lemmas 2.6-2.8), which are either proved in Routley et
al. (1982, Pages 307-308)) or are easy to obtain.

Lemma 2.6. If < V,U > is an L-maximal pair, then V is a prime L-theory, and U is a
prime L-dualtheory.
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Lemma 2.7 (Extension Lemma). Let 1 and U be sets of formulas such that V' ¥, U.
Then there is an L-maximal pair < V', U’ > with V < V' and U = U".

Lemma 2.8 (Priming Lemma 1). Let V' be an L-theory, U be closed under disjunction,
and V NU = . Then there is an L-theory V'’ such that:

nHvev,

2)V'NnU = ; and

(3) V' is prime.

We also have Priming Lemma 2, which is similar to Priming Lemma 1.

Lemma 2.9 (Priming Lemma 2). Let V' be closed under conjunction, U be an L-
dualtheory, and V' N U = . Then there is an L-dualtheory U’ such that:

(Huecu,
2)VnU' = ; and
(3) U’ is prime.

Proof. V ¥ U as otherwise there would be Ay,..., 4, € V such that 4{A..AA, € VNU,
since U is an L-dualtheory. By Lemma 2.7, there is an L-maximal pair < V’,U’ > with
V < V' and U < U’, and the result then follows by Lemma 2.6. |

The following results are proved in Routley et al. (1982, Page 309)".

Corollary 2.10.

(1) If A is a non-theorem of L, then there is a prime regular L-theory o, such that 4 ¢ o,.

(2) If a,b are L-theories, ¢ is an L-anti-dualtheory and Rjabc, then there is a prime
L-theory d' such that a = @’ and Ryd’bc.

(3) If a,b are L-theories, ¢ is an L-anti-dualtheory and Rjabc, then there is a prime
L-theory b’ such that b = b’ and Ryab’c.

(4) If a, b, c are L-theories, Ryabc and C ¢ c, then there are prime L-theories, b', ¢/, such
that b= b/, C ¢ ¢’ and Ryab'c'.

We now prove several corollaries of Lemmas 2.8 and 2.9.

Corollary 2.11.

(1) If a,c are L-theories, b is an L-anti-dualtheory and Ryabc, then there is a prime
L-theory d' such that a = @’ and Ryd'bc.

(2) If a,c are L-theories, b is an L-anti-dualtheory and Ryabc, then there is a prime
L-theory b’ such that b = b and Ryab'c.

 Note that the form of (2) and (3) in Corollary 2.10 is a little different from that given in Routley et al. (1982),
where c is required to be a prime L-theory. In fact, it is sufficient to require that ¢ is only an L-anti-dualtheory
for the proof to go through.
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Proof. Since Ryabc if and only if Rjach, (1) here is equivalent to Corollary 2.10 (2).
Hence, we just give the proof for (2).
Set V={B :34 € ¢,A — B € a}. We want to prove:

(a) V is closed under conjunction.
(b) £ — b is disjoint from V.

(a) Suppose By,B, € V. Then 34,4, € ¢, Ay - By € a and A, — B; € a. Since
F Ay ANAy; — Ay, we have (A1 — Bl) — (A1 NAy — Bl), so Ay NA, = By € a.
Similarly, A; AN Ay — B; € a, so (A N Ay — By) AN (A1 AA; — B) € a. By

F(A; ANAy —> Bi)A(A1 ANAy = By) = (A1 N Ay — By A By),

we have 41 A Ay — By A By € a. Since ¢ is an L-theory, A AAy €c. So BiAB, € V
as required.

(b) To show a contradiction, suppose 3B € £ — b, that is, B¢ b and B € V. Then 34 € ¢
such that A — B € a. But Ryabc, so A ¢ ¢, which gives a contradiction.

Since b is an L-anti-dualtheory, £—b is an L-dualtheory. Hence by (a) and (b), Lemma 2.9
applies to provide a prime L-dualtheory b” disjoint from V with T—b = b". Let b’ = X—b".
Then b’ is a prime L-anti-dualtheory, that is, a prime L-theory, and b" < b. Next we prove
Ryab’c. Suppose A — B € a and B ¢ b/, that is, B € b”. Since b" is disjoint from V, we
have 4 ¢ ¢, so Ryab'c. ]

Corollary 2.12.

(1) If a,b are L-theories, ¢ is an L-anti-dualtheory and Sjabc, then there is a prime
L-theory a' such that a = @’ and Syd’bc.

(2) If a,b are L-theories, ¢ is an L-anti-dualtheory and Sjabc, then there is a prime
L-theory b’ such that b = b’ and Syab’c.

