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Stresses around an Eccentric Hole

in an Infinite Strip Subjected to Side Pressure”

Tadashi HORIBE** and Eiichiro TSUCHIDA***

In this paper, an analytical solution for an infinite strip having an eccentrically located
circular hole is given when the strip is subjected to a pair of side pressures. The solution
is based on an approach involving Papcovich-Neuber displacement potentials and deduced
using the simple forms of Cartesian and cylindrical harmonics. The boundary conditions on
both sides of the strip and around the hole are completely satisfied with the aid of the relations
between the Cartesian and cylindrical harmonics. The solution is shown in a graph, and the
effect of the eccentric hole on the stress distribution is clarified.
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1. Introduction

The presence of a defect in a material leads to a stress
concentration that may cause either plastic deformation or
cracking. Therefore, it is very important to know stresses
in engineering design. Stress concentration problems have
been addressed by many researchers(")~®_ The stress con-
centration factor tends to increase when an elastic body
has an unsymmetrically or eccentrically located defect.
Thus, the stress concentration caused by an eccentric de-
fect must also be clarified to retain a sufficient strength.
Few research studies® (P~(D have been performed for
these problems since eccentricity makes an analysis more
complex. Such an unsymmetric problem is practically im-
portant, and further analysis is expected in engineering de-
sign.

In this paper, a solution for an elastic strip having
an eccentrically located circular hole is given when the
strip is subjected to a pair of side pressures. An analytical
method is developed on the basis of a harmonic displace-
ment potential approach. The solution is deduced using
the simple forms of Cartesian and cylindrical harmonics in
an infinite series and an infinite integral form. The bound-
ary conditions for the strip are satisfied using the relations
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between the Cartesian and cylindrical harmonics. Several
numerical examples are given to show the stress concen-
tration due to the eccentrically located circular hole.

2. Method of Solution

Consider the infinite elastic strip having an eccentri-
cally located hole shown in Fig. 1. Let the origin of coordi-
nates be at the center of the hole and the x-axis be normal
to the edge of the strip. Figure 1 shows the Cartesian co-
ordinates (x,y) and cylindrical coordinates (r,6). The half-
width of the strip is considered as a unit length. Therefore,
without any loss in generality, x, y and r are regarded as
dimensionless quantities by referring to a typical width of
the strip, and we denote the radius of the hole by r =aq,
both sides of the strip by x=1-5 and x = -1 -5, where
b is eccentricity. The uniform pressure pq acting in the
region 2¢ in length is applied to both sides of the strip as
shown in Fig. 1.
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Fig. 1 Coordinate system
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The governing differential equations, representing
equilibrium equations in terms of displacements (u,v),
are

V2u+——2—ai(% dv) 0,

- ox Oy
Vu 200 0 g .
k=10y\dx oy/

where V2 =62 /0x*+8 /0y* is Laplacian and x = 3—4v (for
plane strain) or k= (3 —v)/(1 +v) (for plane stress), where
v is Poisson’s ratio.

Following Papcovich and Neuber, the displacements
can be expressed in terms of the harmonic displacement
potentials ¢g and ¢ as(!2»13

0
2Gu=£(soo+xs01)—(l<+l)<p1, (2)

0
2Gv= 5y o+ xpn), (3)
y

where G is the shear modulus, VZ¢y = 0 and V2<p1 =0.
Equations (2) and (3) can be expressed in the following
cylindrical coordinates:

0 0
2Gu, = %o +rc059ﬂ —kcos6- ¢y,
or or
0 0 @
2Gv 9———(;’%2 cosQ%H@inGwpl.

The boundary conditions of the present problem are as fol-
lows:

(i) Normal stress must be equal to the external pres-
sure pg or zero, and shear stress must be free on both sides
of the stripx=1-band x=—-1-5;

(2) :(2) :{—Po Iyl <o)
PO /y=1-p \PO/y—1-p 0 (yl>c)

¢ 2sind
:pof (~ s C)cos/lyd/l,
0 7T/]~

G5 ®
Po [y=1-p pPo x=—1-b

(ii) Normal and shear stresses around the hole r =a
must be free;

5]
Po r=a

e (6)
(_) -o.
Po/r=0
(iii) All the displacements and stresses must vanish at
infinity.

