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Abstract

We analyze a gauge-Higgs unification model which is based on a gauge theory defined
on a six-dimensional spacetime with an S2 extra-space. We impose a symmetry
condition for a gauge field and non-trivial boundary conditions of the S2. We provide
the scheme for constructing a four-dimensional theory from the six-dimensional
gauge theory under these conditions. We then construct a concrete model based on
an SO(12) gauge theory with fermions which lie in a 32 representation of SO(12),
under the scheme. This model leads to a Standard-Model(-like) gauge theory which
has gauge symmetry SU(3) × SU(2)L × U(1)Y (× U(1)2) and one generation of SM
fermions, in four-dimensions. The Higgs sector of the model is also analyzed, and
it is shown that the electroweak symmetry breaking and the prediction of W-boson
and Higgs-boson masses are obtained.
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1 Introduction

The Higgs sector of the Standard Model (SM) plays an essential role in the
mechanism of spontaneous breaking of the gauge symmetry from SU(3)C ×
SU(2)L × U(1)Y down to SU(3)C × U(1)EM , giving masses to the elementary
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particles. The SM, however, does not address even the most fundamental na-
ture of the Higgs sector, such as the mass of Higgs particles and the Higgs
self-coupling constant. Thus the Higgs sector is not only the last frontier of
the SM, but it will also provide the key clue to the physics beyond the SM.

The gauge-Higgs unification is one of the attractive approaches to the physics
beyond the SM in this regard [1,2,3] (for recent approaches, see Refs. [4,5,6,7,8,9,10,11,12,13,14,15,16,17,18
In this approach, the Higgs particles originate from the extra-dimensional
components of the gauge field of a gauge theory defined on spacetime with
dimensions larger than four. Thus the Higgs sector is embraced into the gauge
interactions in the higher-dimensional spacetime and part of the fundamental
properties of Higgs scalar is determined from the gauge interactions.

We consider a gauge-Higgs unification model based on a gauge theory as de-
fined on the six-dimensional spacetime with the extra-space which has the
structure of two-sphere S2. We can impose on the fields of this gauge theory
the symmetry condition which identifies the gauge transformation as the isom-
etry transformation of S2 as in the coset space dimensional reduction(CSDR)
scheme [1,21,22,23,24] , since the S2 has the coset space structure such as
S2=SU(2)/U(1). We then impose on the gauge field the symmetry in order
to carry out the dimensional reduction of the gauge sector. The dimensional
reduction is explicitly carried out by applying the solution of the symmetry
condition, and a background gauge field is introduced as a part of the solu-
tion of the symmetry condition [1]. We obtain, by the dimensional reduction,
the scalar sector with a potential term which leads to spontaneous symmetry
breaking. The symmetry also restricts the gauge symmetry and the scalar con-
tents originated from extra guage field components in four-dimensions. We,
however, do not impose the symmetry on the fermion of the gauge theory,
in contrast to other CSDR models. We then have massive Kaluza-Klein(KK)
modes of fermion in four-dimensions while gauge and scalar fields have no
massive KK mode, and would obtain a dark-matter candidate. Generally, the
KK modes do not have massless mode because of positive curvature of S2 [25].
We, however, obtain a massless KK mode because of existence of background
gauge field; the fermion components which have the massless mode are deter-
mined by the background gauge field.

Gauge theories with the symmetry condition are well investigated to construct
a model which provide Grand Unified Theory (GUT) in four-dimensions [22,26,27,28,29,30].
No known model, however, reproduced the full particle contents of GUTs. We
generally cannot obtain the Higgs particles which properly break a GUT gauge
symmetry, while one or more generation of fermions and SM Higgs-doublet
could be obtained. We then impose on fields of a six-dimensional theory the
non-trivial boundary conditions of S2 together with the symmetry condition
in order to overcome the difficulty. A GUT gauge symmetry can be broken to
SM gauge symmetry by the non-trivial boundary conditions (for cases with
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orbifold extra-space, see for example [4,5,6,7,8,11,12,16,17,18,31,32]).

In this paper, we analyze the gauge theory defined on the six-dimensional
spacetime which has S2 as extra-space, with the symmetry condition and
non-trivial boundary conditions. The gauge symmetry, scalar contents and
massless fermion contents are determined by the symmetry condition and the
boundary conditions. First, we provide the scheme for constructing a four-
dimensional theory from the six-dimensional gauge theory. We then construct
the model based on SO(12) gauge symmetry and show that SM-Higgs doublet
and one generation of massless fermions are obtained in four-dimensions. We
also find that the electroweak symmetry breaking is realized and Higgs mass
value is predicted by analyzing Higgs sector of the model.

This paper is organized as follows. In sec. 2, we give the scheme for constructing
a four-dimensional theory from a gauge theory on six-dimensional spacetime
which has extra space as two-sphere S2 with the symmetry condition and
non-trivial boundary conditions. In sec. 3, we construct the model based on
SO(12) gauge symmetry. We summarize our results in sec. 4.

2 Six-dimensional gauge theory with extra-space S2 under the sym-
metry condition and non-trivial boundary conditions

In this section, we develop the scheme for constructing a four-dimensional
theory from a gauge theory on six-dimensional spacetime which has extra-
space as two-sphere S2 with the symmetry condition and non-trivial boundary
conditions.

