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Characteristics of singular stress field around an interface free edge between elastic
and elastic-plastic materials, especially for the ceramic/metal joints with a interlayer
were investigated theoretically. Finite element simulations have also been conducted
to accomplish the quantitative examinations of the theoretical results. Elastic/linear
hardening predictions and elastic/power-law hardening predictions were considered
in the analysis. The simulation results of stress distribution clearly showed that the
singular fields exist around the interface free edge between the elastic and elastic-
plastic materials. Variables separable form functions of stress distribution were
examined around the interface free edge. The availability of the elastic/linear hard-
ening materials interface edge prediction was discussed.

1. INTRODUCTION

Many engineering structures comprise elastic or elastic-plastic materials. For strength evaluations of such
structures as ceramic/metal joints, it is important to clarify characteristics of singular stress fields around
an interface free edge of the joints' ~ &. Analytical studies on the stress singularity around the interface free
edge of elastic/elastic-plastic materials joint have been conducted by many researchers. Duva, Rahman and
Reedy modelized the elastic/power-law hardening plastic materials joint as a power-law hardening plastic
material on a rigid substrate® ~ 13). They conducted the asymptotic analysis similar to the nonlinear
crack problem developed by Hutchinson!* = 16). Xu et al. and Arai et al. independently proposed the
analogy between of the linear hardening materials joint and elastic materials joint!” = 21). The stress
fields around the interface free edge can be expressed by r*~! for a power-law hardening/rigid materials
joint and a power-law hardening materials joint which have the same power index, n?2> 23) where r is
the distance from the interface edge and X is the eigen value. Linear hardening materials joint can be a
special case when the power n = 1 in the latter joint. In many cases ceramic/metal joints which are joined
at some elevated temperature have an interlayer between the ceramics and the metal to reduce thermal
residual stresses. When a power-law hardening material like copper is used as the interlayer, the material
combination between the ceramics and the interlayer results in elastic and power-law hardening materials.
The continuity of displacement and the eq;xilibrium of force on the interface conflicts the dominance of a
separable form singular solution like u; o< 7 f;(8) for the material combination where u; is the displacement
component and f;(8) is the angular function. Applicability of the power-law/rigid materials joint model
to ceramic/metal joints in regard to the interface free edge problem should be examined quantitatively.
However the quantitative simulation based on the experimental results of the characteristics of stress
singularity in ceramic/metal joints especially focusing on the existence of separable form distribution and
the availability of linear hardening approximation in the ceramic side have not been presented.
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In this study characteristics of singular fields around an interface free edge between elastic and elastic-
plastic material joint, especially for the ceramic/metal joints with a interlayer were investigated theoret-
ically. Finite element simulations have also been conducted to accomplish the quantitative examinations
with the theoretical results. Elastic/linear hardening materials interface edge predictions and elastic/power-
law hardening materials interface edge predictions were considered in the analysis. The simulation results
of stress distribution clearly showed that the singular fields exist around the interface free edge between the
elastic and elastic-plastic materials. Separable form functions of stress distribution were examined around
the interface free edge. The availability of the elastic/linear hardening materials interface edge prediction
was discussed.

2. ANALITICAL PROCEDURES

Consider a joint plate shown in Fig. 1(a) which is subjected to bending stress at y = —L — 2¢ with
the maximum bending stress o, = po(oy = B (W — ), 7y, =0 at y = —L — 2t) and uy = 0, 7, = 0 at
y = L. Around an interface free edge, O, in Fig. 1 (a) the continuity of displacement on the interface, the
equilibrium of force on the interface and the stress free condition on the free edge are expressed as follows:

(1] Yo—00 = (uf)g=0e, )
(04000 = (1] )o=00, (2)
(0);)o=000 = (01 Jg=—900 =0, (3)

where, i = r or §, ij = 00 or 8r, oj; denotes stress component. The stusscb displacements and material
properties of the material 1 are referred to with a superscript “I”(e. g., o, €L, v, etc), while those of

T
the material 2, with a superscript “II” (o Crrs e{{, v ete).

T}

2.1 Elastic singularity
The near interface free edge stress fields for the joint plate in elastic stress state can be expressed as
follows? — 6): 20), 21);

= k(1) o), @

r A-1
o =mk(5)" FRON), )

where X is an eigen value, t is a characteristic length of the joined plates in this large aspect ratio?®, k is
a stress intensity factor with ¢, and F/}(6; )\) is determined by Fji(6 = 0;\) = 1%, @™(6; A) is the angula,r
function for the displacement component, u®

The eigenvalues, A, is a root of the following equation:

N(AZ - l)oz2 + 2A?[sin? ("7) - Aap

6
+[sin?(Z) — X282 + sin? (%) cos? () = 0, ©)
where o and § are Dundurs’s composite parameters?%,
(&l +1) = (s +1) )
Tkl + D) +sT+17
Nl —1) — (xTT -1
T 1) - (1) .

