Sor yushi ron Kenkyu
—315—

Introduction to Supergravities
in Diverse Dimensions*

YosHIAKI TANII!

Physics Department, Faculty of Science
Saitama University, Urawa, Saitama 338, Japan

(1998 £ 2 § 25 H<#8)

Abstract

Supergravities in four and higher dimensions are reviewed. We dis-
cuss the action and its local symmetries of N = 1 supergravity in four
dimensions, possible types of spinors in various dimensions, field contents
of supergravity multiplets, non-compact bosonic symmetries, non-linear
sigma models, duality symmetries of antisymmetric tensor fields and su-
per p-branes.

1. Introduction

Recently interest in supergravities in various space-time dimensions has been much
increased due to their relevance to string dualities [1]. String dualities sometimes relate
string theories at strong coupling and those at weak coupling, and are extremely useful
to understand non-perturbative properties of string theories. However, at present under-
standing of string theories, it is difficult to show dualities directly in full string theories.
Massless sectors of superstring theories are described by supergravities, for which com-
plete field theoretic formulations are known at the classical level. One may try to obtain
information about string dualities by studying supergravities.

One of the purposes of this paper is to explain the basic ideas of supergravities to those
who are not familiar with supergravities. We try to make the discussions pedagogical and
often present explicit calculations. Another purpose is to collect relevant formulae together
in one place, which may be useful when one discusses string dualities. They include
possible types of spinors in various dimensions, field contents of supergravity multiplets,
bosonic symmetries of supergravities, etc. We do not discuss quantum properties of
supergravities such as ultraviolet divergences or anomalies.

Supergravities are field theories which have the local supersymmetry. A transformation
parameter of the rigid supersymmetry is a constant spinor €*. (For a review of the rigid

*An expanded version of a review talk at YITP workshop on Supersymmetry, 27 — 30 March, 1996
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supersymmetry see ref. [2], for instance.) To construct theories which have the local
supersymmetry we introduce a gauge field yj;(z), which has a vector index p in addition
to the spinor index a. The transformation law of the local supersymmetry is 6pv;(z) =
0,€* +- - -, where the transformation parameter €®(z) is an arbitrary function of the space-
time coordinates z*. Such a field ¥ (z) is the Rarita-Schwinger field representing a spin %
particle. However, that is not all we need. The anticommutation relation of supercharges
Q° produces the translation generators P,:

{Q%,Qs} = (") Pa. (1.1)

Therefore, we expect that gauging of supersymmetry leads to gauging of translation.
Since the local translation is the general coordinate transformation, we also need the
gravitational field g,,(z) as a gauge field. To summarize, supergravities are theories,
which are invariant under the local supersymmetry transformation as well as the general
coordinate transformation. They contain the gravitational field g,,(z) and the Rarita-
Schwinger field ¥ ().

In the next section we discuss supergravities in four dimensions in some detail. To
generalize these results to higher dimensions we first discuss what types of spinor repre-
sentations are possible in general dimensions in sect. 3. Then, possible superalgebras and
supergravity multiplets in higher dimensions are given in sect. 4. Properties of higher
dimensional supergravities are discussed in sect. 5. In sects. 6 and 7 we discuss subjects
related to bosonic non-compact symmetries appearing in supergravities. In sect. 6 we ex-
plain how scalar fields are described by G/H non-linear sigma models with a non-compact
Lie group G and its maximal compact subgroup H. In sect. 7 we discuss duality symme-
tries, which transform field strength of antisymmetric tensor fields into their duals. The
non-compact group G acts on the antisymmetric tensor fields as duality transformations.
Finally, in sect. 8 we briefly discuss super p-branes (p-dimensionally extended objects),
which are closely related to supergravities. The vielbein formulation of gravity is summa-
rized in Appendix A. A proof of the local supersymmetry invariance of N = 1 supergravity
in four dimensions is given in Appendix B. We have not tried to give complete references
to the original papers. For more complete references see ref. [3]. Other useful review
papers on supergravities are refs. [4], [5].

2. Supergravities in four dimensions

In this section we shall consider supergravities in d = 4 space-time dimensions. Massless
irreducible representations of the N = 1 superalgebra consist of two states with helicities
differing by % In particular, we have representations of helicities (2,% and (—%,,—2),
which correspond to a pair of fields (g,,(z), ¥} (z)). Therefore, there is a possibility of
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constructing a supergravity which contains only these two fields. Such a theory was
explicitly constructed in ref. [6].

The field content of the d = 4, N = 1 supergravity is the vierbein (tetrad) e,*(z) and
a Majorana Rarita-Schwinger field 1, (z). The vierbein is related to the metric as g,, =
«e,,“e,,"nab, where 7., = diag(+1,—1,—1,—1) is the flat Minkowski metric. The vielbein
formalism of gravity is reviewed in Appendix A. The Rarita-Schwinger field satisfies the
Majorana condition 9y (= C1/3;‘f) = 1), where C is the charge conjugation matrix satisfying

ClyC=-—T, CT=-C. (2.1)
‘The Lagrangian consists of the Einstein term and the Rarita-Schwinger term
1 oo 1. o e
L= ——ZeR -~ 51.61&,,7 Dy, (2.2)

where e = dete,® and <’s with multiple indices are antisymmetrized products of gamma
matrices with unit strength

1
PP = 3 (v*4”4* + permutations of uvp). (2.3)

The curvature and the covariant derivative are defined by

~

R ab
R = e ey R, ",
[ ab __ ~ ab ~ab, ~a ~cb__~ a  cb
R”u —_ apw,, - ayw” + w“ cwy —wV cw”_ ’

" 1 R
D, = (a,, + Z“’"ab"“”) . (2.4)

The spin connection @, used here is given by
- 1. - 1. - 1.-
Wyab = Wyab — 5“/%;%% - ?%%% + ‘2'z¢p7b¢aa (25)

where w45 is the spin connection without torsion given in eq. (A.15). The spin connection
(2.5) has a torsion depending on the Rarita-Schwinger field

~

Dye,* — D,,e,,“ = —igﬁﬂ“z/),,. (2.6)

If one wishes, it is also possible to express the Lagrangian using the torsionless spin
connection wy.p but with explicit 4-fermi terms

L= _ie R— %ie'(/;“lyi‘wpl)u’lﬁp + (4-fermi terms), 2.7)
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where R and D, are defined by using the torsionless spin connection.

The Lagrangian (2.2) is invariant under three kinds of local symmetries up to total
divergences:

(i) general coordinate transformations

6c(€)e,” = —€"0,e," — 0,8"e,°,
¢ (5)1/]# = _éuau'l/)p - ap.gv'l/)u, (28)

(ii) local Lorentz transformations

B = PPt 2.9
(iii) local supertransformations
Sg(e)ey® = —iEy™P,,
So(€) = Dye = (6p + %d’pab’)’ab) €, (2.10)
where the transformation parameters £#(z), A%(z) (A% = —Xb) and €,(z) (€& = €) are

arbitrary functions of the space-time coordinates z#. The invariance under the bosonic
transformations (i), (ii) is manifest. The invariance under the local supertransformations
(iii) is shown in Appendix B.

These local transformations satisfy the following commutator algebra:

[66(&1), 66(&2)] = (&1 - O — &2 - 0&1),
[6.(M), 6(A2)] = 6([M1, A2)),
[6a(£), 81 (N)] = 8r(£ - ON),
[6a(£), 6q(€)] = bq(& - OF),
[6.(%), g(€)] = 8 (3X™ave),
[bq(e1), bq(e2)] = 6a(§) +6L(6-@) +6(€-¥), & =iayer. (2.11)

These commutation relations except the last one can be easily shown. The last com-
mutation relation is shown in Appendix B. To obtain the last commutation relation one
has to use field equations derived from the Lagrangian (2.2). In this sense the algebra
closes only on-shell. In the present theory it is possible to close the commutator algebra
off-shell by introducing an appropriate set of auxiliary fields, which have no dynamical
degrees of freedom. Theories with off-shell algebra are more convenient, although not
indispensable, when one fixes a gauge of local symmetries and when one couples matter
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supermultiplets. For general supergravities (those with extended supersymmetry and/or
in higher dimensions) such an off-shell formulation is not known.

