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Local conditional Lyapunov exponents are introduced and plotted in dynamical phase space to visualize the
local susceptibility of the Lorenz system driven by chaos and noise signals when the system produces consis-
tent response outputs. The dependence of the distribution of the local conditional Lyapunov exponent on
changes in the drive signal is investigated. We consider the existence of multiple basins of consistent response
for the same drive signal and the dependence of the basins on the drive signal.

DOI: 10.1103/PhysRevE.78.036203 PACS number�s�: 05.45.Pq, 05.45.Xt, 05.40.Ca

I. INTRODUCTION

The dynamical response of complex structures ranging
from biomolecules to the Millennium Bridge �1� to complex
drive waveforms is an important issue for science and engi-
neering. Analysis of dynamical responses can provide a
means for noninvasive testing and evaluation of the integrity
of structures and changes due to damage or aging �2,3�. This
approach may be extended to characterize the behavior of
systems with complex internal dynamics, such as electronic
circuits, laser systems, musical instruments, and even brains.
However, characterizing the responses of nonlinear dynami-
cal systems with complex dynamics presents many chal-
lenges. It may appear at first that the wide variety of possible
responses for a system with complex dynamics would make
this task hopeless. On the other hand, a system as complex as
the brain can have responses with various degrees of repro-
ducibility and consistency �4� when subjected to repeated
inputs of information and stimulation.

Pecora and Carroll �5� analyzed the stability of the re-
sponse of a dynamical system to a drive signal through
evaluation of the conditional Lyapunov exponent, condi-
tioned on the drive signal. In their examples, the drive wave-
forms were generated by low dimensional chaotic system,
and the drive and response systems displayed identical syn-
chronization �6�. The more general case of stable synchro-
nized response where drive and response waveforms are not
identical has been referred to as generalized synchronization
�7�. The condition of generalized synchronization corre-
sponds to the condition for identical synchronization of two
replica auxiliary systems driven by the same input signal. In
the last decade, many studies have extended the drive signals
to include noisy waveforms �8,9�, which are very high di-
mensional. Recent research on coherence resonance has in-
cluded experiments on colored-noise driven excitable sys-
tems �10�. We also note that the concept of reliability has
been used to describe the timing consistency of the evoked
spike-sequences of rat cortical neurons in response to re-
peated presentations of the same noise waveform �11�.

In this paper, we propose a method for visualizing local
susceptibility of a driven complex system on the phase space
by introducing the local conditional Lyapunov exponents
�LCLE� �13�. The response of nonlinear dynamical systems
to a complex drive signal depends critically on both the drive
waveform and the stability of the dynamical systems. The
measure of LCLE provides us the visualization of local sta-
bility of the driven attractor, which may be useful to design a
proper drive signal to control or enhance consistency. We use
the chaotic Lorenz model �12� driven by chaotic and colored-
noise signals for consistency. We investigate the dependence
of the local conditional Lyapunov exponent on the drive sig-
nal and the existence of multiple basins of consistency de-
pending on the strength of the drive signal.

II. SIMULATION

A. Consistency measure

Consider a dynamical system given by dX�t� /dt
=F(X�t� ,S�t�), where X is the state variables of the response
system, S is the drive signal, and F is a nonlinear function.
We consider one of the observable state variables x�t�. The
consistency C can be measured as the average correlation
between responses for a set of response system initial condi-
tions �4�,

C =
2

N�N − 1��i=1
N

�
j=1�j�i�

N � ��x„t;Xi�0�… − x̄i��x„t;Xj�0�…−x̄j��
�i� j

	,
�1�

where x(t ;Xi�0�) and x(t ;Xj�0�) are variables x�t� starting
from different initial conditions of Xi�0� and Xj�0�, x̄i and x̄j
are the mean values of the two time series of x(t ;Xi�0�) and
x(t ;Xj�0�), and �i and � j are the standard deviations of the
two time series. The angular brackets denote time averaging.

We use the Lorenz model �12� with an additive drive for
the y variable, dy /dt=−xz+rx−y+Ds�t�, where the drive
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FIG. 1. �Color online� �a�,�b� Temporal waveforms of the x vari-
able of the driven Lorenz model starting from ten different initial
conditions. �a� Chaos drive and �b� colored noise drive. �=10, r
=28, and b=8 /3 are often used for the Lorenz model to observe
chaotic behaviors without a drive signal. y variable of the Lorenz
model is additively driven by a Lorenz chaos and a colored noise
signal with a correlation time �c=0.2. The drive strengths are �a�
D=15 and �b� D=70, respectively.
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FIG. 2. �Color online� �a�,�b� The consistency C �black solid
curve�, the conditional Lyapunov exponent �c �blue dashed curve�,
and the Lyapunov exponent � �red dotted line� as a function of
drive strength D. �a� Chaos drive and �b� colored noise drive.