In deriving the required displacement potentials, we
should consider that the elastic body consists of the com-
mon region of two simply connected domains, i.e., the
domain of a strip and that of an infinite body excluding
a hole, and we should use the two groups of potentials,
namely, those without singularities in the strip and those
with singularities at the center of the hole.

Such potentials are expressed by the following cylin-
drical harmonics and Cartesian harmonics:
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& cosmf
®o = Po Aologr+ ZA n ,
ms = (7
_ cos(m+1)0
_powgﬂBmT’

¢0=po fo [p10coshace+b)

+ip(A)sinh A(x+ b)] cosdy dA,
- - ®)
1= pof /1[1//3(/1)00Sh Ax+b)

0

+z,//4(/1)sinh/1(x+b)] cos Ay da,

where A, and B, are unknown constants, and yr1 (1), 2(1),
¥3(A) and ¥4 () are unknown functions. It should be noted
that potentials [I] account for the disturbance in the strip
excluding a hole, while potentials [II] allow for the sat-
isfaction of the boundary conditions on both sides of the
strip.

For convenience, we split potentials [I] into

(01 o =-podologr, ©)
d cosmf
o= Po Z Am s
m=1 rm
{12 (10)

& cos(m+1)6
®1=po ZOBMT'
m=
2.1 Boundary conditions on both sides of strip
To satisfy the boundary conditions on both sides of
the strip, we employ the following transformation formula

of harmonic functions:

6 1 0
COosm _ —f /lm—le—/ixcos/ly da
rm m-D!Jy
. - ‘ (x>0),
sinmé 1 el —dx
= A" e sinAdy dA
rm (m-1)! Jy
6 nHm 0 (1D
cosmf _ (-1) f " et cos Ay dA
rm m-D!Jpy
sinmf  (=1y™! [ (x<0)
=— f Al etx sin Ay dA
rm (m— 1)' 0

If we rewrite displacement potential [I]2 into the sum of
odd and even orders of 7, i.e.,

& cosmb
Yo = Po Z Am m

cos(Zm+1)0

cos 2m9 4
Z 2m+l 5.1 2m+1 )

=Do Z A2m m
m=1
i cos(m+ 1o
P1=po ), Bm_'_—"—rmn

m=0
cos 2m9 i cos(2m+1)6
—Poszm 1 OZBZm g
m=1

12)

we obtain displacement potentials [I] using relations (11)
in the following Cartesian coordinates:
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%0 =Po i Mfm/lzm_le"“cosﬁyd/l
mo1 Zm=1)! Jo
® Ao 0 )
+po Y = Hf e cos Ay da
—o Cm)! Jo
[1I1] m=0
o Bam-i * 2m-1_-A
= —_— P *cos Ay dA
r=p0 2, <2m—1)!fo ¢
< Bam . 2m A
AMe™ AydA
+p0m20(2m)!f0 e cosdy
(x>0),
=p i ﬂfm/lzm_le’“cos/l da 4
POEP L am=1)! o g
- Do Z Ams1 f m/lz'"e'“cos/lyd/l
(1] o (2m)t
R * 2m—1_2
= —_ A" *cosAy dA
“ ”°,§1<2m—1>!f0 ¢ el
o i Bowm f ~ APmeYcos Ay dA
w0 2m)! Jo

(x<0).
On the other hand, we have no formula expressing dis-
placement potential [I]1 in the Cartesian form. Now, after
calculating stress components using [I]1 in cylindrical co-
ordinates and then transforming them into the Cartesian
form, we can obtain the following stress components in
Cartesian coordinates:

Ix =A0f Aecosdyda, (x>0)

Po 0

-

X~ A r Ae¥sindyda, (x>0)

pPo 0 (14)
oy

;:A()f AeFcosdydA,  (x<0)
0

Ty 00 Ax :
— =-4A Ade™sindydd  (x<0)
Po 0

To satisfy the boundary conditions on both sides of the

strip, we derive stress components from potentials [II] and
[III]. Next, adding the stress components expressed by
Eq. (14) to them, we obtain