One can couple matter supermultiplets to the supergravity multiplet (e,?, 4,). There
are two kinds of matter supermultiplets in the d = 4, N = 1 supersymmetry. A chiral
multiplet (@, A) consists of a complex scalar field ¢(z) and a Majorana spinor field A(z).
A vector multiplet (A,, x) consists of a vector field A,(z) and a Majorana spinor field
x(z). The Lagrangian and the supertransformations of matter coupled theories can be
obtained by using either of the Noether method [4], the superspace formulation [2], [7] or
the tensor calculus [8]. In this paper, however, we do not discuss such matter couplings
but concentrate on pure supergravities, which contain only supergravity multiplets.

So far we have considered the N = 1 supergravity based on the N = 1 supersymmetry.
We can also consider a gauging of the N-extended supersymmetry with N transforma-
tion parameters € (i = 1,2,---,N) [5]. We need N gravitinos ¢}(z) (¢ = 1,2,---,N),
which transform as 8p9}, = 0,€' + - --. To make supermultiplets of the extended super-
symmetry we also need other fields in addition to the metric and the Rarita-Schwinger
fields. Supergravity multiplets of extended supersymmetries are listed in Table 3 of sect. 4.
Representations of N > 9 supersymmetry algebra contain particles with helicities greater
than two. Since consistent interacting theories of particles with such high helicities are
not known, N > 9 supergravities have not been constructed.

N-extended supergravities contain N(N — 1) vector fields denoted B, in Table 3.
They are U(1)" gauge fields. It is possible to construct theories in which the vector fields
are O(N) non-abelian gauge fields. Such theories are called gauged supergravities [9].
Their Lagrangians contain a cosmological term e proportional to g and a gravitino mass
term 1/;,;7‘“’ 1), proportional to g, where g is a gauge coupling constant of the non-abelian
gauge fields. In the limit g — 0 they reduce to the ordinary supergravities. The N = 1
theory also has a generalization with a cosmological term and a gravitino mass term.

3. Spinors in higher dimensions

To construct supergravities in higher dimensions we need to know what kinds of spinors
we can define in each dimension [10]. We consider spinor representations of the group
SO(t,s) with an invariant metric

77ab:dia'g(j_la"','*'l)\_l:"',—1)3 d=1+s. (31)

t

S

The d-dimensional Minkowski space-time corresponds to the case t = 1, s = d—1. Gamma
matrices v* (a = 1,2,---,d) of SO(t, s) satisfy the anticommutation relation

{v*, 7"} = ™. (3.2)
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Matrices ¥ are hermitian for a = 1,---,t and antihermitian fora = t + 1,.-.,d. The
smallest matrices satisfying this anticommutation relation are als] x 2[%]’ where [z] is the
largest integer not larger than z. An explicit representation of the gamma matrices can
be constructed as tensor products of 2 x 2 matrices. In even dimensions (e.g., t = 2n,
s = 0) we can use the following tensor products of n 2 X 2 matrices:

71:gl®1®...®1,
2-0’QR1®---®1,
*=0’R0'®1®---®1,
t=0’R’®1®---®1,

2R =2

72k+1-:03@...@0'3@0'1@1@...@1,
k
V=83 R... 00007 R1® --®1,
N !
k

Pl 8. @@,

Pr=0® - ®d®d? (3.3)

where 1 is the 2 x 2 unit matrix and o (i = 1,2,3) are the Pauli matrices. Gamma
matrices in odd dimensions (d = ¢ + s = 2n + 1) can be constructed by using those in

even (d =t + (s — 1) = 2n) dimensions. We can use gamma matrices v* (a = 1,---,2n)
of SO(t, s — 1) for the first 2n gamma matrices of SO(¢, s). The last matrix y?**! can be
taken as

,),2n+1 — (-—1)21'(3"” 'I;‘Yl’)’z . ,7211. (3.4)

Spinors of SO(t,s) have olf] complex components in general and transform under the
Lorentz transformation as

b = — 3 X . (3.5)

As we will discuss below, we can reduce the number of independent components of spinors
by imposing Weyl and/or Majorana conditions. These conditions must be consistent with
the Lorentz transformation law (3.5). Spinors satisfying these conditions are called Weyl
spinors and Majorana spinors respectively. General spinors without any condition are
called Dirac spinors. To discuss supersymmetry it is convenient to use spinors with the
smallest number of independent components in each dimension.

Weyl spinors are those having a definite chirality in even dimensions. We define the
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chirality of spinors as an eigenvalue of the matrix
¥ = (—1)30yly2 (3.6)

satisfying
¥=1, {%1}=0 (3.7)

This matrix ¥ is a generalization of 5 in four dimensions. Weyl spinors with positive (or
negative) chirality are defined by

W=9  (or W=-19). (3.8)

It is easy to see that these conditions are consistent with eq. (3.5). The matrix 4 and
therefore Weyl spinors can be defined in any even dimensions. In odd dimensions ¥ is
proportional to the unit matrix and one cannot define Weyl spinors.

Ma,jorana spinors are those satisfying a certain kind of reality condition. The Majorana
condition is

Yo =1, (3.9)

where the superscript ¢ represents a charge conjugation. We shall discuss the charge
conjugation for d = t + s = even and for d = t + s = odd separately.

Let us first consider the case d = t + s = even. The matrices +(v*)* satisfy the same
anticommutation relation as «4®. Then, it can be shown that there exist matrices B, and
B_, which relate =(y*)* to 4* by similarity transformations

(70)* = B-*—’YQB-{»—I:
—(v*)* = B_y*B_". (3.10)

The charge conjugation is defined by using one of these matrices as
Y°=B'y* or y°=BIly*. (3.11)
It can be shown that B, satisfy
BB =cu(t,s)1,  ealt,s) = v2cos [%(s i+ 1)] . (3.12)

We have summarized the values of €, in Table 1.
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s—t| 1] 23]4]5[6]7]8
€, |No|—1]—-1]|—-1]No|+1]|+1]~+1
e. |+1|+1|No|~-1|—=1|—-1]|No|+1

Table 1: The values of €.

The reason why this operation is called the charge conjugation can be seen as follows.
When a spinor field 1) satisfies the Dirac equation in the presence of an electromagnetic
gauge field A,

(740, — ey* A, —m)yp = 0, (3.13)

the charge conjugated field 9° in eq. (3.11) satisfies
(iy"0, + ev* A, £ m)y° = 0. (3.14)

Thus, the sign in front of the charge e has changed. In the mass term the upper sign + is
for B, and the lower — is for B_. The definition of the charge conjugation in eq. (3.11)
is equivalent to the usual one using the charge conjugation matrix C'. To show this we
introduce the Dirac conjugate of ¢ as

p=9lA,  A=q'y.. A (3.15)
Then, eq. (3.11) can be rewritten as
PY=CwpT or yY=C YT (ci = B;IA-lT). (3.16)

The charge conjugation matrices C, satisfy

,7aT — :b(—-l)H-lC;l')/aC:t,
Cley =1,  CF = (x1)}(=1)2¢DVe, 4. (3.17)

The usual four-dimensional charge conjugation matrix C used in sect. 2 is C_.

For the Majorana condition (3.9) to be consistent we must have (¥¢)¢ = v, which is
equivalent to BBy =1or B! B_ = 1. Therefore, for { + s = even, Majorana spinors can
be defined only when €, (t,s) = 1 or e_(t,s) = 1. Sometimes, spinors satisfying eq. (3.9)
with the charge conjugation defined by using the matrix B, are called pseudo Majorana
spinors, while those using B_ are called Majorana spinors. From Table 1 we can see in
which dimensions (pseudo) Majorana spinors can be defined.
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d "\ M pM | MW | pMW
2 o o o o o
3 o
4 o o
5
6 o
7
8 o
9

10 o o o o

11 o

Table 2: Possible types of spinors in d-dimensional Minkowski space-time (¢t = 1, s =
d—1). W, M, pM, MW, pMW denote Weyl, Majorana, pseudo Majorana, Majorana-
Weyl and pseudo Majorana-Weyl spinors respectively.

The charge conjugation for d = ¢+ s = odd is defined by using the matrices B, used in
even dimensions. Recall that gamma matrices in d (odd) dimensions can be constructed
from those in d—1 (even) dimensions. The first d — 1 matrices v* (a = 1,2,-+-,d~1) are
taken to be those of d — 1 dimensions. The last matrix v? is taken to be iy (3) if a = d is
a space-like (time-like) direction. Then the matrices B, used in d — 1 dimensions satisfy

B:t’YaB:El = :E('Ya)* (a: 11""d—‘1),
Byy'Bi' = (=1)3¢t+D (y4), (3.18)

When (—1)2¢~#1) = 1 ((=1)2¢ -1 = _1), the signs on the right hand side are the same
for all 4* (a = 1,---,d), and we can use B, (B.) to define the charge conjugation. As
in the case d = even, the charge conjugation must satisfy (1¥°)° = 1 to define (pseudo)
Majorana spinors. Possible B, and corresponding €. are listed in Table 1.