FIG. 3. �Color online� The driven butterfly. �a� No drive, �b�
chaos drive �D=15�, and �c� colored noise drive �D=70�. The color
indicates the local conditional Lyapunov exponent plotted on the
trajectory in the x-z plane of the phase space. Expansion ��lc�0,
red� and contraction ��lc�0, blue� regions are observed at the lower
and upper parts of the attractor along the z axis, respectively. See
also supplementary movies for a three-dimensional plot of LCLE in
EPAPS �15�.
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signal s�t� is multiplied by the coefficient of drive strength
D. Two examples of s�t� are �i� y variable of the Lorenz
chaos generated from the basic model and �ii� an exponen-
tially correlated colored noise waveform generated using an
Ornstein-Uhlenbeck process �14� with a correlation time �c
=0.2. The temporal waveforms of response signals of the x
variable starting from ten different initial conditions are
shown in Figs. 1�a� and 1�b� for the chaos and colored-noise
drive signals. It can be seen that the waveforms of the re-
sponses converge after a short transient. We calculated the
consistency measure C of Eq. �1� for an ensemble of initial
states randomly selected on the unperturbed Lorenz butterfly.
Figures 2�a� and 2�b� show the asymptotic value of C as a
function of the drive strength D for the Lorenz chaos and
colored-noise drive signals. C increases and reaches 1 as D is
increased for both chaos and colored-nose drive signals.

To calculate the conditional Lyapunov exponent, we begin
with the linearized equations of d��t� /dt=DXF(��t� ,X�t�),
where � are the linearized variables of X, and DXF is the
Jacobian matrix with respect to X �not including S�. The
conditional Lyapunov exponent �c for consistency is defined
as

�c = lim
T→�

1

T
log


��T�


��0�


, �2�

where 
�
 is the norm of the linearized variables. We only
consider the maximal value of the conditional Lyapunov ex-
ponent for simplicity. We calculated �c and plotted it as a
function of the drive strength D in Figs. 2�a� and 2�b�. It can
be seen that the onset of consistency �C=1� corresponds to a
negative value of the maximum conditional Lyapunov expo-
nent, which indicates that close trajectories tend to converge
on the average when the system is driven strongly enough.

For comparison, we also calculated the usual Lyapunov
exponent � by using the linearized equations of the whole
drive-response system for the chaos-driven Lorenz model;
d��t� /dt=DX,SF(��t� ,X�t� ,S�t�), where � are the linearized
variables of both X and S, and DX,SF is the Jacobian matrix
with respect to both X and S. � cannot be calculated for
noise-driven systems because of infinite dimensionality of
the noise drive signal S�t�. � is plotted as a function of the
drive strength D as shown in Fig. 2�a�. It is worth noting that
the measure of consistency �c is different from the measure
of chaoticity � in the presence of drive signals. At large drive

FIG. 4. �Color online� �a�
Three-dimensional picture of the
distribution of local conditional
Lyapunov exponent �lc as a func-
tion of colored-noise drive
strength D. �b�–�d� Distribution of
�lc at constant drive strengths. �b�
D=0, �c� D=60, and �d� D=120.
The conditional Lyapunov expo-
nent �c is obtained from the aver-
age of the distribution of �lc: �b�
�c=0.905, �c� �c=−0.110, and �d�
�c=−1.507.

LOCAL CONDITIONAL LYAPUNOV EXPONENT… PHYSICAL REVIEW E 78, 036203 �2008�

036203-3



strengths, consistent behavior can be observed ��c�0� even
for a chaotic motion ���0�.

B. Local conditional Lyapunov exponent

In order to visualize the convergence behavior locally in
time and space, we introduce the local conditional Lyapunov
exponent �LCLE�,

�lc�t� =
1

�t
log


��t + �t�


��t�


, �3�

where �t is a finite time corresponding to the time step of the
numerical calculation. ��t� is calculated along the trajectory
of the response system, which is influenced by the time-
dependent drive signal. 
��t�
 is normalized at each step of
numerical integration so that the vector ��t� stays a unit vec-
tor. It is important to maintain the direction of the vector ��t�
to incorporate the influence of the time-dependent trajectory
in the phase space.