(2) :fwAzlzpl(,1)cosh/l+lﬁ2(/1)Sinh/l
PO/ x=1-p JO

+¢3(/1){(1 —b)Acoshd— % sinh/l}

1 A
+w4(4){—5;— cosh/1+(1—b)/lsinh/l} #2010

" bt Ao 2m=1,~(1=b)a = A2m+1/12m64(1—b)/l
= 2m=1)! m=0 (2m)!
© (k+1 Bom-1 Jom-2 —(1-pa
+ —+(1=-h)1 ———"
2{ ;- TU=H }(Zm—l)! ¢
© (k+1 Bom om-1 —(1-b
n +(1=p)al =2 2m-i, (1-b)A
Eo{ L >} o e
2
SInAC | sy da=0, (15)
a3

Series A, Vol. 49, No. 4, 2006

(E_y_) :f /12[_w1(,{)sinh/l‘—(/lg(/l)COShﬂ
Po Jy=1-p VO

+z//3(/l){71 coshA+ (-1 +b)/ls1nh/l}

-1 A
+a() {(—1 +b)/1cosh/l+KT sinh/l} +7°e—“—b”

+ - A2m
o Cm=-1)!

-1 ,~(1-b)1, 0 A2mel o (1-b

o (2m)!

& Byny (k-1 2m-2 ~(1-b)A
— {——+(1=-D)A A"
+,,,Zl(2m—1)!{ 5+ )} ¢

~ B [Kk-1 2m1 ,~(1-h)
+Zo(2 )'{ +(1- b)/l}/l ]

xsindy dA=0, (16)

+

(2) = f wﬂz[wl(ﬂ)coshl—wz(ﬂ)sinhxl
Po x=—1-b 0

]
+¢/3u){—(1 +b)Acosh A+ % sinh/l}

I 1+b A
+z//4(/l){—%cosh/l+ Al /lsinh/l}+7°e—(l+bm

< Ao 21 (b _ i Ami 2 e—(1+b)A
m=1 (zm— 1)' m=0 (2m)'
Bym-1 [k+1 2m=2 ,~(1+6)A
+(1+b)Ap 7™
mz—‘ (2m- 1)'{ ( )}
+ = Bzm { (1+b)/l}/12m—1 —(1+b)A
m= 0(2 )‘
2sinAd
sin C}c sy dA=0, (17)

(_Tﬂ) :fwAz[wl(ﬁ)sinhl—l//z(/l)COSh’l
PO Jx——i-p Jo

() { % coshA—(1+b)A sinh/l}

1
+¢4(/l){(1+b)/lcosh/l—791 h/l} /;) PR

— i _‘_4_2’”_ 2m=1,~(1+h)A - A2m+1/12mef(l+b)/l
n) 2m—1)! o 2m)!
v _Bom-1 [k 2m=2 ~(1+h)A
+Zm T+(1+b),1 AP 2e
m=1 - 1)
- v _Bom f'—1+(1+b)/l /12m—le—(1+b)/l
mmo Cm)t | 2
xsindy dA=0. (18)

Applying the inverse Fourier transforms to Egs.(15)—
(18), we determine the unknown functions ¥y (1) ~ ¥4(1)
to be

e @D +e2”ﬂ)(—1 +(2/l—K)62/1)
2122 +sinh2.)