2.1 A Gauge theory on six-dimensional spacetime with S2 extra-space

We begin with a gauge theory with a gauge groupG defined on a six-dimensional
spacetime M6. The spacetime M6 is assumed to be a direct product of the
four-dimensional Minkowski spacetime M4 and two-sphere S2 such that M6 =
M4 ×S2. The two-sphere S2 is a unique two-dimensional coset space, and can
be written as S2 = SU(2)I/U(1)I , where U(1)I is the subgroup of SU(2)I .
This coset space structure of S2 requires that S2 has the isometry group
SU(2)I , and that the group U(1)I is embedded into the group SO(2) which
is a subgroup of the Lorentz group SO(1,5). We denote the coordinate of M6

by XM = (xµ, yθ = θ, yφ = φ), where xµ and {θ, φ} are M4 coordinates and
S2 spherical coordinates, respectively. The spacetime index M runs over µ ∈
{0, 1, 2, 3} and α ∈ {θ, φ}. The metric of M6, denoted by gMN , can be written
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as

gMN =







ηµν 0

0 −gαβ





 , (1)

where ηµν = diag(1,−1,−1,−1) and gαβ = diag(1, sin−2 θ) are metric of M4

and S2 respectively. Notice that we omit the radius R of S2 in this discussion.
We define the vielbein eM

A that connects the metric of M6 and that of the
tangent space of M6, denoted by hAB, as gMN = eA

Me
B
NhAB. Here A = (µ, a),

where a ∈ {4, 5}, is the index for the coordinates of tangent space of M6. The
explicit form of the vielbeins are summarized in the Appendix. We introduce
a gauge field AM(x, y) = (Aµ(x, y), Aα(x, y)), which belongs to the adjoint
representation of the gauge group G, and fermions ψ(x, y), which lies in a
representation F of G. The action of this theory is given by

S =
∫

dx4 sin θdθdφ
(

ψ̄iΓµDµψ + ψ̄iΓaeα
aDαψ − 1

4g2
gMNgKLTr[FMKFNL]

)

,

(2)
where FMN = ∂MAN(X)−∂NAM(X)− [AM(X), AN(X)] is the field strength,
DM is the covariant derivative including spin connection, and ΓA represents
the 6-dimensional Clifford algebra. Here DM and ΓA can be written explicitly
as,

Dµ = ∂µ − Aµ, (3)

Dθ = ∂θ −Aθ, (4)

Dφ = ∂φ − i
Σ3

2
cos θ −Aφ, (5)

Γµ = γµ ⊗ I2, (6)

Γ4 = γ5 ⊗ σ1, (7)

Γ5 = γ5 ⊗ σ2, (8)

where {γµ, γ5} are the 4-dimensional Dirac matrices, σi(i = 1, 2, 3) are Pauli
matrices, Id is d× d identity, and Σ3 is defined as Σ3 = I4 ⊗ σ3.

2.2 The symmetry condition and the boundary conditions

We impose on the gauge field AM(X) the symmetry which connects SU(2)I

isometry transformation on S2 and the gauge transformation on the fields
in order to carry out dimensional reduction, and the non-trivial boundary
conditions of S2 to restrict four-dimensional theory. The symmetry requires
that the SU(2)I coordinate transformation should be compensated by a gauge
transformation [1,21]. The symmetry further leads to the following set of the
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symmetry condition on the fields:

ξβ
i ∂βAµ = ∂αWi + [Wi, Aµ], (9)

ξβ
i ∂βAα + ∂αξ

β
i Aβ = ∂αWi + [Wi, Aα], (10)

where ξα
i is the Killing vectors generating SU(2)I symmetry and Wi are some

fields which generate an infitesimal gauge transformation of G. Here index
i = 1, 2, 3 corresponds to that of SU(2) generators. The explicit forms of ξα

i s
for S2 are:

ξθ
1 = sinφ, ξφ

1 = cot θ cosφ,

ξθ
2 = − cosφ, ξφ

2 = cot θ sinφ,

ξθ
3 = 0, ξφ

3 = −1. (11)

The LHSs of Eq (9,10) are infintesimal isometry SU(2)I transformation and
the RHSs of those are infintesimal gauge transformation.

The non-trivial boundary conditions are defined so as to remain the action
Eq (2) invariant, and are written as

ψ(x, π − θ,−φ) = γ5Pψ(x, θ, φ), (12)

Aµ(x, π − θ,−φ) = PAµ(x, θ, φ)P, (13)

Aθ(x, π − θ,−φ) = −PAθ(x, θ, φ)P, (14)

Aφ(x, π − θ,−φ) = −PAφ(x, θ, φ)P, (15)

ψ(x, θ, φ+ 2π) = P ′ψ(x, θ, φ), (16)

Aµ(x, θ, φ+ 2π) = P ′Aµ(x, θ, φ)P ′, (17)

Aθ(x, θ, φ+ 2π) = P ′Aθ(x, θ, φ)P ′, (18)

Aφ(x, θ, φ+ 2π) = P ′Aφ(x, θ, φ)P ′, (19)

where P (P ′)s act on the representation space of gauge group G and satisfy
P 2 = 1((P ′)2 = 1); we can take element of P (P ′) as ±1.