We plotted �lc on the trajectory of the Lorenz “butterfly”
attractor on the x-z plane of the phase space. Figure 3�a�
shows �lc before a drive signal is added. Figures 3�b� and
3�c� show �lc for a response driven by a Lorenz chaos and a
colored noise drive signal, respectively. Strong expansion re-
gions ��lc�0� are distributed at the lower part of the attrac-
tor along the z axis �red�, and strong contraction regions
��lc�0� are located at the upper part of the attractor along
the z axis �blue�. The contraction regions show the locations
on the attractor where the system is more easily susceptible
to breakdown of consistency due to perturbative noise. Com-
paring Figs. 3�a�–3�c�, it can be seen how the distribution of
converging and diverging dynamics can depend on the drive
signal. Zhou and Kurths discussed contraction regions in the
driven butterfly in the context of synchronization �9� using a
definition of contraction region based on the Jacobian matrix
of the response system, rather than the LCLE. This approach
does not incorporate the dependence of the convergence on
the time-dependent nature of the drive signal.

We show the change in shape of the distribution of �lc
values for a response driven by a colored-noise drive signal
with increase of drive strength D in Fig. 4�a�. The distribu-
tions of �lc at constant drive strengths D=0, 60, and 120 are
shown in Figs. 4�b�–4�d�. These figures correspond to the
average values of �c=0.905, −0.110, and −1.507, respec-
tively. The shape of the distribution shifts toward negative
values of �lc with increase of drive strength. However, the
position of the main peak, corresponding to weak contrac-
tions, does not change, and the onset of consistency does not
require a drastic shift of the whole distribution to the nega-
tive side.

C. Multiple basins of consistency

As a final point of discussion, we note that the LCLE
measures the convergence of close trajectories, and does not
guarantee the convergence of trajectories from arbitrary po-
sitions in the phase space. A response system could have
multiple basins, which could be more than one response at-
tractor. An example is the case of r=13, where the Lorenz

system has two fixed points without a drive signal. When we
drive the x variable with a colored-noise signal of small drive
strength, D=10 �and �c=2.0�, we can obtain two types of
response trajectories for the same drive signal depending on
the initial conditions. Figure 5�a� shows two separate re-
sponse trajectories �black curves� located near the original
fixed points on the x-y plane of the phase space. The color
code shows the probability of converging into the consistent
trajectory in one of the two basins for a set of colored-noise
drive signals �ten different temporal waveforms�. The basins
of convergence for each of the two possible responses are
shown in red �dark gray� and yellow �white�. Each of these

FIG. 5. �Color online� �a� Multiple basins of consistency at D
=10. Black lines show attracting trajectories that correspond to lo-
cally consistent responses. Color indicates the probability of con-
verging into a trajectory in the basin 1, plotted on the x-y plane of
the three-dimensional phase space at z=12. Red �dark gray� corre-
sponds to the basin 1 and yellow �white� corresponds to the basin 2.
�b� Single basin of consistency at D=30. Black line indicates the
consistent trajectory. Red �dark gray� indicates the basin 1. The
Lorenz model has two fixed points without a drive signal �r=13�. x
variable of the Lorenz model is additively driven by a colored-noise
signal with a correlation time �c=2.0.
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responses can be seen to be locally consistent in the sense
that trajectories starting in the same basin converge after
transients. The boundary of the two basins depends on the
drive signal. This example shows that the ensemble of initial
states is significant for the evaluation of consistency mea-
sures as defined in Eq. �1�. When the drive strength is in-
creased to D=30, the amplitudes of the two attracting re-
sponse trajectories become larger and merge together. For
large drive strengths, there exists only one attracting re-
sponse trajectory and a single basin of consistency for all
initial conditions, as shown in Fig. 5�b�.

III. CONCLUSION

An insight into the consistency of the response of a driven
system is provided when we compute and plot the LCLE in
the phase space, which allows us to visualize contraction and
expansion regions on the driven chaotic attractors. We ob-
serve the change in the distribution of the LCLE as the drive
signal strength is increased. We also found the multiple ba-
sins of consistency, where the Lorenz system exhibits more

than one type of response with respect to the same drive
signal, and yet is still consistent in the local sense that the
system converges to the same response for large sets of ini-
tial states. We expect that the introduction of LCLE in driven
nonlinear dynamical systems with consistent behaviors will
be useful for analyzing and understanding drive-response
characteristics of complex systems in science and engineer-
ing.