We can also define (pseudo) Majorana-Wey! spinors, which satisfy both of the (pseudo)
Majorana condition ¢ = 9 and the Weyl condition 4% = ¢ (or 7% = —). (Pseudo)
Majorana-Weyl spinors are possible only if these two conditions are consistent, i.e., ¥
and 1° have the same chirality. In general, when a spinor 9 has a chirality + (—), the
charge conjugated spinor 9 has a chirality (—1)2¢~* (—(—1)2(=%), Therefore, (pseudo)
Majorana-Weyl spinors can be defined only when s —t = 0 mod 4. In particular, they
can be defined in d = 2 mod 4 for Minkowski signature t =1, s = d — 1. '

Possible types of spinors in various dimensions with Minkowski signature t = 1, s =
d — 1 are summarized in Table 2. This table is periodic in dimensions d with a period 8.

When (1€)¢ = —1), we cannot impose the (pseudo) Majorana condition %° = ) and
we have to use Dirac spinors (or Weyl spinors in even dimensions). Alternatively, we can
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introduce even numbers of spinors ¥* (i = 1,2,---,2n) and impose the condition
¥t = QU ()", | (3.19)
where 0¥ = —(¥* is a constant antisymmetric matrix. Spinors satisfying such a condi-

tion are called symplectic (pseudo) Majorana spinors. 2n symplectic (pseudo) Majorana
spinors are equivalent to n Dirac spinors. Sometimes it is more convenient to use sym-
plectic (pseudo) Majorana spinors than Dirac spinors, especially when the theory has a
symplectic symmetry.

4. Superalgebras and supergravity multiplets

Field contents of supergravities are determined by irreducible representations of the
super Poincaré algebras [11]. The super Poincaré algebras consist of generators of trans-
lations P,, generators of Lorentz transformations My, supercharges Q**, generators of
automorphism group 74 and “central” charges Z*. Nonvanishing (anti) commutation re-
lations besides {Q, @} are, in addition to the usual commutators of the Poincaré algebra,

. 1 , . .
[Mab: Qt] = 5’70-th7 [TAanl = (tA)szJ,
[T4,Z29) = (t4)%2¥ + (¢4 2%,  [T4, TP = f42:T°, (4.1)
where t4 and fAB. are representation matrices and the structure constant of the Lie

algebra of the automorphism group.

The automorphism group K and the form of anticommutators {@, @} depend on the
spinor type of Q"

(a) d=4,8 mod 8
The supercharges are Weyl spinors with positive chirality @} (¢ = 1,2,---,N). Their
charge conjugations have negative chirality (Q% )¢ = @_;, where the charge conjugation
matrix C = C_ (C = C,) is used for d = 4 (d = 8) mod 8. The automorphism group is
K = U(N). Anticommutators of the supercharges are
P QT Y} =1 14 7)7*CP,6:
{Q+, —j} = '2'( + 7)Y a%j,
o 1 i
{Q4, @} = 1+ 9)C2Y, (4.2)
where Z% = —Z7% for d = 4 mod 8 and Z* = Z7 for d = 8 mod 8.
(b) d =10 mod 8

The supercharges are Majorana-Weyl spinors with positive chirality @, (¢ = 1,2,---,
N,) and Majorana-Weyl spinors with negative chirality @* (¢ = 1,2,---,N_). The
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automorphism group is K = SO(N,;) x SO(N_). Anticommutators of the supercharges

are
(@4, QF} = 5(1+9)7C_Pu6",
(@@} = 31~y C P,
(@@} = 51 +7)0.2" «3)
(c) d= 6 mod 8

The supercharges are symplectic Majorana-Weyl spinors with positive chirality Q% (i =
1,2,---,N;) and symplectic Majorana-Weyl spinors with negative chirality Q* (i =
1,2,---,N_). They satisfy Qfﬁ(Qi)c = Q. 09(QY) = @', where QY are antisym-
metric matrices. The numbers N, and N_ must be even. The automorphism group is K
= USp(N,) x USp(N_). Anticommutators of the supercharges are

(@, Q) = 3L+ 37RO,
{@1,Q7} = 51 - C_POY,
(@47} = 51 +7)C.2Y. (4.4)

(d) d=9,11 mod 8

The supercharges are (pseudo) Majorana spinors Q* ( = 1,2, ---, N). The automorphism
group is K = SO(N) and anticommutators of the supercharges are

{Q,QT} =1"CPR67 + CZ¥9, (4.5)

where C = C,, Z% = Z% ford = 9mod 8 and C = C_, Z¥ = —Z% for d = 11 mod 8.
(e) d=5,7 mod 8

The supercharges are symplectic (pseudo) Majorana spinors Q* (i = 1,2,---,N). They
satisfy QY(Q79)¢ = @*, where Q¥ is an antisymmetric matrix. The number N must be
even. The automorphism group is K = USp(N) and anticommutators of the supercharges
are

{Q,QT} =+y*CPROY + CZ¥, (4.6)
where C = C,, Z9¥ = ~Z% ford = 5 mod 8 and C = C_, Z% = Z% for d = 7 mod 8.

Particles appearing in supergravities belong to irreducible representations of these su-
per Poincaré algebras. All states in an irreducible representation are obtained by applying
components of the supercharges with helicity 1 Q@ 1 on the lowest helicity state |hpyp,). A

NI | -El ectronic Library Service



Sor yushi ron Kenkyu

—326— Yoshiaki Tanii FHF 96— 6 (1998— 3)

state Q1Q1 -+ Q1 |hmin) With n @y’s has helicity h = hmin + 4n. (For details, see ref.
[11].) When the supercharges have too many components, all representations contain par-
ticles with helicity |h| > 2. However, consistent interacting theories with helicity > 2 are
not known. Hence, we should consider algebras which have representations with helicity
< 2. Then, there are only a finite number of possible (d, N). In particular, the space-
time dimension must be d < 11. Supermultiplets for these (d, N) were given in ref. [11].
Representations which contain graviton and gravitinos are called supergravity multiplets.
They are massless representations of the algebra, which satisfy

P,P*=0, ZY=0. (4.7)

Field contents corresponding to supergravity multiplets in various dimensions are listed in
Table 3. In addition to these supergravity multiplets there can exist massless and massive
matter supermultiplets containing particles with spins < 1. We do not discuss matter
supermultiplets in this paper.

As a check of the field contents in Table 3 one can count the numbers of bosonic and
fermionic degrees of freedom in a supergravity multiplet, which should be the same. The
physical degrees of freedom of each fields are most easily obtained in the light-cone gauge,
where only transverse components of the fields are physical. We find that the numbers of
physical degrees of freedom are

e, 1 3(d—=2)(d-1)—-1,
Bupor ¢ a-2Cs = 55 (d~2)(d—3)(d —4)(d - 5),
By ¢ 4-2Cs=§(d—2)(d-3)(d-4),

Bu i a2Ca=1(d—2)(d-3),

B, : d-2,

¢ 1,

g, : Ld—2-1)2ls],

A : Loldl (4.8)

The number —1 for e,* and 1), comes from the (-)traceless conditions on graviton and
gravitino. The factor % for spinor fields is due to the fact that their field equations are first
order differential equations. The numbers of the bosonic and fermionic degrees of freedom

in each supergravity multiplet are indeed the same and are given in the last column of
the table.
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d | N | spinors fields n
11| 1 M | e’ ¥ By 128
10 (1’1) MW e/.t ’ 1/}+;n w—;n prpy B;w’ B;H A-}-: )‘—) ¢ 128
2,0 | MW [e.% 291, BY), 2B, 22_, 2 128
(LO) MW eu ) "/)-Hn [L4) A-—a ¢ 64