!//1(/1)=[—
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2bsinhbA }
0

" 2A-sinh21

.\ i A2m-1 e—<2+W[— 2b/le2’l(—.l +e2h)
mo1 2(2m—1)! 24—sinh24
(142 )(—1 +QA- K)eﬂ)

- 2A+sinh21 }Az'”

oo 32m,—(1+b)A A 2bA

¥ ,,;0 : 2(62m)! [_ ZI;ie—(sli;hZA :
(-1+ eZbﬂ)((2/l —k)et— e‘”)

- 24 +sinh24 ]Az'"“

. i /12m—2

| (2m—1)!1(44% —sinh?22)

m

X [—41;,12(,( +cosh2A)coshbA
+{/1(K2 —1-4(1 —bz)/lz)

+ (1 — 2 +4(1 +b2)/12)cosh,1 sinhﬂ}sinhbﬁ}BZm_l
oo lZm—]

+
mz=o (2m)'(422 —sinh?2)

[{A(K2—1—4(1—b2)/lz)
+ (1 —-K*+4(1 + bz)/lz)coshxl sinh/l}coshb/l

—4bA%(k +cosh21)sinh b/l}Bz,n

2sinAc{2Acosh A+ (1 —«)sinhA}

, 19
’ wA3(2A+sinh21) (19)
2bcoshbd  sinhbA(e™ —k+21)
D= [ A
E A Py ey iy (21~ sinh22) 0
o0 A2m*1

+
,Zj 2(2m—1)1(422 —sinh?2.)

X ’8[3/1(/1 —coshAsinhA)coshbA
- 2e—/’((,< —1-22)coshA+(k+1-22) sinh/l)

x (24 +sinh2.) sinhb/l}Agm

- i o e—(4+b)/l(1 + e2b/l)
m=04(2m)!(4A% —sinh*22) |

—2(1-4kA+8A% +4Acosh21 — 2ksinh2.1)coshbA

+8bA(—2A+sinh21)sinhbA |Aspq
oo /12m—2 )
+2 —
m=1 (2m—1)!(44% —sinh”22)

X

{((1 —AHA+4(1 —bz)/l3)
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+ (1 — kP +4(1 +b2)/12)sinhxlcosh/l}coshb/l

+4bA*(k—cosh2A)sinhbA {Bay_

oo /IZm— 1

m=0 (2m)1(412 —sinh?2)

+

X |4b2%(k — cosh22) coshbA

A 1= +4(1-bH2%
(1= vaa-)

+( =2 +4(1 +b2)/12)sinh/lcosh/l}sinhb/1 By,

. 4bsinAcsinh A
7A%(2A+sinh24)’
2sinhbA
D=
Y3 A(2A-sinh22)"°
i 222m=1ginh b
24 (2m—1)!(2A—sinh2.1)" "
ke 212" coshba
_ Ao
2, (2m)!(2A—sinh22)" !

m=0

(20)

o0 /12m72
* 2 G DI Sz

m=1

—(e—“ +K+2/l)coshb/1+2b/l sinhb/l}Bz,n_l

X
& /12111—1
hbAa
* mz=:0 (2m)!(2A—sinh22) [2[9/1 cos

—(k+2A+cosh21—sinh2A) sinhb/l}BZm, 21D

el = 2coshbAa
BT A2A+sinh2)
& 2221 coshba
+ Z . 2m
a1 Cm—1)!1(221+sinh22)
® - 21%"ginhbA
A m
* 2 G At smha

m=0

oo /12m—2
* 2 D22+ sinh2)

m=1

x| -2bAcoshbA+ (k+ 21— e *")sinh b/l]Bz,,,_l

0 /llm—l
* ) o ioAssmha

m=0

X

(k+21—e Y coshbA—2bAsinh Ml Bom

4sinAcsinhA

—_— 22
* 7A3(2A+sinh22) 22)

Equations (19) —(22) indicate the conditions of zero trac-
tions on both sides of the strip. If these equations are sat-
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isfied, boundary conditions (5) are satisfied for any values
of the unknown constants A,, and B,,.
2.2 Boundary conditions on rim of hole
To adjust the remaining boundary conditions on the
rim of the hole given by Eq. (6), it is necessary to expand
potential [III] in cylindrical coordinates. In view of the
following relations of harmonics

coshA(x+b)cos Ay
o0 (/lr)Zn

=coshAb
cos ”;) !