Proof. We give the proof for (1); the proof for (2) is similar.
Set U={A :3B € b,3C ¢ ¢, A1 B — C}. We want to prove:

(a) U is closed under disjunction.
(b) a is disjoint from U.

(a) Suppose 41,4, € U. Then IBy,B, € b, 3Cy,C; ¢ ¢ such that - 4,1 B; — C; and
F A, 1 B, — C,. Since - By A B, — Bj, we have - Ay 1M (B; A B;) > A; 1 B; by R4.
SotF A M (B ABy) — Cy. Since - C; — C; vV Cy, we have - A1 M (B ABy) > C; VvV Cs.
Similarly, - A, 1 (By A By) = Cy V C;. So

F(A; 1 (B /\Bz)) \/(Az M (B /\Bz)) —->Ci VG,
By A7,
F (41 V A2) (B ABy) = (A1 M(By ABy)) V (42 M(By A By)).

So F (A; V A2) M (By A By) = Cy V Cy. Since b is an L-theory, B; A B, € b. And since ¢
is an L-anti-dualtheory, C; V C; ¢ ¢. Hence A; V 4, € U.
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(b) To show a contradiction, suppose 34 € a and A € U. Then 3B € b, 3C ¢ c such that
F AN B — C. But Sjabc, so C € ¢, which gives a contradiction.

Hence, by (a) and (b), Lemma 2.8 applies to provide a prime L-theory o' disjoint from
U with a < a'. Next we prove Sia’bc. Suppose A € d’, Be band - AN B — C. Since d' is
disjoint from U, we have C € c¢. So S;d'bc. ]

Corollary 2.13.

(1) If a,b are L-anti-dualtheories, ¢ is an L-theory and S,abc, then there is a prime
L-anti-dualtheory o’ such that ¢’ = a and S,d'bc.

(2) If a,b are L-anti-dualtheories, ¢ is an L-theory and S,abc, then there is a prime
L-anti-dualtheory b’ such that b" = b and S,ab'c.

Proof. We just give proof for (1); the proof for (2) is similar.
Set V.={A4 :3dB ¢ b,3C € ¢,k C —> AL B}. We want to prove:

(a) V is closed under conjunction.
(b) £ — a is disjoint from V.

(a) Suppose 41,4, € V. Then 3IBy,B, ¢ b, 3C1,C, € ¢ such that - C; —» A; U B; and
F C, —» A, U B,. Since - By — By V B, we have - A4y LU By — A; U (B V By) by RS.
Sot Cy — A; U(ByV By). Since - C; ACy, — Cy, we have - C{ ACy, — A; U (B V By).
Similarly, FCiNCy, > AyU(B1VB,).SokF CiACy — (A1 U (B V By))A (AU (B V By)).
By AS,

F (A U (B VBy)A(A2U(By V By)) = (A1 AA2) U (B V By).
So + C; ANCy — (A1 AN Az) U (By V By). Since b is an L-anti-dualtheory, By V B, ¢ b.
And since ¢ is an L-theory, C; AC; € c. Hence A1 N A, € V.

(b) To show a contradiction, suppose 34 € £ —a, thatis, 4 ¢ a and A € V. Then 3B ¢ b,

3C € ¢ such that - C — A U B. But S,abc, so C ¢ ¢, which gives a contradiction.

Since a is an L-anti-dualtheory, £ — a is an L-dualtheory. Hence by (a) and (b), we can
use Lemma 2.9 to provide a prime L-dualtheory a” disjoint from V with £ —a = a”. Let
a =X —d". Then d is a prime L-theory, that is, prime L-anti-dualtheory, and ¢’ < a.
Next we prove S,a’bc. Suppose A ¢ @/, that is, A € a”, B ¢ b and - C — AL B. Since a”
is disjoint from V, we have C ¢ ¢, so S,d'bc. ]
Lemma 2.14.

(1) Let a be a prime L-theory and A — B ¢ a. Then there are prime L-theories, b, ¢/, such
that Rjab’'¢’, A€ b’, and B ¢ (.
(2) Let ¢ be a prime L-theory and A M B € c. Then there are prime L-theories, a’,b’, such
that Sia'b’'c, A€ d,and Beb'.
(3) Let ¢ be a prime L-theory and A U B ¢ c¢. Then there are prime L-theories, @', b, such
that Srd'b'c, A¢ d,and B ¢ b'.
Proof.