9| 2 M | €,%, 29, Buvp, 2 B, 3B, 41X, 3¢ 128
T | M| e % B B M, 56

8] 2 pM | e,%, 29, Buyp 3B, 6B,, 6, 76 198
1 pM epaa /(rbp.a Bpua 2Bpa }‘a ¢ 48

7| 4 sM | e, 49, 5B,w, 10B,, 16, 14¢ 128
2 sM ep’, 2¢,, By, 3B, 2, ¢ 40

6| (4,4) | sMW | e, 4%, 4%_,, 5B,,, 1613,,, 20X, 20\, 25¢ | 128
(42) | MW | e, 49y, 29 ,,,513(+) BC),8B,, 10X,,4)r_,5¢ | 64

pv s Puvs

(2,2) | sMW e, 29,,, 21&_,‘, oy 4By, 20,20, ¢ 32
(4,0) | sMW e,, , 414,, 5 BYY 24
(2,0) | sMW | e,®, 295, B(+) 12
5 8 spM e# , 89, 27B,,, 48\, 42 ¢ 128
0 spM | e,*, 6,, 15B,,20, 14 ¢ 64
4 spM | e, 49,,6B,, 4, ¢ 24
2 spM._ | ex®, 2%y, B 8
4 8 M e’ 81, 28 By, 56\, 7104 128
6 M ey, 69,,16B,,26 ), 30¢ 64
5 M | e, 5¢,, 10B,, 11X, 106 32
4 M e, 4v,,6B,, 4], 2(15 16
3 M en®, 3Py, 3B,,, A 8
2 M e# ) 2¢#) 4
1 M e’ Yu 2

Table 3: Supergravity multiplets. e,?%, 1,, B,.., A and ¢ represent vielbein, Rarita-
Schwinger fields, antisymmetric tensor fields, spin } spinor fields and scalar fields re-
spectively. The subscripts & on spinor fields denote chiralities. The superscripts (+) on
antisymmetric tensor fields mean that they are (anti-)self-dual. The numbers of fields are
counted by real fields for bosonic fields and (symplectic/pseudo) Majorana(-Weyl) spinors
for fermionic fields. The last column 7 denotes bosonic (= fermionic) physical degrees of

freedom.
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5. Supergravities in higher dimensions

Lagrangians and local supertransformation laws of fields of supergravities in various
dimensions were explicitly obtained by the Noether’s method or by dimensional reductions
from higher dimensional theories. Supergravity in the highest space-time dimensions is
the d = 11, N = 1 theory [12]. The field content is the vielbein e,%, a Majorana Rarita-
Schwinger field 9, and a real third rank antisymmetric tensor field B,,,. The Lagrangian
has a relatively simple form

L= ——eR - —zew,/y’“”’D,,w,, = er,,,,,F“"””

og€ (B, + 129° %5) aps

2
+—1@ eoresbr-bapvep  Fg..Bu, + (4-fermi terms), (5.1)
where F,,,, = 40,,B, .- is the field strength of the antisymmetric tensor. This Lagrangian
ppo (uDvpo) gl

is invariant under the local supertransformation

e o a 3_
boeu” = —tiey 1/’#’ 6@ Buvp = 2 YVl
b = Dpe+ — T ('7"‘[’76“ — 87”"56:) €Fypys + (3-fermi terms) (5.2)

in addition to the general coordinate and the local Lorentz transformations. It is also
invariant under the local gauge transformation of the antisymmetric tensor field

bgen” =0, bg%u =0, 69 Buvp = 30y (Apw = —Ayy). (5.3)

In ten dimensions there are three types of supergravities: (N,,N_) = (1,1), (2,0),
(1,0). The field contents are given in Table 3. The (1,1) supergravity [13] can be ob-
tained from the d = 11 theory by a dimensional reduction and is vector-like (left-right
symmetric). This theory is a massless sector of the type IIA superstring theory. The
(2,0) supergravity [14] is a chiral (left-right asymmetric) theory. It contains a fourth rank
antisymmetric tensor field BI(]:Z,U, whose field strength satisfies a self-duality condition
Fuvpor = %eewp@mﬁwﬂF afv6n Because of this self-dual field a Lorentz covariant action
of this theory is not known although field equations were explicitly obtained. It has a
non-compact symmetry SU(1,1) and the scalar fields are described by an SU(1,1)/U(1)
non-linear sigma model. This theory is a massless sector of the type IIB superstring the-
ory. The (1,0) supergravity [15] is a chiral theory. There exists a matter supermultiplet
(A, Xx+), where A, is a gauge field and x. is a spin ; Majorana-Weyl spinor field, both of
which are in the adjoint representation of a certain gauge group. This theory is a massless |
sector of the type I superstring theory and the heterotic string theory.
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Supergravities in d < 10 dimensions, whose field contents are given in Table 3, can be
obtained from d = 11 or d = 10 supergravity by dimensional reductions and truncations
of fields. Their general structure is as follows. Field contents are the vielbein, Rarita-
Schwinger fields, antisymmetric tensor gauge fields, spin % spinor fields and scalar fields.
When scalar fields are present, the theory has a rigid non-compact symmetry G. The
scalar fields are described by a G/H non-linear sigma model, where H is a maximal
compact subgroup of G. For instance, two scalar fields in the d = 4, N = 4 theory are
described by the SU(1,1)/U(1) sigma model. In even dimensions (d = 2n) G acts on
(n—1)-th antisymmetric tensor fields By, ....,_, as duality transformations. In this case G
is a symmetry of equations of motion but not of the action. In the following two sections
we will discuss these structures in detail.

6. Non-linear sigma models

Scalar fields appearing in supergravities are described by a G/H non-linear sigma model,
where G is a non-compact Lie group and H is a maximal compact subgroup of G. The
G/H non-linear sigma model is a theory of G/H-valued scalar fields, which is invariant
under rigid G transformations. In this section we shall review how to construct G/H
non-linear sigma models [16}, [17].

We represent the scalar fields by a G-valued scalar field V(z) and require local H
invariance. Since we do not introduce independent H gauge fields, the H part of V(z) can
be gauged away and physical degrees of freedom are on a coset space G/H. The rigid G
transformations act on V(z) from the left

Viz) > gV(z) (9€@), (6.1)
while the local H transformations act from the right

V(z) - V(©)h Y z) (h(z) € H). (6.2)

To construct the action we decompose the Lie algebra G of G as
G=H+N, (6.3)
where H is the Lie algebra of H and N is its orthogonal complement in G. The orthogo-

nality is defined with respective to trace in a certain representation: tr(HN) = 0. It can
be easily shown that

[M,H|cH,  [HNCN. (6.4)
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The G-valued field V=18,V is decomposed as
V9,V=Q,+P, Q.€H, P,eN. (6.5)

By using eq. (6.4) the transformation laws of @, and P, under the local H transformations
(6.2) are found to be

Q# — hQ,JI,_l + ha,,h‘l,
P, — thh—l, (6.6)

while they are invariant under the rigid G transformations (6.1). We see that @, trans-
forms as an H gauge field, while P, is covariant under the H transformations. From eq.
(6.5) P, can be expressed as

P,=V1(6,V-VQ,)=VTDV, (6.7)

where D, is the H-covariant derivative on V.

By using these quantities we can construct an action which is invariant under the rigid
G and the local H transformations. The kinetic term of the scalar fields is

L= %tr(P,,P")
- %tr(V‘lD,,VV‘ID"V). (6.8)

This action is quadratic in derivatives of V and is manifestly invariant under the rigid
G and the local H transformations. The H-connection ), can be used to define the
covariant derivatives on other fields transforming under the local H. For instance, when a
spinor field 9 (z) transforms under the local H transformations as 1(z) — h(z)y(z), the
covariant derivative is

DM/’ = ((9,, + Qu) Y. (6-9)

We can also use P, to construct H-invariant terms in the action such as
Yy Pp. (6.10)

We can describe the theories in terms of physical fields by fixing a gauge for the local
H symmetry. For instance, we can choose a gauge

V(z) = e*@), (6.11)
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d N ' G H
0@ |  GLLR) T
2,0) SL(2,R) SO(@)
(1,0) G(L,R) 1
9] 2 GL(2,R) S0(2)
1 GL(L,R) 1
8| 2 [SL@G,R) x SL(Z,R) [ SO(@3) x SO(2)
1 GL(,R) I
71 4 SL(5,R) SO(5)
2 GL(L,R) 1
61 (49 SO(,5) SO() x SO0
(4,2) SO(5,1) SO(5)
2.2) GL(LR) 1
5 8 E6(+6) USp(S)
6 SU*(6) TUSp(6)
1 | USp(d) x CL(LR) TSp(d)
1] 8 Eriem, SU(8)
6 SOT(12) T(6)
5 SUG,) 6
1 | SU@) x SLE,R) T(4)

Table 4: G and H in supergravities.

where ®(z) is an N-valued field, which represents physical degrees of freedom. The G
transformations (6.1) break this gauge condition. To preserve the gauge the transforma-
tion g must be accompanied by a compensating H transformation h(z; g). Therefore, the
G transformations of ®(z) are given by

e‘P(z) - e‘t"(z‘) =g e@(x) h_l (x’ g) (6.12)

The compensating transformation h(z;g) is chosen such that ®’(z) belongs to N. The
transformation ®(z) — ®'(z) is a non-linear realization of (6.1). When g € H, we can
take h(z;g) = g and g is linearly realized.