2.3 The dimensional reduction and a Lagrangian in four-dimensions

The dimensional reduction of gauge sector is explicitly carried out by applying
the solutions of the symmetry condition Eq (9,10). These solutions are given
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by Manton [1] as

Aµ = Aµ(x), (20)

Aθ = −Φ1(x), (21)

Aφ = Φ2(x) sin θ − Φ3 cos θ, (22)

W1 = −Φ3
cosφ

sin θ
, (23)

W2 = −Φ3
sinφ

sin θ
, (24)

W3 = 0, (25)

and satisfy the following constraints:

[Φ3, Aµ] = 0, (26)

[−iΦ3,Φi(x)] = iǫ3ijΦj(x), (27)

where Φ1(x) and Φ2(x) are scalar fields, and −iΦ3 are chosen as generator
of U(1)I . Note that the Φ3 term in Eq. (22) corresponds to the background
gauge field [33]. Substituting the solutions Eq (20)-(22) into AM(X) in action
Eq (2), we can easily integrate coordinates θ and φ in the gauge sector. We
then obtain a four dimensional action as

S
(gauge)
4D =

∫

d4x

(

− 1

4g2
Tr[FµνF

µν(x)]

− 1

2g2
Tr[D′

µΦ1(x)D
′µΦ1(x) +D′

µΦ2(x)D
′µΦ2(x)]

− 1

2g2
Tr[(Φ3 + [Φ1(x),Φ2(x)])(Φ3 + [Φ1(x),Φ2(x)])]

)

,

(28)

where D′
µΦ = ∂µ − [Aµ,Φ]. The fermion sector of four-dimensional action is

obtained by expanding fermions in normal modes of S2 and then integrat-
ing S2 coordinate in six-dimensional action. Thus, the fermions have massive
KK modes which would be a candidate of dark matter. Generally, the KK
modes do not have massless mode because of the positive curvature of S2 [25].
We, however, can show that the fermion components satisfying the following
condition have massless mode:

− iΦ3ψ =
Σ3

2
ψ. (29)

Square mass of the KK modes are eigenvalues of square of extra-dimensional
Dirac-operator −iD̂. In the S2 case, −iD̂ is written as

−iD̂ = −ieαaΓaDα

= −i
[

Σ1(∂θ +
cot θ

2
) + Σ2(

1

sin θ
∂φ + Φ3 cot θ)

]

, (30)
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where Σi = I4 × σi. Square of −iD̂ can be explicitly calculated:

(−iD̂)2 = −
[ 1

sin θ
∂θ(sin θ∂θ) +

1

sin2 θ
∂2

φ + i(2(−iΦ3) − Σ3)
cos θ

sin2 θ
∂φ

−1

4
− 1

4 sin2 θ
+ Σ3(−iΦ3)

1

sin2 θ
− (−iΦ3)

2 cot2 θ
]

. (31)

We then act this operator on a fermion ψ(X) which satisfy Eq. (29), and
obtain the reration

(−iD̂)2ψ = −
[ 1

sin θ
∂θ(sin θ∂θ) +

1

sin2 θ
∂2

φ

]

ψ. (32)

The eigenvalues of the RHS operator are less than or equal to zero. Thus
the fermion components satisfying Eq. (29) have massless mode, while other
components only have massive KK mode. Note that the massless mode ψ0

should be independent of S2 coordinates θ and φ:

ψ0 = ψ(x). (33)

The existence of massless fermion may indicate the meaning of the symmetry
condition; though the energy density of the gauge sector in the appearance
of the background fields is higher than that of no background fields, since
we have massless fermions, it may consist a ground state as a total in the
presence of fermions. We also note that we could impose symmetry condition
on fermions [22,34]. In that case, we obtain the massless condition Eq. (29)
from symmetry condition of fermion, and the solution of symmetry condition
is independent from S2 coordinate: ψ = ψ(x) with no massive KK mode.
Therefore, we can apply the same discussion for this case as our case if we
only focus on the massless mode in our scheme.

2.4 A gauge symmetry and particle contents in four-dimensions

The symmetry conditions and the non-trivial boundary conditions substan-
tially constrain the four dimensional gauge group and its representations for
the particle contents. The gauge symmetry and particle contents in four-
dimensions must satisfy the constraints Eq (26),(27),(29) and be consistent
with the boundary conditions Eq (12)-(19). We show the prescriptions to iden-
tify four-dimensional gauge symmetry and particle contents below.

First, we show the prescriptions to identify gauge symmetry and field compo-
nents which satisfy the constrants Eq (26),(27),(29). The gauge group H that
satisfy the constraint Eq (26) is identified as

H = CG(U(1)I) (34)
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where CG(U(1)I) denotes the centralizer of U(1)I in G [21]. Note that this
implies G ⊃ H = H ′ × U(1)I , where H ′ is some subgroup of G.