(1) Suppose a is a prime L-theory such that A > B ¢ a. Let b = {4’ :+ 4 — A’}. We will
show that b is an L-theory. Suppose that - A} — A4} and A} € b. Then F A — A}, so
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F A — A4). Hence A5 € b. Now suppose A},45 € b. Then - A — A} and - 4 — A).
Thus F 4 — A{ NA4),. So A\ N A, € b. Now let ¢ = a @ b. Then ¢ is an L-theory by
Proposition 2.4. Also, Ryjabc. It is obvious that 4 € b. Moreover, B ¢ c¢. Otherwise,
dJA ' €eband A > Be€a Then,+ A —> A, so-(A > B)—>(A—>B).SoA—>BEe€a,
which gives a contradiction. Hence, by Corollary 2.10 (4), there are prime L-theories
b',c such that A € b, B ¢ ¢ and Rjab'c'.
(2) Suppose ¢ is a prime L-theory such that ATIB € ¢. Let a = {A' + A — A’} and
= {B’' :F B — B'}. Then a, b are L-theories by the same proof as in (1). It is immediate
that A € a and B € b. To show Sjabc, suppose A" € a,B’ € b and - A’ T1 B" — C.
Then,+ A — A and+~B —- B.So+-AmMB — A'MB by R4 Then AN B — C. But
AT B € ¢, so C € c. Thus Sjabe. By Corollary 2.12, there are prime L-theories o', b’
such that A € d, B € b’ and S,d'b'c.

(3) Suppose ¢ is a prime L-theory such that AU B ¢ ¢. Let a” = {4’ + A" —> A} and
b” = {B’' :+ B — B}. Then a",b" are L-dualtheories. For d”, suppose that - A} — 4},
and 4, € a”. Then - A, — A. So - A| — A. Hence, A € a”. Now suppose 4}, 4, € a’.
Then - A} — A and - A, — A. Hence F A}V A5, — A. So A| vV A, € a’. Thus a” is an
L-dualtheory. Similarly, b” is also an L-dualtheory. Let a =X —d” and b =X — b".
Then, a,b are L-anti-dualtheories. It is immediate that 4 ¢ a and B ¢ b. To show
S»abce, suppose A’ ¢ a, B¢ band - C — A UB. Thent+ A" — A and - B' — B. So
FA"UB" — AUB by R5, and thus - C - AUB. But ALUB ¢ ¢, so C ¢ c. Thus Syabc.
Then, by Corollary 2.13, there are prime L-theories ¢’,b" such that A ¢ d', B ¢ b’ and
S,d'b'c. ]

2.6. Completeness

For any non-theorem A of L, by Corollary 2.10 (1), there is a prime regular L-theory o,
such that A ¢ o.. Thus we design a canonical model for L,

< 0O, Wc‘a Oca Rla R27 Sla Sz, I>

where W, is the class of all prime L-theories, that is, the class of all prime L-anti-
dualtheories; O, is the subset of W, such that x € O, if and only if x is regular; Ry, Ry,
S; and S, are canonically defined as above (restricted to W,); and I is defined, for every
prime theory x and formula A, as I(A4,x) =1 if and only if 4 € x.

Theorem 2.15. If 4 is B -valid, then 4 is a theorem of B .

Proof. We prove the contrapositive. Given a non-theorem A, there is a canonical
model < o., W,,0., Ri,R>,81,5,,1 > for Bt ,. We show that the canonical model is
really a B ,-model. It suffices to show that p1-7 hold, and that I satisfies the Atomic
Hereditary Condition and the Evaluation Rules. p1 and the Atomic Hereditary Condition
are immediate. By the corresponding proof in Routley et al. (1982, Page 312), we can
prove that a < b if and only if @ < b. Thus p2 is obvious. p3 was shown by Proposition 2.5.
Finally, p4-7 are immediate from the canonical definitions of Rj, R;, S; and S;.

Now we show a < b if and only if a < b.
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For the left-to-right direction, since a < b, there is an x such that x € O, that is, x
is regular, and Ryxab. Hence, since A — A € x, by the canonical definition of Ry, 4 € b
whenever A € a. So a < b.

For the right-to-left direction, suppose a < b. Then it is easy to see that Rjlab. Since
[ is an L-theory, by Corollary 2.10 (2), [ can be replaced by a prime theory x such that
| < x and Ryxab. Thus x is regular, that is, x € O.. So a < b.