The groups G and H appearing in supergravities are listed in Table 4. One can check
that the dimension of the coset space G/H is equal to the number of scalar fields in each
theory. As an example of G/H sigma models in supergravities let us consider the case
G = SL(2, R) ~ SU(1,1) and H = SO(2) ~ U(1). This sigma model appears in the
d =10, (2,0) and d = 4, N = 4 supergravities. The SU(1,1)-valued scalar field V(z) is
parametrized by two complex scalar fields ¢o(z), ¢;(z) as

_ (4@ i) s
ve = (50 89). we-ler-1 (619
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The rigid SU(1,1) and the local U(1) transformations are given by egs. (6.1) and (6.2)
respectively with

a b : @ 0
g= < b a* ) ’ h(fE) = ( 0 e—ie(::) ) ’ (614)

where |a|? — [b]2 = 1. The quantities in eq. (6.5) are obtained as
« . 10
Q= - 310,00 (o ).

_ 0 ($00up1 — h10,0)*
Pll» - ( ¢06#¢1—¢18F¢0 # 0 H ) (615)

Therefore, the Lagrangian (6:8) becomes

L= —;—tr (P,P¥)

= |¢Oau¢l - ¢lau¢0I2

- (E=ae). (6.16)

The variable z is U(1)-invariant and represents physical degrees of freedom. 1t transforms
under SU(1,1) as

az + b*
bz + a*

zZ =

(6.17)

It can be easily seen that the Lagrangian (6.16) is invariant under this transformation.

7. Duality symmetries

7.1 Duality syrﬁmetry in the free Maxwell theory

In this section we discuss duality symmetries appearing in supergravities in even di-
mensions. Duality symmetries are generalizations of the electric-magnetic duality in the
Maxwell theory. Let us first consider the free Maxwell theory as a simple example to
explain what duality symmetries are. The free Maxwell equations consist of the equation
of motion and the Bianchi identity

8,F™ =0, 8, =0, (7.1)
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where _
~ 1
Fuv = 4y =8, Ay, F* = 2 F,,. (7.2)

The set of equations (7.1) is invariant under rigid general linear transformations

5(;‘1):(2‘ g)(ﬁﬁ) (A, B, C, D€R). (7.3)

Such transformations, which mix F* and F** are called duality transformations. We
have to take into account the fact that F*¥ and F*¥ are not independent but are related
by the duality operation in eq. (7.2). By taking a dual of the upper equation of eq. (7.3)
and using an identity F = —F, we obtain §F = AF — BF, which should coincide with
the lower equation. Therefore, the transformation parameters must satisfy D = A and
C = —B, and the symmetry transformation is

()3 2)(5)

We can diagonalize the transformation matrix by using a complex basis

F+iF\ (A—-iB 0 F +iF
6(F—i17“>“( 0 A+iB)(F—iﬁ')' (75
We see that the group of the duality transformations is GL(1, C).

To discuss the duality symmetry we have not studied the invariance of the action but
that of the field equations. The reason is that the duality transformations are consistent
only on-shell. Since the independent variables of the theory is A,, 6 F,,, in eq. (7.4) should
be derived from 6A,:

0,84, — 8,6A, = AF,, + BE,,. (7.6)

The integrability of this equation requires 6,,(Aﬁ’ +BF)* =0, i.e., 8,F*" = 0. Thus, the
equation of motion must be satisfied. Even if we ignore this point and formally consider
the transformation (7.4) off-shell, the action —3 [ d*zF?, is not invariant. Therefore,
to construct theories invariant under duality transformations it is easier to study the

covariance of equations of motion.
7.2 Duality symmetries in higher dimensions

We shall study duality symmetries of interacting theories in general even dimensions
d = 2n [18]; [17], [19]. We consider theories of (n — 1)-th rank antisymmetric tensor fields
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Bi..,.. (@) (I=1,---, M) interacting with other fields ¢;(z). The field strengths of the

tensor fields and their duals are defined as

I _ I
Fﬂl""‘ﬂ —_ n a[PIBP2"'”"],
S 1
FII‘I"'Pﬂ — me—lepl...p,.ul-uu"Fl{r”un‘ (7.7)

In d dimensions the duality operation satisfies

+1 ford=4k+2,

F =, €={—1 for d = 4k. (7.8)
We assume that the Lagrangian has a form
L = L(p,00,F)
= ﬁfeKlu(fﬁ)F,fl...,‘nFJ’“'""" + 2—-17566K21J(¢)F,fl...,‘,1ﬁJ“"”""
+eF, ... 0" (8,00) + L'(¢,09), (7.9)
where K15 = Kyy1, Kory = —€Ksjyr. The fields B,{I...#n_l appear only through their field

strengths F[ ., . The Lagrangians of supergravities are of this type. We require duality
symmetries in this theory, and obtain conditions on the functions K3, K3, O and possible

duality symmetry groups.
The equations of motion for B} ., | and the Bianchi identities are
O (G H) =0, 8y, (eFTm#) =0, (7.10)

where the dual of antisymmetric tensors Gy, ..., are defined by

~ n! oL
propn _ T
G "~ e OF!

R fn

(7.11)

(For the free Maxwell theory, G** = F’"".) These equations are invariant under transfor-

mations
5<g)=(é g)(g) 5¢° = £(¢), (7.12)

where A, B, C, D are constant n x n real matrices and £(¢) are functions of ¢*. As in
the Maxwell theory these constants are not independent. We shall obtain the conditions
that these constants should satisfy by studying (i) the covariance of the definition of G
(7.11) and (ii) the covariance of the equations of motion for ¢*.
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Let us first study the covariance of the definition of G. By eq. (7.11) G is expressed
in terms of F' and ¢. Therefore, the transformation of G can be derived from those of F
and ¢. From eq. (7.11) we obtain

N ! 06L
6G1 - Ile—"a—ﬁ;!— - G_]AJ[ - GJBJK

0Gk

- (7.13)

This should coincide with the transformation given in the lower equations in eq. (7.12).
By equating these two transformation laws we obtain

9 oL
e (n'5,C - —eF'JCJKF ~ 5¢C BJKGK) ~ (4714 D) nirs
oG
(c,J+eGJI)F + eGJ (BT + eB"7) aF’j (7.14)

When there exist nontrivial 1nteract10ns, this equation gives conditions on the transfor-
mation parameters

AIJ + DJI = 0155, BIJ = —EB'", CIJ = —GGJ[, (715)

where a is an arbitrary constant, as well as a condition on the variation of the Lagrangian

0

e (5£ _ ——ech,JFJ - —eG;B”GJ - aﬁ) = 0. (7.16)

The equation of motion for ¢¢ is

E,-:(a(#. a“a(a,,¢f))£ 0. (7.17)

The covariance of this equation under the duality transformations (7.12)

651
OE; = 3¢’ (7.18)
requires another condition on the variation of the Lagrangian
0 0
N (&c eGB-’G)—o 7.19
(75~ %3 G (719

Now we can find out possible duality groups by studying egs. (7.15), (7.16) and (7.19).
Comparing egs. (7.16) and (7.19) we find a = 0. Then, the conditions on the parameters
(7.15) can be written as

XTQ+0X =0, (7.20)
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where .
A B 0 €
x=(42). o-(22) -
For d = 4k (¢ = —1) Q) is an antisymmetric matrix and the above condition implies that

the group of duality transformations is Sp(2M, R) or its subgroup. On the other hand, for
d=4k +2 (e = +1) § is a symmetric matrix, which can be diagonalized to diag(1, —1).
Therefore, the group of duality transformations in this case is SO(M, M) or its subgroup.
Egs. (7.15), (7.16) and (7.19) also restrict the variation of the Lagrangian

o 1 ~
oL = -;L—BI?I(jjjlrJ + ———-6(;1131J(;J
2n! 2n!

"y (%eFIC?I) . (7.22)

Thus, although the Lagrangian is not invariant under the duality transformations, it
transforms in a definite way.