Second, the scalar field components which satisfy the constraints Eq. (27) are
specified by the following prescription. Suppose that the adjoint representa-
tions of SU(2)I and G are decomposed according to the embeddings SU(2)I

⊃ U(1)I and G ⊃ H ′ × U(1)I as

3(adj SU(2)) = (0(adjU(1)R)) + (2) + (−2), (35)

adjG = (adjH)(0) + 1(0(adjU(1))R) +
∑

g

hg(rg), (36)

where hgs denote representation of H ′, and rgs denote U(1)I charges. The
scalar components satisfying the constraints belong to hgs whose correspond-
ing rgs in the decomposition Eq. (36) are ±2.

Third, the fermion components which satisfy the constraints Eq. (29) are de-
termined as follows [34]. Let the group U(1)I be embedded into the Lorentz
group SO(2) in such a way that the vector representation 2 of SO(2) is de-
composed according to SO(2) ⊃ U(1)I as

2 = (2) + (−2). (37)

This embedding specifies a decomposition of the weyl spinor representation
σ6=4 of SO(1,5) according to SO(1,5) ⊃ SU(2) × SU(2) × U(1)I as

σ6 = (2, 1)(1) + (1, 2)(−1), (38)

where SU(2) × SU(2) representations (2,1) and (1,2) correspond to left-handed
and right-handed spinors, respectively. We then decompose F according to G
⊃ H ′ × U(1)I as

F =
∑

f

hf (rf). (39)

Now the fermion components satisfying the constraints are identified as hfs
whose corresponding rf s in the decomposition Eq. (39) are (1) for left-handed
fermions and (-1) for right-handed fermions.

Finally, we show which gauge symmetry and field components remain in four-
dimensions by surveying the consistency between the boundary conditions
Eq. (12)-(19), the solutions Eq. (20)-(22), and fermion massless mode Eq. (33).
We then apply Eq (20)-(22) and Eq. (33) to Eq. (12)-(19), and obtain the
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parity conditions

Aµ(x) = P (,)Aµ(x)P
(,), (40)

−Φ1(x) = −P (−Φ1(x))P, (41)

−Φ1(x) = P ′(−Φ1(x))P
′, (42)

Φ2(x) + Φ3 cos θ = −PΦ2(x)P + PΦ3P cos θ, (43)

Φ2(x) − Φ3 cos θ = P ′Φ2(x)P
′ − P ′Φ3P

′ cos θ, (44)

ψ(x) = γ5Pψ(x), (45)

ψ(x) = P ′ψ(x). (46)

We find that gauge fields, scalar fields and massless fermions in four-dimensions
should be even for PAµP and P ′AµP

′; −PΦ1,2P and P ′Φ1,2P
′; γ5Pψ and P ′ψ,

respectively. Φ3 always remains since it is proportional to an U(1)I generator
and commutes with P (P ′). Therefore the particle contents are identified as
the components which satisfy both the constraints Eq (26),(27),(29) and the
parity conditions Eq Eq (40)-(46). The gauge symmetry remained in four-
dimensions can also be identified by observing which components of the gauge
fields remain.

3 The SO(12) model

In this section, we discuss a model based on a gauge group G=SO(12) and
a representation F=32 of SO(12) for fermions. The choice of G=SO(12) and
F=32 is motivated by the study based on CSDR which leads to an SO(10) ×
U(1) gauge theory with one generation of fermion in four-dimensions [26] (for
SO(12) GUT see also [35]).

3.1 A gauge symmetry and particle contents

First, we show the particle contents in four-dimensions without parities Eq. (12)-
(19). We assume that U(1)I is embedded into SO(12) such as

SO(12) ⊃ SO(10) × U(1)I . (47)

Thus we identify SO(10) × U(1)I as the gauge group which satisfy the con-
straints Eq (26), using Eq. (34). We identify the scalar components which
satisfy Eq. (27) by decomposing adjoint representation of SO(12):

SO(12) ⊃ SO(10) × U(1)I : 66 = 45(0) + 1(0) + 10(2) + 10(−2). (48)

According to the prescription below Eq. (34) in sec. 2, the scalar components
10(2)+10(-2) remains in four-dimensions. We also identify the fermion com-
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ponents which satisfy Eq. (29) by decomposing 32 representations of SO(12)
as

SO(12) ⊃ SO(10)× U(1)I : 32 = 16(1) + 16(−1). (49)

According to the prescription below Eq. (36) in sec. 2, we have the fermion
components as 16(1) for a left-handed fermion and 16(-1) for a right-handed
fermion, respectively, in four-dimensions.