Next we show that I satisfies the Evaluation Rules, and hence the canonical model is a
B, -model. It follows that 4 is not valid on < o., W, O, Ri, R>, S1, S>,I >. Hence A is not
B, -valid. The cases for A and V are immediate from the definition of a prime theory.
Here we will just give proofs for the connectives —, M and Ll.

(—) It suffices to prove that A — B € a if and only if for every b,c € W,, if Rjabc and
A € b, then B € c. But this is guaranteed by Lemma 2.14 and the canonical definition
of Rl.

(1) It suffices to prove that A M B € c if and only if for some a,b € W,, we have S;abc,
A € a and B € b. But this is guaranteed by Lemma 2.14 and the canonical definition
of Sl.

(L) It suffices to prove that A LI B ¢ c if and only if for some a,b € W,, we have S,abc,
A ¢ a and B ¢ b. But this is guaranteed by Lemma 2.14 and the canonical definition
of Sz.

Hence the result is proved. |

3. Extensions of B

The following are some additional axioms and rules that can be added to B, to obtain
stronger systems. For a given postulate Si, si is the corresponding semantic condition on
models.

S14NMB—BMA sl Siabc = Sibac

S2AUB—>BUA s2 S,abc = S)bac
S3(A—>B)—>(ANC —-BncQC) $3 Rja(Side)c = Si(Rad)ec
S4(A—>B)—>(CnAd— CnB) s4 Rja(Side)c = Sid(Ryae)c
S5(A—>B)—>(AuC - BUC) $5 Rya(S»de)c = S)(Rorad)ec

S6 (A—B)—> (CuAd— CUB) $6 Rra(S,de)c = Srd(Ryae)c
S7(A—-C)N(B—>D)—> (AN B — CnD) s7 Ri(Siab)(Sifg)e =Si(Riaf)(Ribg)e
S8(4A—->C)N(B—>D)—>(AUB — CUD) s8 Ry(S1ab)(S2fg)e = Sz(Ryaf)(Rybg)e
S9(A—->B)N(B—>C)—>(4—-C) s9 R;(Sjab)de = Ryb(ad)e
SI0(B—->C)n(A—B)—>(4A—C) s10R;(Syab)de = Rya(bd)e

Si11 An(4A—B)— B s11S;abc = Ribac

S12 4 - (B —- AN B) s12Ryabc = Syabc
S13(A—>(B—->C))—>(ANB —C) s13Rja(S1de)c = Ry(ad)ec

S14 (ANMB—->C)—>(A— (B— () s14R;(ab)de = Rya(S1bd)e

SI5S5AANB > AMNB s15Siaaa

S16 ALUB —> AV B s16S,aaa

S17ANB— AUB s173x(Siabx and Sydex) = a<dorb<e
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S184 > (B—-> C)= ANB — C s18Siabc = Ryabc
S19ANB—-C=A— (B— C) sl9Rjabc = Sjabc.

Theorem 3.1. For each row in the list above, the extension of B, obtained by adding
axiom or rule Si is sound and complete with respect to the class of B, -models

<0,W,0,R1, Ry, 81,8,1 >
that satisfy si.

Proof. For soundness, we take an arbitrary model and assume that it satisfies si. Then
we demonstrate that Si (as an axiom) is valid or Si (as a rule) preserves validity in this
model. Completeness is proved by showing that the canonical model for an extension with
Si must satisfy si. We will give proofs for some rows as examples.

We will sketch the approach for completeness. In many cases, we search for prime
L-theories satisfying some specific conditions. In general, we first construct appro-
priate L-theories or L-anti-dualtheories using operations @, ®, © or @, from given prime
L-theories, and then apply Corollaries 2.10-13 to obtain the required prime L-theories.

1. For soundness, suppose [(AMB,c) = 1 in order to show I(BMA,c) = 1. Then da,b € W
such that Syabc, 1(A,a) = 1 and I(B,b) = 1. Since Sjabc, we have Sibac by sl. So
I(BM A,c) =1 as required.

For completeness, assume that S1 holds. Let Sjabc in order to show Sibac. Suppose
Beb,Ac€aand - BMA — C. It suffices to show C € c¢. By S1, we have - ATMB — C.
But Sjabc, so C € ¢ as required.