00 (/17”)2n+]

inh
+sinl Ab;}(zn_ﬂ)!

sinh A(x+ b)cos Ay

) (/lr)2n+1
=cosh
cos /lbng() D)l

) 0o (/lr)Zn
sinh b
+sin n;) o

the resulting expansion is expressed as

cos22nf

cos(2n+1)0,

cos(2n+1)0

cos2nb, (23)

(e8] 1 00
©o=po ( f /12"(1//1(/1)cosh/lb
0

a0 (2n)!

+()sinh /up) d/l) 2 cos2n0

co

——1—-——— * 2n+1 .
+p02(2n+1)!(f0 4 (llll(/i)smh/ib

n=0

[1V] +2(A) cosh,lb) am) 2+l cos(2n+1)6

o
=po . ayr'cosnd
n=0

=po > agus " cos(2n+1)0
n=0

X0
+Ppo >, @2, cos2nb,

n=1
(24)

o5}

] OO
=po @( f /12"”(1113(/1)cosh/1b
n=0 . 0

+4() sinh/tb) d/l) r¥ cos2né

@

< 1

* 2n+2 .
+p°,§0(2n+1)!(£ A (lﬁ3(/l)51nh/lb

[IV] +¢4(/l)cosh/lb) d/l) 2l cos(2n+1)6

o
=po . Bar’" cosnf
n=0

=po Y. Banr™ cos(2n+1)0
n=0

o0
+po Y, Ban-117"cos2n6),

n=1

(25)
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where

Ay = InA(] + Z [mInAZm +mIHnB2m—1 ]

m=1

+ Z rmIInA2m+l +lenBZmJ + Fon

m=0

= Q/zn +Fay, (26)

(a’Zn = I”IAO + Z [mInAQm + mIIInBzmvl]

m=1

+ Z [mHnAZmH +mlerBZml)

m=0
1 00 /12n—1
"= 2 fo 422 —sinh?24
X [—1 +4(k=2D)A+eH
+2(1+b)Acosh2(1 —b)A+2(1 - b)Acosh2(1 +b)A
- K(sinh 2(1=b)A+sinh2(1 + b)/l)] da,

1 0o /12m+2n—1
= 2(2m—-1)!(2n)! fo 442 —sinh?21
X [— 1+4(k—2D)A+e*
+2(1+b)acosh2(1 - byd+2(1 — bydcosh2(1 +b)ad
- K(sinh 2(1 - b)A+sinh2(1 + b)/l)] da,

/12m+2n

1 00
M, =- f
2m)!2m)! Jo 442 —sinh?22
X [2b/l(2/2 +cosh2bAsinh24)

+(=2Acosh21+ksinh24)sinh 2b/l] da, 27)
1 00 /12(m+n—1)
"I, = j —
42m-1'12m)! Jy 44%—sinh"24
x [— 16bkA> + (KZ —1-4(1+ b)2/12)cosh2(l —b)

+ (1 — K +4(-1+ b)z/lz)coshZ(l + b)/ll da,
00 2m+2n~1
mIVn — l f /l
42m)!(2n)! Jo 442 —sinh?22
X [4/1(K2 —1-4(1- bz)/lz)

—(K2 —1-4(1 +b)2/12)sinh2(l -b)A
+ (1 _ 141 —b)z/lz)sinhZ(l +b)/1] da,

@onr1 =1 Ao+ Y ["TAgy + ™11 By ]

m=1

+ 2 [MI,Agmer + "IV, Boy] + Fop
m=0

7
=, + Fonet,

a,2n+1 = I;ZAO + Z [mI:zAZm + mHI,ITBzm_l]

m=1
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+ Z [mH;IAzm” +mIV;BQm])

m=0

-1 00 /12n
- f
2Q2n+1)! Jo 422 —sinh?22
x [2Ksinh 2sinh2b1
n 24(—4;?1 +(=1+b)sinh2(1 +b)A