Next, we specify the parity assignment of P (P ′) in order to identify the gauge
symmetry and particle contents that actually remain in four-dimensions. We
choose a parity assignment so as to break gauge symmetry as SO(12) ⊃ SO(10)
× U(1)I ⊃ SU(5)× U(1)X × U(1)I ⊃ SU(3) × SU(2)L × U(1)Y × U(1)X ×
U(1)I , and to maintain Higgs-doublet in four-dimensions. The parity assign-
ment is written in 32 dimensional spinor basis of SO(12) such as

SO(12) ⊃ SU(3) × SU(2)L × U(1)Y × U(1)X × U(1)I

32 =(3, 2)(+−)(1,−1, 1) + (3̄, 2)(+−)(−1, 1,−1)

+ (3, 1)(−−)(4, 1,−1) + (3̄, 1)(−−)(−4,−1, 1)

+ (3, 1)(−+)(−2,−3,−1) + (3̄, 1)(−+)(2, 3, 1)

+ (1, 2)(++)(3,−3,−1) + (1, 2)(++)(−3, 3, 1)

+ (1, 1)(−−)(6,−1, 1) + (1, 1)(−−)(−6, 1,−1)

+ (1, 1)(−+)(0,−5, 1) + (1, 1)(−+)(0, 5,−1), (50)

where e.g. (+,−) means that the parities (P, P ′) of the associated components
are (even, odd). We find the gauge symmetry in four-dimensions by surveying
parity assignment for the gauge field. The parity assignments of the gauge
field under Aµ → PAµP (P ′AµP

′) are:

66 =(8, 1)(++)(0, 0, 0) + (1, 3)(++)(0, 0, 0) + (1, 1)(++)(0, 0, 0)

+ (1, 1)(++)(0, 0, 0) + (1, 1)(++)(0, 0, 0)

+
[

(3, 2)(−+)(−5, 0, 0) + (3̄, 2)(−+)(5, 0, 0)

+ (3, 2)(−−)(1, 4, 0) + (3̄, 2)(−−)(−1,−4, 0)

+ (3, 1)(+−)(4,−4, 0) + (3̄, 1)(+−)(−4, 4, 0)

+ (3, 1)(+−)(−2, 2, 2) + (3̄, 1)(+−)(2,−2,−2)

+ (3, 1)(++)(−2, 2,−2) + (3̄, 1)(++)(2,−2, 2)

+ (1, 2)(−−)(3, 2, 2) + (1, 2)(−−)(−3,−2,−2)

+ (1, 2)(−+)(3, 2,−2) + (1, 2)(−+)(−3,−2, 2)

+ (1, 1)(+−)(6, 4, 0) + (1, 1)(+−)(−6,−4, 0)
]

. (51)

The components with an underline are originated from 10(2) and 10(-2) of
SO(10) × U(1)I , which do not satisfy constraints Eq. (26), and hence these
components do not remain in four-dimensions. Thus we have the gauge field
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with (+,+) parity components without an underline in four-dimensions, and
the gauge symmetry is SU(3) × SU(2)L × U(1)Y × U(1)X × U(1)I .

The scalar particle contents in four-dimensions are determined by the parity
assignment, under Φ1,2 → −PΦ1,2P and P ′Φ1,2P

′:

66 =(8, 1)(−+)(0, 0, 0) + (1, 3)(−+)(0, 0, 0) + (1, 1)(−+)(0, 0, 0)

+ (1, 1)(−+)(0, 0, 0) + (1, 1)(−+)(0, 0, 0)

+
[

(3, 2)(++)(−5, 0, 0) + (3̄, 2)(++)(5, 0, 0)

+ (3, 2)(+−)(1, 4, 0) + (3̄, 2)(+−)(−1,−4, 0)

+ (3, 1)(−−)(4,−4, 0) + (3̄, 1)(−−)(−4, 4, 0)

+ (3, 1)(−−)(−2, 2, 2) + (3̄, 1)(−−)(2,−2,−2)

+ (3, 1)(−+)(−2, 2,−2) + (3̄, 1)(−+)(2,−2, 2)

+ (1, 2)(+−)(3, 2, 2) + (1, 2)(+−)(−3,−2,−2)

+ (1, 2)(++)(3, 2,−2) + (1, 2)(++)(−3,−2, 2)

+ (1, 1)(−−)(6, 4, 0) + (1, 1)(−−)(−6,−4, 0)
]

. (52)

Note that the relative sign for the parity assignment of P is different from
Eq. (51), and that the only underlined parts satisfy the constraints Eq. (27).
Thus the scalar components in four-dimensions are (1,2)(3,2,-2) and (1,2)(-3,-
2,2).

We find massless fermion contents in four-dimensions, by surveying the par-
ity assignment for each components of fermion fields. We introduce two types
of left-handed Weyl fermions that belong to 32 representation of SO(12), which
have parity assignment ψ(P ′) → γ5Pψ

(P ′)(P ′ψ(P ′)) and ψ(−P ′) → γ5Pψ
(−P ′)(−P ′ψ(−P ′))
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respectively. They have the parity assignment as

32
(P ′)
L =(3, 2)(−−)(1,−1, 1)L + (3̄, 2)(−−)(−1, 1,−1)L

+ (3̄, 1)(+−)(−4,−1, 1)L + (3, 1)(+−)(4, 1,−1)L

+ (3̄, 1)(++)(2, 3, 1)L + (3, 1)(++)(−2,−3,−1)L

+ (1, 2)(−+)(−3, 3, 1)L + (1, 2)(−+)(3,−3,−1)L

+ (1, 1)(+−)(6,−1, 1)L + (1, 1)(+−)(−6, 1,−1)L

+ (1, 1)(++)(0,−5, 1)L + (1, 1)(++)(0, 5,−1)L, (53)