5. For soundness, suppose (A — B,a) = 1 in order to show I(AUC — BLUC,a) = 1.

Suppose also that Ryabc and I(B U C,b) # 1. It suffices to show I(4 U C,c¢) # 1. Then
Jdd,e € W such that Sydeb, I(B,d) #+ 1 and I(C,e) # 1. Since S»deb and Ryabc, we
have Rya(S,de)c. So, by s5, we have Sy(Ryad)ec, that is, 3x € W such that Ryadx and
Syxec. Since Ryadx, we have I(A,x) # 1. And since S;xec, we have (AU C,c) # 1 as
required.
For completeness, assume that S5 holds. Suppose that Rya(Syde)c in order to show
S>(Ryad)ec. Then dx € W, such that Sydex and Ryaxc. Let y = a ® d. It is immediate
that Ryady and that y is an L-anti-dualtheory. We show S,yec. Suppose that A & y,
C¢eand - E — AU C. It suffices to show E ¢ c. Since 4 ¢ y, we have 3B ¢ d such
that A - B € a. Then AU C — B U C € a by S5. Since Sydex, we have BU C ¢ x;
and since Ryaxc, we have AU C ¢ ¢. So E ¢ ¢ as required. Thus S;yec. Now we can
use Corollary 2.13 to provide a prime L-theory )’ such that y' = y and S;y’ec. It is
immediate that Ryady’. So we have Sy(Ryad)ec.

7. For soundness, suppose I((4A — C)M (B — D),c) = 1 in order to show I(AM B —
CnD,c)=1. Then 3a,b € W such that Syabc, (A — C,a) =1 and I(B — D,b) = 1.
Suppose also that Rycde and I(A M B,d) = 1. It suffices to show I(C 1 D,e) = 1. Then
3f,g € W such that S;fgd, I(A,f) =1 and I(B, g) = 1. Since Sjabc, S1fgd and R;cde,
we have R;(S1ab)(Sifg)e. So, by s7, we have Si(Riaf)(Ribg)e, that is, Ix,y € W such
that Ryafx, Ribgy and Sixye. Since Rjafx, we have I(C,x) = 1. And since R;bgy, we
have I(D, y) = 1. Finally, since Sjxye, we have I(C M D,e) = 1 as required.
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12.

14.

For completeness, assume that S7 holds. Suppose R;(S1ab)(Sifg)e in order to show
S1(Riaf)(Ribg)e. Then Ix1,x; € W, such that S;jabx;, S;fgx, and Rixijxze. Let y; =
a® f and y, = b @ g. It is immediate that Rjafy; and Rybgy,, and that y{,y, are
L-theories. We show S;yiye. Suppose that C € y;, D € y and F CND — E. It
suffices to show E € e. Since C € y;, we have 34 € f such that A —» C € a; and
since D € y,, we have 3B € g such that B — D € b. Then, since Sjabx;, we have
(A - C)n(B — D) € x1. And since S;fgx;, we have AMB € x,.So ANMB — CMND € x;
by S7. Since Rixixe, we have CT1 D € ¢, so E € ¢ as required. Thus S;y;ye. Now
we can use Corollary 2.12 to provide prime L-theories yj,y5 such that y; < yj,
y2 € y5 and Siyjyse. It is immediate that Rjafy; and R;bgy5. So we have Si(Rjaf)
(R1bg)e.

. For soundness, suppose I((4 — B)M(B — C),c) =1 in order to show I(4 — C,c) = 1.

Then Ja,b € W such that Sjabc, (A — B,a) =1 and I(B — C,b) = 1. Suppose also
that Ricde and I(A4,d) = 1. It suffices to show I(C,e) = 1. Since Sjabc and Rjcde, we
have Ry(Sjab)de. So, by 89, Rib(ad)e, that is, 3x € W such that Rjadx and R;bxe. Since
Ryadx, we have I(B,x) = 1; and since R;bxe, we have I(C,e) = 1 as required.

For completeness, assume that S9 holds. Suppose that R;(Siab)de in order to show
Rib(ad)e. Then Ix € W, such that S;abx and Rixde. Let y = a @ d. It is immediate
that Ryady and that y is an L-theory. We show R;bye. Suppose that B — C € b and
B € y. 1t suffices to show C € e. Since B € y, we have 34 € d such that A —» B € a.
Then, by Sjabx, we have (4 — B)M(B —» C) € x. So A —» C € x by S9; and since
Rixde, we have C € e as required. Thus Ribye. Now we can use Corollary 2.10 to
provide a prime L-theory y’ such that y =y’ and R;by’e. It is immediate that Ryady'.
So we have R;b(ad)e.

For soundness, suppose I(4,a) = 1 in order to show I(B — AT B,a) = 1. Suppose
also that Rjabc and I(B,b) = 1. It suffices to show I(4 M B,c¢) = 1. Since Rjabc, we
have S;abc by s12. So (A1 B,c) = 1 as required.