+(1+b)sinh2(1 - b)/l)] da,

s 1 fvo /12(m+n)
T 2m=D!Qn+ D! Jy 422 —sinh?24
x [41912 —2bAsinh2Acosh2b1

+(2/100sh2/l—Ksinh2/1)sinh2b/1] da,
_— 1 00 /12m+2n+1

" 22m)2n+ D) fo 422 sinh?22

x [—4KA+2(1 +b)Acosh2(1 -b)A

+2(1 - B)Acosh2(1+b)d

+1-e* 4822

—K(sinhZ(l +B)A+sinh2(1 —b)/l)] da,

— /12m+2n—]

x[4/l(/<2 —1—4(1 —bz)/lz)
—(1 —2+4(1 +b)2/l2)sinh2(1 —b)

+ (K2 —1-41 —b)2/12)sinh2(l +b)/l] da,

1 O /12(m+n)
mIV; = f )
22m)!\2n+ D! Jy 422 —sinh22.4
X [819/12(/( —cosh2cosh2b.)
+ ( 1—2+4(1+ bz)/lz)sinh 21 sinthA] da,
Bon-1=VaAo+ ) ["VadAou+" VI, By 1]
m=1

+ Z [mVInA2m+1 + mVIHnB2mJ + GZn‘l

m=0

!
::82;1_] + G2n~1 s

(ﬁén—l = VﬂAU + Z [mVnA2m + mVHnBZm~l]

m=1

+ Z [mVInAZm-H +mVHInBZm]

m=0

V,=

2 f“’ A2"sinh2Asinh2bA
@m'Jo 422 —sinh?21

m

-2
T 2m-DI2n)!

00 /12(m+n)
X f VIR . sinh2Asinh2bA4 dﬂ,
o 442—sinh”24
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" 4(2m—1)!(2n+1)!fo 422 ~sinh?22

(28)

(29)

(30)

541

1
(2m)!(2n)!
oo J2m+2n+1 (4/1+ sinh2(1 +&)A + sinh2(1 —b)/l)
y f da
0

"V, = -

422 —sinh?22 '
/{2m+2n—l

1
22m—1)1(2n)! jom 422 —sinh?22
X [—1 —4A(k+2) +e ¥ =2(1 +b)Acosh2(1 - b)A
—2(1=b)Acosh2(1+b)A
—K(sinh2(1 —b)A+sinh2(1 +b)a)] da, (31)
1 co Q2mtn)
"L = 2m)!(2n)! fo 472 —sinh?2.
X [2191(21 +cosh2bsinh2.)

"VII, =

—(2Acosh24 + ksinh21)sinh 2b/l] da,
)82n = V;AO + Z [,”V;/lAZm +mVH;,,BZm—1]
m=1

+ Z [mVI;,lA2m+1 + mVIII;lem] + GZII

m=0

:ﬂén + GZm

(,8'2,[ =V, Ag+ Y. "V, Ay, +" VI, By 1]

m=1

+ D "V Agps +”’VHI,'132,,,J) 32)
m=0

da,

, 2 f““ 2120 —sinh2Acosh2b)
V.= —
Rn+ D! J 442 —sinh“24
myr 2
" Q2m-DI2n+1)!
o f"" A2+ 2 —sinh2Acosh2b.2)
0

Ay

412 —sinh?24
2
C2m)!2n+1)!
“ f“ A2 D sinh 2 Asinh 2bA J
0 422 —sinh?22

VT, =

A, (33)

VI, =~

1 00 /12(m+n)
(2m—1)1(2n+1)!f0 422 —sinh?22
X [2b/l(2/l —sinh2Acosh2b.)

+(2Acosh2A+«sinh22)sinh 2b/1] dA,

1 00 /l2m+2n+1
22m)!(2n+1)! fo 412 —sinh?24
X [1 +4Ak+22)— e —2(1 + b)Acosh2(1 - b)A
—2(1=hb)Acosh2(1+b)A
- K(sinh2(1 —b)A+sinh2(1 + b)/l)] da.