ACKNOWLEDGMENTS

We thank Stefano Boccaletti, Ingo Fischer, Jürgen Kurths,
Claudio Mirasso, Hiroya Nakao, Lou Pecora, and Arkady
Pikovsky for helpful comments and criticism. We thank
Yoshinobu Tonomura, Naonori Ueda, Shoji Makino, and Ma-
sato Miyoshi for their support and encouragement. A.U.
gratefully acknowledges support from NTT Corporation, the
Support Center for Advanced Telecommunications Technol-
ogy Research, and Grants-in-Aid for Scientific Research
from the Japan Society for the Promotion of Science. R.R.
gratefully acknowledges travel support from NTT Corpora-
tion for this collaboration.

�1� S. H. Strogatz, D. M. Abrams, A. McRobie, B. Eckhardt, and
E. Ott, Nature 438, 43 �2005�.

�2� L. Moniz, T. Carroll, L. Pecora, and M. Todd, Phys. Rev. E 68,
036215 �2003�.

�3� H. Daido and K. Nakanishi, Phys. Rev. Lett. 93, 104101
�2004�; Phys. Rev. E 75, 056206 �2007�.

�4� A. Uchida, R. McAllister, and R. Roy, Phys. Rev. Lett. 93,
244102 �2004�.

�5� L. M. Pecora and T. L. Carroll, Phys. Rev. A 44, 2374 �1991�.
�6� L. M. Pecora and T. L. Carroll, Phys. Rev. Lett. 64, 821

�1990�; A. Pikovsky, M. Rosenblum, and J. Kurths, Synchro-
nization �Cambridge University Press, Cambridge, UK, 2001�;
S. Boccaletti, J. Kurths, G. Osipov, D. L. Valladares, and C. S.
Zhou, Phys. Rep. 366, 1 �2002�.

�7� N. F. Rulkov, M. M. Sushchik, L. S. Tsimring, and H. D. I.
Abarbanel, Phys. Rev. E 51, 980 �1995�; H. D. I. Abarbanel,
N. F. Rulkov, and M. M. Sushchik, ibid. 53, 4528 �1996�; L.
Kocarev and U. Parlitz, Phys. Rev. Lett. 76, 1816 �1996�.

�8� A. Maritan and J. R. Banavar, Phys. Rev. Lett. 72, 1451
�1994�; A. S. Pikovsky, ibid. 73, 2931 �1994�; C.-H. Lai and
C. Zhou, Europhys. Lett. 43, 376 �1998�; R. Toral, C. R.

Mirasso, E. Hernández-García, and O. Piro, Chaos 11, 665
�2001�.

�9� C. Zhou and J. Kurths, Phys. Rev. Lett. 88, 230602 �2002�.
�10� A. S. Pikovsky and J. Kurths, Phys. Rev. Lett. 78, 775 �1997�;

J. Bragard, E. Montbrio, C. Mendoza, S. Boccaletti, and B.
Blasius, Phys. Rev. E 71, 025201�R� �2005�; V. Beato, I.
Sendina-Nadal, I. Gerdes, and H. Engel, ibid. 71, 035204�R�
�2005�.

�11� Z. F. Mainen and T. J. Sejnowski, Science 268, 1503 �1995�.
�12� E. N. Lorenz, J. Atmos. Sci. 20, 130 �1963�; E. N. Lorenz, The

Essence of Chaos �University of Washington Press, Seattle,
1993�.

�13� A. Witt, A. Neiman, and J. Kurths, Phys. Rev. E 55, 5050
�1997�; C. Ziehmann, L. A. Smith, and J. Kurths, Phys. Lett. A
271, 237 �2000�.

�14� R. F. Fox, I. R. Gatland, R. Roy, and G. Vemuri, Phys. Rev. A
38, 5938 �1988�.

�15� See EPAPS Document No. E-PLEEE8-78-001809 for a three-
dimensional plot of the local conditional Lyapunov exponents.
For more information on EPAPS, see http://www.aip.org/
pubservs/epaps.html.

LOCAL CONDITIONAL LYAPUNOV EXPONENT… PHYSICAL REVIEW E 78, 036203 �2008�

036203-5