I+ +sll+1"

m

where T = G,I, G™ and V™ are shear modulus and Poisson’s ratio, respectively, ™ is 3 — 40™ for plane

strain and 2 ey + ~ for plane stress.
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(a) (b)
Fig. 1 (a) Elastic-plastic (material 1) and elastic (material 2) materials joint, (b) elastic-plastic material
(material 1) bonded to rigid substrate, subjected to remote bending.

2.2 Singularity around an interface free edge of linear hardening elastic-plastic materials
According to the deformation theory, the stress-strain relations for linear hardening materials are given
by the following equations2®):

1 sm
el = E—m—{(l +v™)of — Vma,'c',lctsij} +w™(1 - p)#, 9)
1
sy =05 — gUchnk‘Sij» (10)

where w™ is a hardening constant, p is unity before yielding and zero after yielding, s} is the deviatoric
stress, E™ is the Young’s modulus. A summation convention on the subscripts is assumed. By comparing
the elastic and linear hardening constitutive equations for plane stress or plane strain conditions, it is
apparent that the solution of the linear hardening problem is equivalent to the solution of the elastic

problem!®| with the elastic properties, v™ and I replaced by 7™ and I, defined below,

1
_ 7 +2§wm7 (11)

-

_ 1+ 2,
F:r(——li,”,—). (12)
1+ -2

T+

The index of the singularity for the linear hardening materials joint can be calculated from equations (6),
(7) and (8) with the elastic properties, »™ and I replaced by ™ and I'. When the material 2 is elastic, we
can set w!! = 0. If we set w! — oo, low hardening material {material 1) is perfectly plastic. In this case,

if we set ¥/ = 0.5 and I' — oo, then we have A = 0.595. When the material 2 is rigid, we set I' — co. In
this case, if we set v = 0.3, @ = 1.0 and 8 = 0.2857, then we have A = 0.71.
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2.3 Singularity around an interface free edge of power-law hardening elastic-plastic materials
According to the deformation theory, the stress-strain relations for power-law hardening materials are

given by following equations!®):
em om m 3 my n"—1 gm
LY A (1 + Um)_l_]_ — I/moﬁéij + o™ (d_e) i, (13)
&0 ap [e11) 2 (o1} op
oyt = 55?}3%‘, (14)

where (0p, £9) is a reference point in the stress-strain relation.

According to Hutchinson’s asymptotic nonlinear crack solution in homogeneous material'®), we introduce
an Airy stress function as follows:

@™ = AT (6) + 6™ (r, ), (15)

where A™ is a constant, f™(0) is an angular function and ¢™(r, 8) is a higher order or non-variable separable
function of 7 and 6. From the Airy stress function the following expressions for displacements and stresses
are derived??):

uft = "D ) 4 G (r, ), (16)

off =" LG (0) + 67H(r, 6), a7

where 4*(r, ) and 67}(r,0) are the higher order or non-variable separable functions of  and 6 for displace-
ment and stress. The continuity conditions of displacement and the equilibrium of force on the interface

between the power-law hardening materials with different power index, n/ and nf/, can be expressed as
follows:

P YDHE](0 = 0) + af(r,0 = 0) =N UG (g < 0) 4 al (r,0 = 0), (18)

X el (0= 0) + 65,6 = 0) = " 150 = 0) + 61/ (r,0 = 0). (19)

If material 2 is elastic, n/! is set to be 1. When r — 0, i. e., the variable separable form functions are

dominant, it is impossible to satisfy both conditions of the continuity of displacement and the equilibrium
of force on the interface because the power of r in the displacement continuity (equation (18)) depends on
the material constants, n’ and n!/, but the one in the equilibrium of force (equation (19)) does not.