32
(P ′)
R =(3, 2)(+−)(1,−1, 1)R + (3̄, 2)(+−)(−1, 1,−1)R

+ (3̄, 1)(−−)(−4,−1, 1)R + (3, 1)(−−)(4, 1,−1)R

+ (3̄, 1)(−+)(2, 3, 1)R + (3, 1)(−+)(−2,−3,−1)R

+ (1, 2)(++)(−3, 3, 1)R + (1, 2)(++)(3,−3,−1)R

+ (1, 1)(−−)(6,−1, 1)R + (1, 1)(−−)(−6, 1,−1)R

+ (1, 1)(−+)(0,−5, 1)R + (1, 1)(−+)(0, 5,−1)R, (54)

and

32
(−P ′)
L =(3, 2)(−+)(1,−1, 1)L + (3̄, 2)(−+)(−1, 1,−1)L

+ (3̄, 1)(++)(−4,−1, 1)L + (3, 1)(++)(4, 1,−1)L

+ (3̄, 1)(+−)(2, 3, 1)L + (3, 1)(+−)(−2,−3,−1)L

+ (1, 2)(−−)(−3, 3, 1)L + (1, 2)(−−)(3,−3,−1)L

+ (1, 1)(++)(6,−1, 1)L + (1, 1)(++)(−6, 1,−1)L

+ (1, 1)(+−)(0,−5, 1)L + (1, 1)(+−)(0, 5,−1)L, (55)

32
(−P ′)
R =(3, 2)(++)(1,−1, 1)R + (3̄, 2)(++)(−1, 1,−1)R

+ (3̄, 1)(−+)(−4,−1, 1)R + (3, 1)(−+)(4, 1,−1)R

+ (3̄, 1)(−+)(2, 3, 1)R + (3, 1)(−+)(−2,−3,−1)R

+ (1, 2)(+−)(−3, 3, 1)R + (1, 2)(+−)(3,−3,−1)R

+ (1, 1)(−+)(6,−1, 1)R + (1, 1)(−+)(−6, 1,−1)R

+ (1, 1)(−−)(0,−5, 1)R + (1, 1)(−−)(0, 5,−1)R, (56)

where L(R) means left-handedness(right-handedness) of fermions in four-dimensions,
and the underlined parts correspond to the components which satisfy con-
straints Eq. (29). Note the relative sign for parity assignment of P between
left-handed fermion and right-handed fermion, and that of P ′ between 32(P ′)

and 32(−P ′). The difference between 32(P ′) and 32(−P ′) is allowed because of
the bilinear form of the fermion sector. We thus find that the massless fermion
components in four-dimensions are one generation of SM-fermions with right-
handed neutrino: {(3,2)(1,-1,1)L,(3,1)(4,1,-1)R,(3,1)(-2,-3,-1)R,(1,2)(-3,3,1)L,(1,1)(-
6,1,-1)R,(1,1)(0,5,-1)R }.
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3.2 The Higgs sector of the model

We analyze the Higgs-sector of our model. The Higgs-sector LHiggs is the last
two terms of Eq. (28):

LHiggs = − 1

2g2
Tr[D′

µΦ1(x)D
′µΦ1(x) +D′

µΦ2(x)D
′µΦ2(x)]

− 1

2g2
Tr[(Φ3 + [Φ1(x),Φ2(x)])(Φ3 + [Φ1(x),Φ2(x)])], (57)

where the first term of LHS is the kinetic term of Higgs and the second term
gives the Higgs potential. We then rewrite the Higgs-sector in terms of genuine
Higgs field in order to analyze it.

We first note that the Φis are written as

Φi = iφi = iφa
iQa, (58)

where Qas are generators of gauge group SO(12), since Φis are originated
from gauge fields Aα = iAa

αQa; for the gauge group generator we assume
the normalization Tr(QaQb)=-2δab. Note that we assumed the −iΦ3 as the
generator of U(1)I embedded in SO(12),

− iΦ3 = QI . (59)

We change the notation of the scalar fields according to Eq. (35) such that,

φ+ =
1

2
(φ1 + iφ2), φ− =

1

2
(φ1 − iφ2), (60)

in order to express solutions of the constraints Eq. (27) clearly. The constraints
Eq. (27) is then rewritten as

[QI , φ+] = φ+, [QI , φ−] = −φ−. (61)

The kinetic term LKE and potential V (φ) term are rewritten in terms of φ+

and φ−:

LKE = − 1

g2
Tr[D′

µφ+(x)D′µφ−(x)], (62)

V = − 1

2g2
Tr[Q2

I − 4QI [φ+, φ−] + 4[φ+, φ−][φ+, φ−]], (63)

where covariant derivative D′
µ is D′

µφ± = ∂µφ± − [Aµ, φ±].