It can be shown that a derivative of the Lagrangian with respect to an invariant
parameter ) is invariant under the duality transformations. Indeed, by computing 3%5[,
and using egs. (7.11), (7.15) we obtain

§ (%g) a?,\ <6£ —eFICIJFJ — ——eG,B”G,) (7.23)

which vanishes by eq. (7.22). Here, we have assumed that £* do not depend on A. The
invariant parameter can be an invariant external field such as the metric. Thus, the
energy-momentum tensor obtained as a functional derivative of the Lagrangian with re-
spect to the metric is invariant under the duality transformations.

Let us obtain an explicit form of the Lagrangian which transforms as in eq. (7.22).
The Lagrangian satisfying eq. (7.22) can be written as

1 ~
L= 5;;?61?1(;1 +'l:hn70¢7é%ﬁa17)

= E%eplé, + -21—'e(FIII + €GrH") + Lin (9, 09), (7.24)
where n-th antisymmetric tensors (Hj. ..., (¢,08), It yy..u, (¢, 04)) transform in the same
way as (F!,Gr), and Lin (@, 0¢) is invariant under the duality transformations. In the
second line we have assumed that the duality symmetry group is a maximal one, i.e.,
Sp(2M,R) ind = 4k or SO(M, M) in d = 4k+2, for simplicity. When the symmetry group
is a subgroup of them, there can be other invariants other than FI + ¢GH. Substituting
eq. (7.24) into eq. (7.11) we obtain a differential equation for G

(G = D)1 = (F ey -2 (G- 1), (7.25)

OFT
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To solve this equation we introduce an operation j:
j: F — jF=F, (7.26)
Then, the solution can be written as
JGr = It + €K1, (¢) (F’ — €jH”), (7.27)

where

Ki1j(4) = Kig(@) + Korg ()i (Kvs = Ky, Korg = —€Koyp) . (7.28)

From the covariance of eq. (7.27) under the duality transformations, K must transform
as

6K = ~KA— KBKj+ ¢Cj + DK. (7.29)

Substituting this solution into eq. (7.24) we obtain
L= 5P Ky P+ 2PN (I~ Ky ) = oo B (I~ Ky HY) 4 Lune (4, 86). (7.30)

Thus, if we can find out functions HY(¢,8¢), I*(¢,84), K1;(¢) with appropriate trans-
formation properties, we have an explicit form of the Lagrangian.

7.3 Compact duality symmetry
Let us consider a special case of K = 1. In this case we will see that the duality symmetry

group must be a compact group. From eq. (7.29) the transformation parameters must
satisfy

A=D, B=c. (7.31)

For d = 4k these conditions imply

X_<_B A), AT=_A, BT=B. (7.32)

The transformation law becomes

F +iG A—iB 0 F +iG
6(F—iG>:( o (A—iB)*)(F—-iG)' (7.3
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Since A —iB is anti-hermitian, the duality symmetry group is U(M), which is a maximal
compact subgroup of Sp(M, M), or its subgroup.

On the other hand, for d = 4k + 2 the conditions in eq. (7.31) imply

_(A B - r_
X—<B A), AT=—A, BT=-B. (7.34)
and
F+G\_(A+B 0o \(F+G
5<F—G)“< 0 A—B)(F—G’)‘ (7.35)

Since A+ B and A — B are real and antisymmetric, the duality symmetry group is SO(M)
x SO(M), which is a maximal compact subgroup of SO(M, M), or its subgroup.

As an example of compact duality symmetries let us consider the d = 4, N = 2
supergravity [20]. The fields are the vierbein e,*, two Majorana Rarita-Schwinger fields
¥}, (¢ =1,2) and a U(1) gauge field B,. The Lagrangian is

1 1 . T v 1 1 vV
L= —ZeR — §ze¢#'y" ?Dyip, — ZerF"
- :
—§ee,~j¢L(F“” — tyF* )yl + (4-fermi terms). (7.36)
This Lagrangian is invariant under a rigid SU(2) transformation
be,* =0, &Y, = (SY+iyAY)pl, 6B, =0, (7.37)

where %, A¥ are are real parameters satisfying X% = —¥9 A% = A% and A% = 0. The
equations of motion have an additional symmetry under a rigid U(1) transformation

a i 1 . 4 ) F”V 0 A  dnd
oo st o(E2)=( 0 M) (E). e

where A is a real parameter. This U(1) transformation acts on the gauge field as a duality
transformation. An explicit form of G can be obtained from eq. (7.11)

Gu = —Fy— Hy + 1, (7.39)

where

H,, = —€9, 1793, Ly = —€, ¥, (7.40)
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One can easily see that (H,I) transform in the same way as (F,G). Furthermore, the
transformation of G in eq. (7.39) derived from §F and 6y correctly reproduces §G in eq.
(7.38). Using G the Lagrangian (7.36) can be rewritten in the form (7.24)

1

£=4

eF,,G" + %e (FuI? — Gy H*) + (B,-independent terms). (7.41)
7.4 Non-compact duality symmetry

We can construct Ki;(¢) which transforms as in eq. (7.29) by using a G/H non-linear
sigma model. Here, G is a duality symmetry group, which we assume to be a maximal one,
i.e., Sp(2M) or SO(M, M). H is a maximal compact subgroup of G, i.e., U(M) or SO(M)
X SO(M). We use a G-valued scalar field V(z), which transforms under Gyigia X Hiocal 85
in egs. (6.1), (6.2).

Let us first discuss the case d = 4k, G = Sp(2M), H = U(M). It is convenient to use
the complex basis, in which the G transformation is

(?fig)ﬁ(i Z)(?f:g) dla—blb=1, a"b—bTa=0. (7.42)

In this basis the scalar field is expressed as
$o(z) ¢i(z) f t T T
V(z) = 1 : - =1, - =0. 7.43
(m) ( é1(z) ¢0(:L‘) dodo — D11 o¢1 &1 do ( )
Using the components in eq. (7.43) we can construct K transforming as in eq. (7.29)
K = (¢ — 61 (¢ + ¢1) 7, (7.44)
where the imaginary unit 4 in ¢y, ¢; is replaced by the operation j, i.e., ¢o = Redyp +

JIm¢@y, ¢5 = Redo — jImey, etc. Note that j2 = —1ind = 4k as 12 = —1. It is
convenient to introduce an H-invariant variable

2= 4i(#)7" = 7, (7.45)

which transforms under G as
z— (az+b*)(bz +a*) 7. (7.46)

Then, K can be expressed as
K= i - z (7.47)
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We now turn to d = 4k + 2 and consider the maximal case G = SO(M,M), H =
SO(M) x SO(M). In the Q-diagonal basis the G transformation is written as

F+G a b F+G
F-G ) \cd)\F-G )’
aTa—cTe=1, d*d-t"b=1, aTb—-cTd=0. (7.48)

The G-valued scalar field is parametrized as

_ ¢1(l‘) 1/)2(-”3)
V("”)‘(wl(x) q»(x))’

¢{¢1 - f 1= 1, ;I'¢2 - ¢g1¢2 = 1a ¢:1r¢2 - '¢':1r¢2 = 0 (749)

In this case the operation j satisfies 72 = 1, which suggests to introduce the projection

operators

P, = %(1 ey (7.50)

A coefficient function K which has the right transformation property in eq. (7.29) is

K = (1 — 1) ($1 + 91) 7 Py + (d2 — %) (d2 + 42) ' P (7.51)
.We define an H-invariant variable
2= (%1(1) )7 = 92(d2) 7, (7.52)
which transforms under the G transformation as
2z — (az+ b)(cz + d) ™. (7.53)

In terms of this variable K can be written as

P (7.54)

As an example of non-compact duality symmetries in supergravities let us consider
the d = 4, N = 4 theory [21], [18]. Among the fields in the theory we are interested in
six U(1) gauge fields BY = —B# (3,5 = 1,---,4) and two real scalar fields (see Table
3). The scalar fields are represented as the G/H non-linear sigma model with G = SU(4)
x SU(1,1), H = SU(4) x U(1). The SU(4) factors cancel each other in the coset G/H.
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G = SU(4) x SU(1,1) acts on the gauge fields as duality transformations. The SU(4)
transformation is

(F + iG)ij VU""UJ" 0 (F + iG)kl
( (F _ ZG):{] g 0 Un'kU*jl (F _ ‘iG)H ) (755)
where UtU = 1, det U = 1, while the SU(1,1) transformation is

(F +4G)Y I v A e
( (F—iG)d |~ bleidkl e gilkglli (F —iGy ) (7.56)

where a,b € C, |a|? — |b]? = 1. The SU(1,1)-valued scalar field is parametrized as

o= (33 53

where
8§ (2) = do(2) Y, BH(2) = hu(z) g,
d)o(x)) ¢1($) € C) |¢0I2 - |¢1|2 =1 (758)

The imaginary unit ¢ in ¢y and ¢; is replaced by the duality operation j. In terms of an
H-invariant variable

298 (z) = (&) }(2) )
- z(x)%eijkl, | (7.59)

where z(z) = ¢}(z)d5(z) ! we construct

AN
Kim = (157)

1422, 5. 22 1 ..
- 1?:25*[’“5'11 - e, (7.60)
Then, the Lagrangian can be written as
0,20"2* 1 .
L= e ~ g™ (7.1
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‘8. Super p-branes

In this section we briefly discuss super p-branes, which are closely related to super-
gravities. We shall consider a theory of p-dimensionally extended objects moving in
d-dimensional space-time. They are generalizations of strings and are called p-branes:
0-branes are point particles, 1-branes are strings, 2-branes are membranes, etc.