For completeness, assume that S12 holds. Let Ryabc in order to show Sjabc. Suppose
also that A € a, B € b and F AN B — C. It suffices to show C € ¢. Then + (B —
AMB)— (B — C).Since A € a, we have B—> AN B € a by S12. So B — C € a. But
Ryabc, so C € ¢ as required.

For soundness, suppose [(AM B — C,a) =1 in order to show I(4A — (B — C),a) = 1.
Suppose also that Rjabc and I(A,b) = 1 in order to show I(B — C,c) = 1. Finally,
suppose Rjcde and I(B,d) = 1. It suffices to show I(C,e) = 1. Since Ryabc and R;cde,
we have Ri(ab)de. So, by s14, we have Rja(Sibd)e, that is, 3x € W such that S;bdx
and Ryaxe. Since S;bdx, we have I(AM B, x) = 1. And since Rjaxe, we have I(C,e) = 1
as required.

For completeness, assume that S14 holds. Suppose Rj(ab)de in order to show
Rya(Sibd)e. Then 3x € W, such that Ryabx and Ryxde. Let y = b © d. It is immediate
that S;bdy and that y is an L-theory. We will show Rjaye. Suppose that D — C € a
and D € y. It suffices to show C € e. Since D € y, we have 34 € b and 3B € d such
that FAMB —- D. Then (D - C) > (ANMB — C). So AN B — C € a, and thus
A — (B — C) € a by S14. Since Rjabx, we have B — C € x, and since R;xde, we
have C € e as required. Thus Rjaye. Now we can use Corollary 2.10 to provide a
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prime L-theory y’ such that y = y’ and Rjay’e. It is immediate that S;bdy’. So we have
Rla(Slbd)e.

15. For soundness, suppose I(A A B,a) = 1 in order to show I(A M B,a) = 1. Then
I(A,a) =1 and I(B,a) = 1. Since Sjaaa, we have I(A M B,a) =1 as required.

For completeness, assume that S15 holds. Suppose A,B € a and - AT B — C. It
suffices to show C € a. By S15, we have H AAB — AT B. So+ AN B — C. Since
A,B € a, we have A A B € a. Hence C € a as required.

17. For soundness, suppose I(4 M B,x) = 1, but I(4A U B,x) # 1. Then Ja,b € W such

that Syabx, 1(A,a) = 1 and I(B,b) = 1. Also, 3d,e € W such that Sydex, I(A4,d) #+ 1
and I(B,e) #+ 1. By s17, we have a < d or b < e. So I(4,d) =1 or I(B,e) =1 by
Lemma 2.1. But this gives a contradiction. Hence I(4 U B,x) = 1.
For completeness, assume that S17 holds. Let S;abx and S,dex in order to show a = d
or b S e Suppose a £ d and b & e. Then 34 € a but A ¢ d, and 3B € b but B ¢ e.
Since Sjabx, we have AT B € x. And since Sydex, we have AU B ¢ x. But this gives a
contradiction by S17. Hence a = d or b < e.

18. For soundness, suppose 4 — (B — C) is L-valid in order to show AN B — C is
L-valid also. Suppose also that I(4 M B,c) = 1. It suffices to show I(C,c¢) = 1. Then
Ja,b € W such that Syabc, I(4,a) =1 and I(B,b) = 1. Since A — (B — C) is L-valid,
we have I(B — C,a) = 1 by Lemma 2.2 (3). But since Sjabc, we have Rjabc by s18,
so I(C,c) =1 as required.

For completeness, assume that S18 holds. Let Sjabc in order to show Rjabc. Suppose
A — B €aand A € b in order to show B € c. Since I (4 — B) — (A4 — B), we have
(A4 — B)M A — B by S18. But Sjabc, so B € ¢ as required. L]

It is easy to see that in any extension of BZ, with the rules S18 and S19, — is the
residual of 1 such that S; collapses to R; in models.

4. Negation
4.1. The systems BMp, and B,

For a basic negation-extension of Bf , we add the De Morgan Laws A9, A10 and
Contraposition R6:

A9 -(ANB) < —AV B
A10 -AN—-B < —(AV B)
R6 A — B= —-B — —A.

We call this system BMq,". A9 and A10 also contain redundancies. We can prove
each of A9 and A10 in the right-to-left direction using Contraposition and the positive
axioms.

A BMp-frame Z is an 8-tuple < o, W,0,R{, Ry, S1,8,,* >, where * is a one-place
function from W to W, and the other elements are as before, such that postulate p8 holds

T The system BM is a negation-extension of B¥ by the addition of the De Morgan Laws and Contraposition.
We can also obtain BMr, by adding rM,U to BM.
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for every a,b € W:
p8.If a < b, then b* < a”.