Next, we change the notation of SO(12) generators Qa according to decompo-
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[ Qx(−3−22),Qy(32−2)] = −
√

3
10 δx

y QY + −
√

1
5 δx

y Q +δx
y QI + 1√

2
(σ∗

α)xy Qα

[Qα,Qx] = − 1√
2

(σα)yx Qy [Qα,Qx] = 1√
2

(σ∗
α)xy Qy

[Qx,Qy]=0 [QY ,Qx]= −
√

3
10 Qx

[Q,Qx]= −
√

1
5 Qx [QI ,Q

x] = Qx

Table 1
commutation relations of Qx(−3−22), Qx(32−2), Qα, QY , Q and QI

sition Eq (51) such that

QG = {Qi, Qα, QY , Q,QI , Qax(−500), Q
ax(500)

Qax(140), Q
ax(−1−40), Qa(4−40), Q

a(−440)

Qa(−22−2), Q
a(2−22), Qa(−222), Q

a(2−2−2)

Qx(322), Q
x(−3−2−2), Qx(32−2), Q

x(−3−22)

Q(640), Q(−6 − 40)}, (64)

where the order of generators corresponds to Eq (51), index i = 1 − 8 corre-
sponds to SU(3) adjoint rep, index α = 1−3 corresponds to SU(2) adjoint rep,
index a = 1 − 3 corresponds to SU(3)-triplet, and index x = 1, 2 corresponds
to SU(2)-doublet. We write φ± in terms of the genuine Higgs field φx which
belongs to (1,2)(3,2,-2), such that

φ+ = φxQ
x(−3−22) (65)

φ− = φxQx(32−2), (66)

where φx = (φx)
†. We also write gauge field Aµ(x) in terms of Qs in Eq. (64)

as
Aµ(x) = i(Ai

µQi + Aα
µQα +BµQY + CµQ+ EµQI). (67)

We then need commutation relations of Qx(−3−22), Qx(32−2), Qα, QY , Q and
QI in order to analyze the Higgs sector; we summarized them in Table 1.

Finally, we obtain the Higgs sector with genuine Higgs field by substituting
Eq. (65)-(67) into Eq. (62, 63) and rescaling the fields φ→ g/

√
2φ and Aµ →

gAµ, and the couplings
√

2g = g2 and
√

6/5g = gY ,

LHiggs = |Dµφx|2 − V (φ), (68)

where the covariant derivative Dµφx and potential V (φ) are

Dµφx = ∂µφx + ig2
1

2
(σα)y

xAαµφy + igY

1

2
Bµφx + i

√

1

5
gCµφx − igEµφx, (69)

V = − 2

R2
φxφx +

3g2

2
(φxφx)

2, (70)
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respectively. Notice that we explicitly write radius R of S2 in the Higgs po-
tential, and that we omitted the constant term in the Higgs potential. We
note that the SU(2)L × U(1)Y parts of the Higgs sector has the same form as
the SM Higgs sector. Therefore we obtain the electroweak symmetry breaking
SU(2)L × U(1)Y → U(1)EM . The Higgs field φx acquires vaccume expectation
value(VEV) as

< φ > =
1√
2







0

v





 , (71)

v =

√

4

3

1

gR
, (72)

and W boson mass mW and Higgs mass mH are given in terms of radius R

mW = g2
v

2
=

√

2

3

1

R
, (73)

mH =
√

3gv =
√

4
1

R
. (74)

The ratio between mW and mH is predicted

mH

mW

=
√

6. (75)

4 Summary and discussions

We analyzed a gauge theory defined on the six-dimensional spacetime which
has an S2 extra-space, with the symmetry condition and non-trivial boundary
conditions and constructed the model based on SO(12) gauge theory.

We first provided the scheme for constructing a four-dimensional theory from a
gauge theory on six-dimensional spacetime which has extra space S2 with the
symmetry condition of gauge field and the non-trivial boundary conditions.
We showed the prescriptions to identify the gauge field and the scalar field,
which satisfy the symmetry condition and the boundary conditions. A fermion
sector of four-dimensional theory is also obtained by expanding fermions in
normal mode and integrating the S2 coordinates, although explicit form was
not shown. Massive KK modes of fermions then appear in contrast to scalar
and gauge field, which would provide a candidate of dark-matter. They may
give a rich phenomena in near future collider experiment. To discuss these
matters, we have to find the eigenvalues of Eq. (30). We leave this in future
work. We also showed that fermions can have massless mode because of the
existence of a background gauge field. The fermion components which have
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massless modes are then determined by the background gauge field and the
boundary conditions.

Note that by imposing the symmetry condition, we can get massless fermions.
It may indicate the meaning of the symmetry condition; though the energy
density of the gauge sector in the appearance of the background fields is higher
than that of no background fields, since we have massless fermions, it may
consist a ground state as a total in the presence of fermions.

We then constructed the model based on the SO(12) gauge theory with fermions
which lies in a 32 representation of SO(12). We showed that SU(3) × SU(2)L

× U(1)Y × U(1)X × U(1)I gauge symmetry is remained in four-dimensions,
and that the SM Higgs-doublet is obtained without appearance of extra scalar
contents. One generation of SM fermions are successfully obtained by intro-
ducing two types of fermions which have different parity assignment under
θ → π − θ. We also analyzed the Higgs sector that are obtained from gauge
sector of the six-dimensional gauge theory. The electroweak symmetry break-
ing is then realized and the Higgs mass value is predicted.