In this paper, the following special cases are examined:

Case (1) M =1 = ),

Case (2) n/(M — 1) = oI I(NT — 1),

Case (1) means the power of r for the variable separable function of stresses is common to that of the
joined materials (material 1 and 2).

ut = A D gm gy 4 a(r, 0), (20)

o} = r)‘_lr}g?(e) + &5 (r, 9). (21)
In this case, the conditions of the continuity of displacement and the equilibrium of force on the interface
between the power-law hardening materials with different n™ can be expressed as follows:

! O=DHg(9 = 0) + 2l (r, 6 = 0) = ' O-VHGI (9 = 0) + 4l (r,0 = 0), (22)

1

156 = 0) +6L(r,0 = 0) = r* 151 (0 = 0) + 61 (r,0 = 0). (23)

Assuming @//(0 = 0) # 0 and dividing the equation of displacement continuity by r"l("“l)+1ﬁ{1(0 = 0),
we have the following equation:
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al(0 =0)

T oe1)—1 8 (8 =0) =@ (0 =0)  i_nyoo 1)
afl(6=0)

+r 11”(0:0) =r (24)

As the material 1 is assumed to be low hardemng materlal Il —n! < 0. Existing a stress singularity gives
A —1 < 0 according to equation {21). Then (n/f —nf)(A~ 1) > 0, the right-hand side of the above equation
goes to zero when r — 0. To ensure the contmulty of dlsplacement on the interface the left-hand side of
equation (24) also should go to zero. However the first term does not depend on r so the term must be
zero identically. This means that @ (6 = 0) = 0 is a necessary condition for the continuity of displacement
on the interface when r — 0. The stress and displacement fields in the low hardening material (material 1)
are controlled by the boundary condition which is the same as the one of an elastic-plastic material on the
rigid substrate. The index of singularity, ), can be determined using the boundary condition, (u)g—go = 0
and (0 Jg=g0c = 0. The stress field in the high hardening material (material 2) could also be controlled by
the 1ndex through the equilibrium of force on the interface (equation (23)) when » — 0. This formulation
suggests that the index of singularity around the interface free edge between the elastic and elastic-plastic
materials does not depend on the elastic properties of the elastic material (material 2).

Case (2) means the power of r in the variable separable form function of displacements is common to
that of the joined materials (material 1 and 2). The conditions of the continuity of displacement and the
equilibrium of force on the interface between the power-law hardening materials with different n™ can be
expressed as follows:

P N =DH15Tg = 0) 4 4l (r, 0 = 0) = ' N DG (9 = 0) 4+ @l (r,0 = 0), 25
1 1 % T

1510 = 0) + 61(r,0 = 0) =" 51 (0 = 0) + 6]/ (r,0 = 0). (26)

Assuming &/ (9 = 0) # 0, and dividing the equilibrium of force on the interface by r* M-1g all ;(0=0), we
have the followmg equation:

= — — AII
7;]](0_0) +r A1 z]( 0 7?1) ( 0_0) :7“)‘”_)‘1,
i (6=10) i (9=0)

(27)

From n! > nfl and nf (M — 1) = nII(A — 1), it is obvious that AT — X\ > 0 gives the right hand side of
the equation (27) goes to zero when r — 0. The similar discussion to Case (1) gives 7; (9 =0)=0isa
necessary condition for the equilibrium of force on the interface when 7 — 0. This means that the stress
and displacement fields in the low hardening material (material 1) should satisfy the condition of 90° apex
with stress free edge condition. In Case (2) condition no singularity occurs.

The assumptions of Case (1) and Case (2) are examined by evaluating of stress and displacement fields
obtained by the numerical calculations for a model material combination. The results of numerical calcu-
lations are compared to experimental results to verify the reliability.

2.4 NUMERICAL CALCULATIONS

The stress fields were calculated numerically by using elastoplastic finite element method. In Fig. 1,
material 1 was assumed to be one of three material models, i. e., elastic; elastic linear-hardening plastic
with yield strength, O'}I,s, and hardening constant, w!; or elastic power-law hardening plastic with yield
strength, o), and hardening constant, o’ and n'. Material 2 was assumed to be elastic (Fig. 1 (a)) or
rigid (Fig. 1 (b)). Plane strain 8 nodes isoparametric elements were used. As shown in Fig. 2, finite
element meshes were divided into 30 in the near edge area, 0 < r/t < 0.1, along radial axis. The length of
elements along radial axis varies as follows:

li_1
0.9’

where [; is a radial length of i-th element. The minimum length of elemeuts, ly/¢, is 1072, For circumferential
direction meshes are divided into 20 by equal angle. The total number of elements is 2044 and the total
number of nodes is 6307.