Note that p8 is required for the Hereditary Condition.
A BM -model .# is a 9-tuple

<0,W,0,R1,Ro, 81,8, %1 >

where
<0,W,0,R(,R,, 51,8, % >
is a BMp,-frame, and I is as before, such that the evaluation rule for negation is as
follows:
(—) I(—A,a) =1 if and only if I(A4,a") # 1.

It is easy to verify that the Hereditary Condition holds as before, and hence that
BM, is sound with respect to the class of BM-models. For completeness, we define
# on a set of formulas a by a* = {4 : =4 ¢ a}. The canonical model for BM, is now
< 0, We, O, R1, Ro, 81,85, %,1 >. By the De Morgan Laws and Contraposition, it can be
shown that:

— If a is a theory, then a* is an anti-dualtheory.
— If a is an anti-dualtheory, then a* is a theory.

Hence, if a is a prime theory, a” is also, that is, * is well-defined. Also, p8 is easy to verify.
Finally, rule (=) holds well in the canonical model. Thus the canonical model is indeed a
BM, model.

The system Br, is obtained from BMp, by adding Double Negation':

All. 4 - ——4

Then, a B -model is a BM,-model satisfying a** = a for all a € W. The soundness and
completeness results are easy to prove.

4.2. Negation extensions

We now give some extensions of BMp, and Bq,.

S20 -4 - (AU B — B) s20 Ryabc = S>a*bc
S21 (4 - (B—C))—> (B—> —-AUC) 821 Rya(Sde)c = Ry(Ryad")ec
S22 (A —>BUC)— (-B— (A — C)) s22 Ry(Ryab)de = Rya(S,b*d)e

S23 «(AM B) > ~AU-B s23 Syabc = Sia*b*c”
S24 -AM—-B — =(AUB) s24 Syabc = S,a*b*c”
S25 A1 -4 $25 S,abo = b* < a

S26 4 > (B—>C)=B—-4AUC $26 S,abc = Rya®bc
S27A—->BUC=-B—(4—C) s27 Ryabc = S»a*be.

 The system B is an extension of BM by the addition of Double Negation. We can also obtain Br, by adding
m,u to B.
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Theorem 4.1. For each row in the list above, the extension of BMp,/Br, obtained by
adding axiom or rule Si is sound and complete with respect to the class of BMp, /B -
models < o, W,0, Ry, Ry, S1, S, *,1 > that satisfy si.

Proof. These are proved in the same way as the positive extensions. We will just give

proofs for some rows as examples.

21.

22.

23.

For soundness, suppose I(4 — (B — C),a) = 1 in order to show I(B — —=AUC,a) = 1.
Suppose also that Ryabc and I(—A U C,b) #+ 1. It suffices to show I(B,c) # 1. Then
dd,e € W such that Sydeb, I(—A,d) #+ 1 and I(C,e) # 1. Since Sdeb and Ryabc, we
have Rya(Syde)c. So, by s21, Ry(Ryad”)ec, that is, Ix € W such that Ryad"x and R;xec.
Since I(—A4,d) # 1, we have I(4,d") = 1. So I(B — C,x) = 1 by Ryad*x. Hence
I(B,c) # 1 by Ryxec.

For completeness, assume S21 holds. Let Rya(S>de)c in order to show Ry(Rjad”)ec.
Then dx € W, such that S>dex and Ryaxc. Let y = a@® d”. It is immediate that Ryjad"y
and that y is an L-theory. We show R,yec. Suppose that B — C € y and C ¢ e. It
suffices to show B ¢ c. Since B — C € y, we have 34 € d" such that 4 - (B —» C) € a.
So B — =AU C € a by S21. Since 4 € d*, we have =4 ¢ d. So =AU C ¢ x by Sydex.
Hence B ¢ ¢ by Ryaxc. Thus Ryyec. Now we can use Corollary 2.11 to provide a prime
L-theory y’ such that y = y’ and Ryy’ec. It is immediate that Ryad*y’. So we have
Ry(Ryad")ec.