To make our model more realistic, there are several challenges such as eliminat-
ing the extra U(1) symmetries and constructing the realistic Yukawa couplings,
which are the same as other gauge-Higgs unification models. We, however, can
get not only appropriate one-generation fermion fields but also Kaluza-Klein
modes. This suggests that we obtain the dark matter candidate in our model.
Thus it is very important to study this model further.
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A Geometrical quantity on S2

We summarize the geometrical quantity on S2 such as vielveins ea
α, killing

vectors ξα
a and spin connection Rab

α . The vielveins are expressed as

e1θ = 1,

e2φ = sin θ,

e1φ = e2θ = 0. (A.1)
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The non-zero components of spin connection are

R12
φ = −R21

φ = − cos θ. (A.2)

References

[1] N.S. Manton, Nucl. Phys. B 158 (1979) 141.

[2] D.B. Fairlie, Phys. Lett. B 82 (1979) 97.

[3] D.B. Fairlie, J. Phys. G 5 (1979) L55.

[4] L.J. Hall, Y. Nomura, and D.R. Smith, Nucl. Phys. B 639 (2002) 307.

[5] G. Burdman and Y. Nomura, Nucl. Phys. B 656 (2003) 3.

[6] I. Gogoladze, Y. Mimura, and S. Nandi, Phys. Lett. B 562 (2003) 307.

[7] C.A. Scrucca, M. Serone, L. Silvestrini, and A. Wulzer, JHEP 02 (2004) 049.

[8] N. Haba, Y. Hosotani, Y. Kawamura, and T. Yamashita, Phys. Rev. D 70 (2004)
015010.

[9] C. Biggio and M. Quiros, Nucl. Phys. B 703 (2004) 199.

[10] K. Hasegawa, C. S. Lim and N. Maru, Phys. Lett. B 604 (2004) 133.

[11] N. Haba, S. Matsumoto, N. Okada, and T. Yamashita, JHEP 02 (2006) 073.

[12] Y. Hosotani, S. Noda, Y. Sakamura, and S. Shimasaki, Phys. Rev. D 73 (2006)
096006.

[13] M. Sakamoto and K. Takenaga, Phys. Rev. D 75 (2007) 045015.

[14] C. S. Lim, N. Maru and K. Hasegawa, J.Phys.Soc.Jap.77 (2008) 074101.

[15] Y. Hosotani and Y. Sakamura, Prog. Theor. Phys. 118 (2007) 935.

[16] Y. Sakamura, Phys. Rev. D 76 (2007) 065002.

[17] A.D. Medina, N.R. Shah, and C.E.M. Wagner, Phys. Rev. D 76 (2007) 095010.

[18] C.S. Lim and N. Maru, Phys.Lett.B653 (2007) 320-324.

[19] Y. Adachi, C.S. Lim, and N. Maru. Phys. Rev. D 76 (2007) 075009.

[20] I. Gogoladze, N. Okada, and Q. Shafi, Phys. Lett. B 659 (2008) 316.

[21] P. Forgacs and N.S. Manton, Commun. Math. Phys. 72 (1980) 15.

[22] D. Kapetanakis and G. Zoupanos, Phys. Rept. 219 (1992) 1.

[23] A. Chatzistavrakidis, P. Manousselis, N. Prezas, and G. Zoupanos, Phys. Lett.
B 656 (2007) 152.

17



[24] George Douzas, Theodoros Grammatikopoulos and George Zoupanos,
arXiv:0808.3236[hep-th]

[25] A.A. Abrikosov, arXiv:hep-th/0212134.

[26] G. Chapline and R. Slansky, Nucl. Phys. B 209 (1982) 461.

[27] K. Farakos, D. Kapetanakis, G. Koutsoumbas and G. Zoupanos, Phys. Lett.
B211 (1988) 322.

[28] D. Kapetanakis and G. Zoupanos, Phys. Lett. B249 (1990) 66.

[29] B.E. Hanlon and G.C. Joshi, Phys. Rev. D48 (1993) 2204.

[30] T. Jittoh, M. Koike, T. Nomura, J. Sato and T. Shimomura,
arXiv:0803.0641[hep-ph].

[31] Y. Kawamura, Prog. Theor. Phy. 105 (2001) 999.

[32] Y. Kawamura, Prog. Theor. Phy. 105 (2001) 691.

[33] S. Randjbar-Daemi and E. Percacci, Phys. Lett. B117 (1982) 41.

[34] N.S. Manton, Nucl. Phys. B 193 (1981) 502.

[35] S. Rajpoot and Sithikong Phys. Rev. D23 (1981) 1649-1656.

18

http://arXiv.org/abs/0808.3236
http://arXiv.org/abs/hep-th/0212134
http://arXiv.org/abs/0803.0641

	Introduction
	Six-dimensional gauge theory with extra-space S2 under the symmetry condition and non-trivial boundary conditions 
	A Gauge theory on six-dimensional spacetime with S2 extra-space
	The symmetry condition and the boundary conditions
	The dimensional reduction and a Lagrangian in four-dimensions
	A gauge symmetry and particle contents in four-dimensions

	The SO(12) model
	A gauge symmetry and particle contents
	The Higgs sector of the model

	Summary and discussions
	Geometrical quantity on S2
	References