I = i=1,2,..30, (28)
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(a) Mesh division of whole model (b) Mesh division near interface edge

Fig. 2 Mesh division

Table 1 Mechanical properties of joined materials
(a) Elastic properties
(a-l) Si3N4/Cu/SUS304
Material 1 | Material 2 | Material 3
E[GPa] 108 304 197

v 0.33 0.27 0.30

(a-2) SizgNyx10/Cu/SUS304 or SigN4x100/Cu/SUS304
Material 1 Material 2 Material 3
E[GPa] 108 3040 or 30400 197

v 0.33 0.27 0.30

(b) Plastic properties of material 1
(b-1) Power-law hardening

ols [MPa] | 50
n! 2.4
of 10.1

(b-2) Linear hardening law
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ol [MPa] | 50
w! 231

The model joint calculated in this study is a ceramic/metal joint with an interlayer such that SizNy as
the ceramic, SUS304 as the metal and Cu as the interlayer?®.

The joint was selected for the comparison of our numerical results to the experimental results obtained
by a laser moiré interferometry. The mechanical properties of each materials are listed in Table 1 and the
hardening property of Cu experimentally measured is shown in Fig. 3 as well as the relations modelized by
the power-law and linear hardening law. The dimensions of the model joint were 2W = 3mm, L = 5mm
and 2t = 0.4mm. The external bending stress was o = 273MPa which is large enough to develop a fully
plastic zone in the elastic-plastic material. As listed in Table 1 (a-2) ideal material combination (the
Young’s modulus of material 2 is 10 or 100 times the one of SigNy) were also calculated and the results
were discussed.

3. RESULTS AND DISCUSSIONS

The distribution of displacement components, u, and ug, along the # direction when r = 0.00lmmn is
shown in Fig. 4. The amplitude of displacement distribution along ¢ in the clastic material (6 > 0, material
2) is significantly small compared with the one in the elastic-plastic material (§ < 0, material 1). From
the displacement distribution in Fig. 4 one can confirm the logical result of the Case (1) which insists the
displacement fields in the low hardening material (material 1) approach to the one in the elastic-plastic
material on the rigid substrate when r — 0.

Table 2 Comparison of index of singularity, .

Elastic /elastic 0.92
Elastic /linear hardening(I’ — oo) 0.71
Elastic /linear hardening(w’ — o) 0.60
Rigid/power-law hardening (Duva) 0.76
Rigid/power-law hardening (Rahman et al.) 0.75
SizN4/Cu/SUS304 Rigid/Cu/SUS304
0 (deg.) 90° | ©0° -90° -90°
or 0.76 | 0.76 0.75 0.75
Uy - - - 0.76
ug - - - 0.74
6 (deg.) 45° | 0° -45° -45°
o) 0.73 1 0.72 0.70 0.70
) 0.73 1 0.75 0.70 0.70
SizNgx10/Cu/SUS304 | SigN4x100/Cu/SUS304
6 (deg.) 90° | 0° -90° 90° | 0° -90°
or 0.76 | 0.76 0.73 0.76 | 0.76 0.73
6 (deg.) 45° | O° -45° 45° | 0° -45°
lof 0.73 | 0.72 0.70 0.73 | 0.72 0.70
Trg 0.73 | 0.75 0.70 0.73 | 0.75 0.72

The distribution of stress components, oy, ogg and oy, along the r direction are shown in Fig. 5, 6 and
7, respectively. The slopes of log - log plot seem to be identical for all stress components when r — 0
(r < 1072 mm) regardless of §. These results imply that the power of r for the separable function of stresses
is common to that of the joined materials which is the assumption of Case (1). The magnitude of the slope
of finite element results for Si3sN4/Cu/SUS304 joint is almost the same as the one for Rigid/Cu/SUS304
joint. The stress field in the more hardening material (# = 89°, material 2) is also controlled by the index
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of singularity for the rigid/elastic-plastic material interface free edge through the equilibrium of force on
the interface as discussed in Case (1) of section 2.3. Two predictions based on the linear hardening theory,
the case of perfectly plastic material 1 (w’ —Infinity) and the case of the rigid material 2 (I' —Infinity)
give reasonable values of slope compared to the finite element simulations. These prediction methods
using equation (6) - (8), (11) and (12) are valid and more convenient than the time consuming numerical
elasto-plastic calculations.

The index of the stress singularity, A, obtained by the numerical simulations as well as the linear hard-
ening theory and the nonlinear asymptotic solution(after Duva and Rahman et al 9> 1 Y are listed in
Table 2. X for the elastic/elastic-plastic materials joint by the present study (“SizgN4/Cu/SUS304” in
the table) agree well with the one of the rigid/elastic-plastic materials joint by the finite element re-
sults(“Rigid/Cu/SUS304” in the table) and the reference results (“Duva” and “Rahman et al.” in the
table).