"V, =

If we use the following integral functions, which are sim-
ilar to Howland’s integrals®,
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1—2—kfm( L )/lkd/l
Tk Jo \sinh224-21 " sinh21+24

!
zz_kfm( 1 _ 1 )Ak
k! Jo \sinh21-22 sinh21+24

ok f‘” 1 1
-,k = — ( - + — )
k! Jo \sinh241-24 sinh21+24
x sinh2bA- A* dA

i

. 2k f""( 1 1 )
k7 k! Jo \sinh221-21 sinh21+24
xsinh2b1- A da

X 2 j"“( 1 . 1 )
=% Jo \sinh24-22 " sinh21+224

x cosh2b1- ¥ dA

K*—Zk f‘”( 1 1 )
K7 k! Jo \sinh24—24 sinh21+24
xcosh2bA- A% da

2k e 1 1
L=~ + ) 2k da
k k!fo (sinh2/l—2/l sinh22+21/)

Li== - 24 )k ga
k k!fo (sinh2/l—2/l sinh2/1+2/1)e

2k fm 1 1
Mk = ( - + — )
k! Jo \sinh21-24 sinh21+221
x e Asinh2bA- A% dA

M*_z" j“"’( 1 1 )
7 k! Jo \sinh2A-24  sinh21+22

x e~ 2sinh2bA- A% dA

A
=% J, \sinh22=22 " sinh24+24
xe M cosh2bA- A dA

N*_Z_kr( 1 1 )
k7 k! J, \sinh241-21 sinh21+24

x e cosh2b1- A% dA

Y ——
k! Jo \sinh24-21 sinh21+24
XcoshZ/l
sinh24

P_zkf"“( L1 )
“T k' Jo \sinh22-21 " sinh22+22

v cosh24
sinh24

sinh2b1- A% dA

cosh2bA- A+ da,

we can transform the integrals Egs. (27) —(33) into

1
=
T2 (On)(2n—-1)

X [—31;,,_2 +2(2n— 1)(—/4;,,_1 + Lony +KKpn_ 1)

+2(2n)(2n— 1)(I;n +2P5, + 2bJ2,,)],

_ (@2m+2n-2)!
= 22m+2n+1 2m-1)!(2n)!

mIn
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X ~_312m+2n—2

+ 2(2”’1 +2n— 1)(_Klzm+2n—l +Lymson—1+ KK2m+2n_1)

+2(2m+2n)(2m+2n~ 1)(1;%2” + Py + szmm)],

2m+2n)!
"I, =
22m+2n+1 2m)(2n)!
X [K-l’lm-%—Zn

+ (2m +2n + 1 )(bI;erszr] + bK2m+2n+l + 02m+2n+1)]’

2m+2n-2)!

"I, =
222 (2m —1)1(2n)!

« [(KZ — D Jamsana +2bk(2m+2n— DI 2mi2n-1

—2m+2n)2m+2n— 1)(2bP2,,,+2,, +(1 +b2)12m+2,,ﬂ,

m Cm+2n-1)! 2 .
IV, = 22m+2n+1(2m)1(2n)! [(K = D Komson-1 = Dypyo-

+(2m+2n+1)(2m+2n)

X ((1 =)D ami1 — (14 D) Kopaonis = 2602ms2041 )]
(34)
, 1 K . 0 :
L= 22+l (2 41 Jon +b(=13,,, + K1)+ Oont1 |
s 2m+2n+1)!

np2mn+l (Qm — 1)1 2n + 1)!

X

b(_[;m+2n+1 + KZ"HZVZ”)

+ 02m+2n+1 + J2m+2n:| s

K
2m+2n+1

_— (2m+2n)!
nT 2m2n+2(Qm)1(2n + 1)!

EI* +(2m+2n+1)

X
2 2m+2n

X (K1§m+2n+l = Lomsone1 + KK2m+2n+1)

+2m+2n+2)2m+2n+1)

.
X (P wmr2n+2 + D amiania — 12m+2n+2)],

mIr = 2m+2n-1)!
nQ2mintl(2m —1)1(2n+1)!