Let us first consider bosonic p-branes without supersymmetry. Dynamical variables are
X*(€) (r=0,1,..-,d—1), which represent a map from (p+ 1)-dimensional world-volume
with coordinates & (i = 0,1,---,p) to d-dimensional space-time. When space-time is a
flat Minkowski space-time, a natural action is the one proportional to the volume of the
(p + 1)-dimensional world volume (Nambu-Goto type action)

S[X] = —T‘/dp+1€\/ I det h,'j , hij = 6iX”6jXV7hw, (8]‘)

where T is the p-brane tension of dimension (length)=?~!. We will take T' = 1 in the
following for simplicity. h;; is a metric on the world-volume induced by the space-time
flat metric 7,,. This action is invariant under the space-time Poincaré transformations
and the world-volume reparametrizations. One can write down another action (Polyakov
type action) using an independent metric g;;

S'[X,g] = — f P [% V191998, X+0; X "1, — %(p _ 1)\/|_g'|] : (8.2)

which are equivalent to the above action (8.1). The field equation of g;; can be solved
algebraically: g;; = hy;. (For p = 1 the general solution is g;; = e®h;;, where ¢ is an
arbitrary function of £.) Substituting this solution into eq. (8.2) we obtain the action
(8.1). Therefore, these two actions are equivalent, at least at the classical level. We will
use the Nambu-Goto type action (8.1) in the following.

We now consider a supersymmetric generalization of p-branes. In the case of strings
(p = 1) there are two formulations: the Neveu-Schwarz-Ramond formulation and the
Green-Schwarz formulation. For general p-branes Neveu-Schwarz-Ramond formulation is
not known. A technical reason is that a supersymmetrization of the cosmological term
\/|Tq—| for p > 1 requires the Einstein term \/lgT! R and the theory becomes more complicated.
Moreover, even if one could construct an appropriate action with world-volume local
supersymmetry, it is not clear whether it leads to space-time supersymmetry. On the
other hand, the Green-Schwarz formulation of p-branes was constructed in refs. [22], [23],
which we will discuss in the following.

Dynamical variables of super p-branes in the Green-Schwarz formulation are Z Mg =
(Xﬂ(g)’ga(é)) (M = (ﬂ», a)3 r = 0) 13 e ’d - 1) a = 11 e 7n)7 which repr&sent a map
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from (p + 1)-dimensional world-volume to d-dimensional (extended) superspace. Here, n
is a number of independent components of fermionic coordinates of the superspace. The
action of super p-branes in Minkowski space-time is

2 .
S = ~/dp+1€ l} / | det hijl + (p n 1)!6‘1-.‘11)-’('1]]31 e H;;itlBAp+l"'Al ;
I = O, X* — iy 80,  TI*=8,6°,  hy = P17, (8.3)

where 4 are d-dimensional gamma matrices. By,,,..4,(Z) (A = (4,a)) is a (p+ 1)-form
on the superspace, whose non-vanishing components of the field strength Hy,,,..4, are

e _ 1o(p—
Hogpyoy = =1 C MYy )asy, = (=1)3P@7D, (8.4)

The action (8.3) is invariant under the space-time super Poincaré transformations and
(p+ 1)-dimensional reparametrizations on the world-volume. The space-time supertrans-
formations are

5QX'“ = 1ey*0, 5Q0 =€, (8.5)

where € is a constant spinor parameter. In the case of superstrings it is also invariant
under local fermionic transformations called x-transformations. This symmetry reduces
the fermionic degrees of freedom by half. We require such symmetry also for p > 2. The
k~transformations are
5 X* = i0y#6,0, 6.0 = (1+ D)k,
—_— C 2101 n Hp+1
= me 1 P+1Hi11 e Hi:{-l 7""1""‘)"‘}'1’ (8.6)

where k*(§) is a parameter of the transformations. The matrix I defined above satisfies
I? = 1 and therefore (1 £ T) are projection operators. The action (8.3) is invariant
under the transformations (8.6) provided that the field strength of By,,,...4, is given by
eq. (8.4). Thus, the presence of the second term (Wess-Zumino term) in the action (8.3)
is required by the k-invariance.

The field strength Hpg,,,..a, given in eq. (8.4) must be a closed (p + 2)-form. This
requires that gamma matrices should satisfy a certain kind of identity. When 8 is a
Majorana spinor, the identity is

(C7 ') @p(CIyP1e) 5 = 0. (8.7)

A similar identity must be satisfied when 8 is a spinor of other type. (For details see ref.
[23].) These identities lead to a condition on d, p and n

d—p—lz%n (8.8)
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12 |

11+ /8
10 4=4

Figure 1: The brane scan.

for p > 2 and

d——2=—1-n or d—2=1n (8.9)

4 2

for p = 1. The left and the right hand sides of egs. (8.8) and (8.9) represent bosonic (X*)
and fermionic (#) physical degrees of freedom up to gauge degrees of freedom respectively.
Eqgs. (8.8) and (8.9) are satisfied only for 12 pairs (d, p) shown in Fig. 1. Possible types
of supersymmetries are (N, N_) = (1,1), (2,0), (1,0) for (d,p) = (10,1), (N4+,N_) =
(2,2), (4,0), (2,0) for (d,p) = (6,1), N = 2,1 for (d,p) = (4,1), (3,1) and the minimal one
for other (d,p). The numbers on the right of each sequence in Fig. 1 represent physical
degrees of freedom (8.8), (8.9). (A similar analysis for general signature of space-time was
given in ref. [24].)

The action (8.3) is the one for a flat Minkowski space-time. One can introduce space-
time background fields. The background fields are represented by supervielbein Ej;# and
super (p + 1)-form Bag,,,..4,, both of which are superfields. The action is given by eq.
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(8.3) with IT# replaced by . , ‘
14 = ,ZM Ey A, (8.10)

The k-invariance of the action imposes constraints on these background fields. For (d, p) =
(11,2), (10,1), (10,5) these constraints are shown to be equivalent to field equations of
d =11, N = 1 and d = 10 (1,1) supergravities in superspace. For other values of
(d, p) an equivalence to field equations of supergravities is expected but has not yet been
analyzed in detail. For string theories (p = 1) there is one-to-one correspondence between
background fields and massless physical states. It is an interesting open problem whether
such relations are present for p > 2.

The author would like to thank T. Eguchi and N. Sakai for suggesting him to publish
this work.

Appendix A. The vielbein formalism

In the usual formulation of gravitational theories the metric tensor g,,(z) (u,v =
0,1,---,d—1) is used to describe gravity. Our signature convention of g, is (+, —, - - -, —).
The Einstein Lagrangian in this formulation is '

1 _
L= —1=v/=gR, (A.1)

where G is the gravitational constant and g = det 9w In the following we will put
4nG = 1 for simplicity. The scalar curvature R is defined from the Ricci tensor R,, and
the Riemann tensor R,,*; as

R = g"Ry, Ry = RyPy,
R;wpa - aﬂrzfa - 6.,11;2, + F;f,\rz:\o - Fxﬁ\r;i‘a' (A2)

The Christoffel symbol I‘,fu is defined by using the metric as

1
F;:\u = '2‘9’\‘, (apgwo + augpp - pg;w) . (A.3)

This form is determined by the metricity condition Dygy, = Ohgu — {90 — 5,94 =0
and the torsionless condition I'), = I')),.