These results imply that the stress and displacement fields around the interface free edge of the elastic/elastic-
plastic materials joint can be described by the singular fields of an elastic-plastic material on the rigid
substrate. The index of singularity, A, can be determined using the boundary condition (uf)g—¢e = 0 and
(ain)g:goo = 0. Calculated X by the finite element results(“Rigid/Cu/SUS304” in the table) reproduced
the nonlinear asymptotic solution(after Duva and Rahman et al.) which ensure the numerical accuracy of
the present study. The index of the stress singularity for the elastic/elastic-plastic materials joint is smaller
than the one in case of the elastic analysis (“Elastic/elastic” in the table).

Table 3 Variations of normalized stress distribution along 6 direction (SizN4/Cu/SUS304).
Power law hardening | Linear hardening

or | Og | Trg | Or | O Trg
Elastic % | 2 4 9 |10 8 18
E-P % 12 8 |22 |12 3 31

The smaller A gives larger stress concentrations similar to the one generated by cracks (A = 0.5). “SizNyx
10/Cu/SUS304” and “SigN4 x 100/Cu/SUS304” in the table listed the results when the Young’s modulus
of the elastic material (material 2) is 10 times or 100 times the value of Si3N4. These results demonstrate
that the index of singularity does not depend on the Young’s modulus of the elastic material joined with
the elastic-plastic material.

The distribution of stress components, o, 0gg and oy, along the @ direction at various points of r is
shown in Fig. 8, 9 and 10. The stress values are normalized by the maximum value or the value on the
interface. The normalized distributions of stresses at various r lie on almost identical curve, which means
the separable form distribution is dominant for the r range (0.01 < r < 0.1)mm. The linear hardening
prediction (w! = 231, bold line) shows better agreement with the numerical results than the distribution
based on the elastic analysis (thin line). The maximum variation in percentage of each distribution of
normalized stresses at various 7 are listed in Table 3. The variations in the elastic material side of the
elastic/elastic-plastic materials joint are smaller than the one in the elastic-plastic material.

The comparison of stress distribution along r direction in the elastic material side (6 = 90°) for
SizgN4/Cu/SUS304 joint between experimental results and numerical results is shown in Fig. 1128), The
present numerical simulations (“Linear hardening, w = 231” and “Power-law hardening, n = 2.40” in Fig.
11) give reasonable agreement with the experimentally measured stress distribution. This result ensures
that the stress concentration near the interface free edge of model joint (SizN4/Cu/SUS304) calculated in
this study is a realistic phenomena in the engineering applications.

The experimentally measured slope values of the log u, - log y relations, X (see equation (4)), was close
to unity in the region far from the SizN4/Cu interface and decreased with decreasing y at the external
stress of 273MPa as shown in Fig. 12. The X approached to a value between 0.6~0.7 in y < 0.1lmm. This
magnitude of A was smaller than the one for the elastic/elastic materials interface edge(“Elastic Prediction”
in Fig. 12). The elastic/linear hardening material interface theory (“Linear hardening, w = 231” in Fig.
12) and the power-law hardening/rigid material interface theory(“Power-law, n=2.40" in Fig. 12) can
predict smaller A compared with the elastic material interface theory.
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It is supposed that the high stress concentration around the SigN4/Cu interface free edge is due to the
difference in the effective stiffness of the plastically deforming Cu and the elastic Si3N4. Two predictions
state in which the plastic strain is dominant, while the finite element results of X are
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4. CONCLUSIONS

(1) The angular function of separable form term in the displacement ficlds should be zero at § = 0 is a
necessary condition for the continuity of displacement on the interface when r — 0 around the interface
free edge of the elastic/elastic-plastic materials. The stress and displacement fields in the elastic-plastic
material are controlled by the boundary condition which is the same as the one of an elastic-plastic material
on the rigid substrate. The stress fields in the elastic material are also controlled by the index through the
equilibrium of force on the interface.

(2) The index of singularity around the interface free edge of the elastic/elastic-plastic materials joint
does not depend on the elastic properties of the elastic material.

(3) The slope of the log - log plot between the displacement u, and the coordinate y in SigNy side far
from the SigN4/Cu interface approached to unity which is the slope in the homogeneous case. The slope
decreased with decreasing the coordinate y in the log uy - log y relations. The slope was in between A = 0.6
and A = 0.7 for y < 0.2mm. This slope is smaller than the predicted valuc using elastic/elastic materials
interface edge theory which is calculated from the elastic modulus of SizN; and Cu.

(4) The linear hardening interface theory and the power-law hardening/rigid interface theory can predict
the smaller A compared with the elastic interface theory. It is supposed that the high stress concentration
around the SizN4/Cu interface edge is due to the difference in the effective stiffness of the plastically
deforming Cu and the elastic SigNy.
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