For soundness, suppose I(4 — BUC,a) = 1 in order to show I(—-B — (4 — C),a) = 1.
Suppose also that Ryabc and I(—B,b) =1 in order to show I(4 — C,c) = 1. Finally,
suppose Rycde and I1(C,d) # 1. It suffices to show I(A4,e) # 1. Since Ryabc and Rycde,
we have Ry(Rjab)de. So, by s22, Rya(S,b*d)e, that is, 3x € W such that S;b"dx and
Ryaxe. Since I(—B,b) = 1, we have I(B,b") #+ 1. So I(B U C,x) # 1 by S;b"dx. Hence
I(A,e) # 1 by Ryaxe.

For completeness, assume S22 holds. Let Ry(Rjab)de in order to show Rya(S;b*d)e.
Then 3x € W, such that Riabx and Ryxde. Let y = b* @ d. It is immediate that S,b"dy
and that y is an L-anti-dualtheory. We will show R,aye. Suppose that A — D € a
and D ¢ y. It suffices to show 4 ¢ e. Since D ¢ y, we have 3B ¢ b*,3C ¢ d such
that D - BUC. Hence (A —» D) - (A —> BUC). So A - BUC € qa, and thus
-B — (A — C) € a by S22. Since B ¢ b*, we have -B € b. So 4 — C € x by Ryabx,
and thus A ¢ e by Ryxde. So Ryaye. Now we can use Corollary 2.11 to provide a
prime L-theory y’ such that y' = y and Rpay’e. It is immediate that S;b*dy’. So we
have Rya(S;b*d)e.

For soundness, suppose I(—4 LI =B,c¢) # 1 in order to show I(—(4 N B),c¢) # 1.
Thus da,b € W such that Syabc, I(—A,a) # 1 and I(—B,b) #+ 1. So I(4,a") = 1
and I(B,b*) = 1. Since Syabc, we have Sia*b*c* by s23. So I(4 1 B,c¢*) = 1. Hence
I(—(AMB),c) # 1 as required.

For completeness, assume that S23 holds. Let Syabc in order to show S1a*b*c*. Suppose
A€da,Beb" and - AN B — C. It suffices to show C € ¢*. Then =4 ¢ a and =B ¢ b.
Since Spabc, we have —A LI =B ¢ c. By S23, we have —(4 M B) ¢ ¢, that is, AN B € ¢".
Hence C € ¢" as required.
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26. For soundness, suppose A — (B — C) is L-valid in order to show that B - =4 LIC is
L-valid also. So suppose I(—AUC,c) # 1 in order to show I(B,¢) & 1. Then da,b € W
such that S,abc, I(—A,a) # 1 and I(C,b) #+ 1. So I(4,a*) = 1. Since A - (B — C) is
L-valid, we have I(B — C,a*) = 1 by Lemma 2.2 (3). But since S,abc, we have Rya*bc
by s26. Hence I(B,c) # 1 as required.

For completeness, assume that S26 holds. Let S,abc in order to show Rya*bc. Suppose
B > Ce€d and C ¢ b, but B € ¢. Since - (B - C) —» (B — C), we have
FB— —=(B— C)uC by S26. Hence =(B — C)U C € ¢. But B — C € a*, that is,
-(B —> C) ¢ a, so o(B - C)U C ¢ ¢ by S,abc. This gives a contradiction. Hence
B ¢ ¢. Thus Rya®be. |

5. Conclusions and future work

This paper has introduced and investigated a basic relevant logic B/, which is obtained
by adding two binary connectives M and LI to the minimal positive relevant logic BT. The
connectives M and U are axiomatised by Dunn’s approach for Gaggle Theory, and can
be seen as weaker versions of intensional conjunction and disjunction. Accordingly, the
semantics for B, is an extension of the well-known relational semantics for B, with
—, MM, U modelled by ternary relations: R; and R, for —, S; for M, and S, for L. The
soundness and completeness of our semantics were proved by adaptations of familiar
methods for relevant logics. Finally, a number of additional axioms and rules were given,
each with the corresponding semantic conditions required for maintaining soundness and
completeness.

In order to construct the canonical model, we defined Ry, Ry, S1,S, as derivatives of
operations @, ®, O, @ on theories and anti-dualtheories, respectively. This technique was
mainly inspired by the operational treatments for — in Fine (1974) and Brady (2003). It
seems that the method can be generalised to n-placed connectives such that an n-placed
connective can be modelled by several n-placed operations. In addition, since an anti-
dualtheory a satisfies AV B € a if and only if 4 € a or B € a, we expect that a method
for using anti-dualtheories to model V canonically can be developed, just as with theories
for A. Then it turns out that A and V can be dealt with separately without regard to
distribution. Based on the above notions, we will investigate operational semantics for
various logics with or without distribution. The further work will be presented in other
papers.
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