To couple gravity to spinor fields it is more convenient to use the vielbein formulation
of gravity. In this formulation we introduce d vectors e,*(z) (a = 0,1,---,d — 1) at each
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point of space-time, which are orthogonal to each other and have a unit length

o (2)es” (@)9u(2) = o (A.4)

where 7y = diag(+1,—1,---,—1) is a flat Minkowski metric. We also introduce inverse
matrices e,%(z), which satisfy

e (z)e” (z) = 84, et(z)e,’(z) = 6. (A.5)

The fields e#“(:z:) are called vielbein (vierbein or tetrad in four dimensions, fiinfbein in
five dimensions, etc.). From egs. (A.4) and (A.5) we can express the metric in terms of
the vielbein

Iu(z) = €,(2)e” () ab- (A.6)

Therefore, we can use the vielbein e,%(x) as dynamical variables representing gravitational
degrees of freedom.

For a given metric g, the vielbein e,* satisfying eq. (A.6) is not uniquely determined.
If e,® satisfies eq. (A.6), then another vielbein

4@ = el @A2) (A (@) A (@) ea = s (A7)

also satisfies eq. (A.6) with the same g,,. The metric tensor has 1d(d + 1) independent
components, while the vielbein has d? components. The difference 3d(d—1) is the number
of independent components of A,’. The transformation (A.7) is called a local Lorentz
transformation. Since the theories are originally formulated by using only g, they should
be invariant under the local Lorentz transformations. Thus, gravitational theories in the
vielbein formulation have two local symmetries: the general coordinate symmetry and the
local Lorentz symmetry.

We have now two kinds of vector indices: g, v,--- and a,b,- - -. To distinguish them the
indices p,v,- - - are called ‘world indices’, while a,b,- - - are called ‘local Lorentz indices’.
These two kinds of indices are converted into each other by using the vielbein and its
inverse, e.g.,

Au(z) = e (2)Au(z),  Aulz) = e,%(2) Au(2). (A-8)
Tensor fields with local Lorentz indices transform under the local Lorentz transformations
as in eq. (A.7). They also transform under the general coordinate transformations as ten-

sor fields determined by the world indices they have. For instance, the general coordinate
(G) and the local Lorentz (L) transformations of a tensor field T,,(z) are

567La =:"§V557La'—'au§"7la,
6 e = —)\aprb, (A.9)
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where £(z) and A®(z) = —\%(z) are infinitesimal transformation parameters. The trans-
formations of spinor fields are assumed to be

5010 = _5#8;11/]7
1
oLy = —Z)\ab’Yabfl’- (A.10)

Under the general coordinate transformations they transform as scalars.

To construct an action of spinor fields invariant under the local Lorentz transforma-
tions we need a gauge field. It is called a spin connection w,%(z) (w,® = —w,®®). The
local Lorentz transformation of the spin connection should be

Spw,® = DA% = 8,0% 4 w2 2?4 w, A% (A.11
7 7 (z (7 [

so that the covariant derivative of a spinor field v

Dy = (8u + %wuab%b) Y (A.12)

transforms covariantly. The spinor Lagrangian invariant under the general coordinate and
the local Lorentz transformations is

L =ieypy* D, (A.13)
where e = dete,* = \/—g and v* = y%e,*.
As for the Christoffel symbol, the spin connection is completely determined by the
vielbein if we impose the torsionless condition

D,e,* — Dye,® =0 (Dpe,® = 0ue,* + wp“beyb). (A.14)

(The metricity condition corresponds to the antisymmetry property w,® = —w,'.) The
solution of eq. (A.14) is wWyap = Wyaes(€), Where

1
Wuas(€) = 3 (ea" Qb — " Quva — €217 €,°Vpoc) ;,  Qpva = Oyua — Opepa. (A.15)
The spin connection (A.15) is related to the Christoffel symbol (A.3) as

Oue, + w, e, —T) ey =0. (A.16)

n
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The field strength of the spin connection
R.% = O0uw),% — 0w,y + wy,wy)p — Wy ew, . (A.17)
is shown to be related to the Riemann tensor and the scalar curvature as

a b — v ab
R”Vpa = pv beapea- 9 R — eapeb R]I-V . (A.18)

Appendix B. Local supersymmetry invariance of d = 4, N =1
supergravity

The Lagrangian of d = 4, N = 1 supergravity consists of two terms

ﬁ = £E + ERSy
- 1 -
Lg = _Ze eapebuRpuab - EeyuweakdeﬂceadRyuab’
1, - abef 1 wwpo f
Lrs = —ieedes” e’y Dy = 5P Do, (B.1)

where €#¥#7 is the totally antisymmetric tensor with €92 = +1 and 45 = i7*y'y?*y>. The
Riemann tensor R,,? and the covariant derivative D, depend on the vierbein e, only
through the spin connection @,*®. When the action is viewed as a functional of €,%, ¥,
and @,%, the spin connection (2.5) satisfies an equation

5
8t

/ d*z L(e, 9, &) = 0. (B.2)

(To show this it is convenient to use the second form of Lg and Lgs in eq. (B.1).) There-
fore, when we compute a variation of the Lagrangian under supertransformations, the
spin connection need not be varied.

To show the local supersymmetry invariance we need the following formulae involving
spinors. For four arbitrary spinors 1, x, A and ¢ the Fierz identity

o o 1- . - _ - L
B3 =~ [FoAx -+ By = 3R — PP dSvr + Pudhx| (B3)

is satisfied. Bilinears of two arbitrary Majorana spinors 9 and x have symmetry properties

VX = XY,
Py x = =X,
PyPx = =X,
DY X = XV,
PsX = X159 (B.4)
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Let us now compute the variation of the Lagrangian (B.1) under the supertransfor-
mation (2.10). Using the first form in eq. (B.1) the variation of the Einstein term is

1 )
6Q,CE = —ZéQ(e eapebu)ijab
. - 1 -

On the other hand, using the second form in eq. (B;l) the variation of the Rarita-Schwinger
term is

1 T
6oLrs = 2 B2 S u Y Ys Dptbo + 56“ P2 Ys D pbo o

1 - .
+"2'6WW6Q6V0 YuYaVs Do (B.6)
By partial integration the first term becomes
| PO ~ 1 _ A 1 A A
E,eu MD}LC’YU'75Dpwa = _Eeyupa€7u75 Dprwa - EGPVWDpeua €7a'YSDp¢a
+ total derivative terms. (B.7)

By using eq. (2.6), the Fierz identity (B.3) and the symmetry properties (B.4) the second
term in eq. (B.7) is shown to cancel the third term in eq. (B.6). Then, eq. (B.6) becomes

1 _ A 1 - Ao
6Q£RS = _ZG#UW‘E%}'YS [Dw Dp]";ba + ZCPUN"/J#'YV'YS[DpaDa]G
1

= %ie'éy"wa (eb” R,,,,“b — 56,,“]?) , (B.8)

up to total derivative terms. In the last equality we have used
. 12 o
[Dua D,,]G = 21' uv  Yab€ (Bg)

and the properties (B.4). Thus, the variations of Lr and Lgs cancel each other and the
total Lagrangian (2.2) is invariant under the local supertransformation (2.10) up to total
derivative terms.

Next let us show the commutator algebra of two local supertransformations in eq.
(2.11). We shall first consider the commutator applied on the vierbein

[ba(€1), bo(e2)len” = Bp(er) (—i&av"Yy) — (1 & 2)
= —i&y° D, e + iey* Dy
= —iD, (&%), (B.10)
where we have used the second equation in eq. (B.4). Defining £¥ = i€v”¢; we obtain
[6a(€1), b(e2)le,® = —D, (£%€,°)
= —0,8%¢,* — &' D,e, — & (Dye,* — Dye,®)
= —0,8%," — £B,e, — £, %, — P "Y,,  (B.11)
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where we have used eq. (2.6). This shows the last commutation relation in eq. (2.11) for
e,®. Similarly, we can compute the commutation relation on the Rarita-Schwinger field.
We need the supertransformation of the spin connection @,®,, which can be obtained by
applying 6 on both sides of eq. (2.6) as

. 1. _ _
8Q(€)pab = 51 (EVuthad — EVaVu + EWYan) » (B.12)

where 4, = D3, — D,4,. By using eqgs. (B.12), (B.3) and (B.4) we obtain

[Ba(€1), b (€2)]¥n = [6a(§) + 80(€ - @) + 8o(E - ¥)] Wy

1 14
1 .
+§§ i 67%€, (2Vabpv R — Yab Ry — 2,40 Rs) s (B.13)

where R” = 4"#?1),,. The field equation of the Rarita-Schwinger field is R” = 0. There-
fore, the commutator algebra closes only on-shell.
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