X (K2 - 17)(15,".*2,,_1 + K2m+2n—l)
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—-2m+2n+1)2m+2n)

X ((b2 + D(Komsane1 + Ormsznet) +(1 =0, 1y )}

(2m+2n)!
222 2 (21 (2n + 1)

mIvl —

X [2bk(2m +2n+ D + (=)o

+(2m+2n+2)2m+2n+1)

X (ZbP2m+2n+2 + (] + bz)~’2m+2n+2):ls (35)

1
Vo= =-Jou,

22n
_ Qm+2n)!
T 22 (2 — 1)I2n)!

m

n

m (2’7’! +2n+ 1) ! .
VI, = 22m+2n+1 Q2m)!(2n)! m+2n+1 T Komian+1 )
2m+2n-2)!
mVIL, =
22m+2n(2m — 1)1(2n)!
3
x —512m+2n~2 +(2m+2n-1)

X (K(Iz*m+2n~1 + K2m+2n-—l ) + L2m+2n—l )

+(2m+2n)(2m+2n— 1)(1;,%2,1 = Popson— sz,,,m)},

(36)
: 2m+2n+1)!
22m+2n+1(2m)!(2n)!

VI, =

X [b(lzm.gm_] + K2m+2n+ 1 ) + 02m+2n+1

A
2m+2n+1" e

1 *
V;z = 5ol |:—12n+1 + K2”+1:|’

22n+1
Cm+2n+1)!
22m+2n+1 (g — 1)1 20+ 1)!

o 2m+2n+2)!
VI, = 2222 )1 (20 + 1)! Jomr2n42,
Cm+2n+1)!

22 (2m = 1)1(2n+1)!

mV/ _
n=

_1;m+2n+l + K2m+2n+1 ]’

mVIL, =

X b(_I;m+2n+1 + K2m+2ﬂ+1) + O2mizns1

K
it J2m+2n}s (37

— (2m+2n)!
nT e 2(2m) (2n+ 1))
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3,
X 51;,n+2n +(@2m+2n+1)

*
X (_K12m+2n+l - L2m+2n+1 + KK2m+2n+1 )

-C2m+2n+2)2m+2n+1)

X (I;m+2n+2 +Poprons2 + b‘/2m+2n+2)}-

F, and G, in Egs. (26), (28), (30) and (32), which originate
from the side pressure py, are expressed as

2 ®© 12n=3gin Ac
Fap = —27coshAcoshba
2 n(zn)zfo 2/1+sinh2/l[ COSBACOS

+ sinhﬂ((K— 1)coshba +2bsinh b/l)] A,

2 * 122gin e
Fau1 = : 2bAsinh Acoshba
2 o D fo 2/1+smh2/1[ s C‘E;g)

_ (2,1cosh/1 — (k- l)sinh/l)sinhb/l} i,

4 © A225in e )
Go1= f Se sinhAsinhbAdA,
0

m(2n)! 2A+sinh21

4 © A2n=lgin Ac
G = inh Acoshba dA.
n n(2n+1)!f0 2A+sinh2d oS

Deriving the stresses from the potential functions
given by [II] and [IV] and satisfying the boundary condi-
tions expressed by Eq. (6), we obtain two sets of equations
for determining the unknown constants A, and B,.

(i) Normal stress around the hole must be free
((T+/P0)r=a =0);
Ay k+1 Al k+2

a_2 + z_azBO —,864—(2; + a—331 _aﬂ/])COSQ

oo
+ Z sAlAn + SBan—Z + SBZBn
n=2

39
+ Sa1Q, + 5518, + sﬁzﬁ;] cosnf (39)

=Go+aGcosb
(&)

+ Z SFlF,, + SGIG,,_.2+ SGQGn]COSI’lH
n=2

(i) Shear stress around the hole must be free
((Tr6/ P0)r=a = 0); '

2 +2
(—314] + K—331 —a,B'l)sinQ
a a
+) [fAlAn +tp1Bpa+tpB,
n=2 (40)

+ tal(l’;, + tﬁlﬁ;_g + tﬁzﬂ;l sinné

(o]
=aGsing+ Z tr1F,+1t61Gan +lG2Gn] sinng

n=2
where

_nln+1)
SAl =T
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_(n-1(n+2) _(n+Dm+k+1)
- 2a" ’ B = 2aq"+2

sq1 =n(n—1a"2,

_ (n—l)(n—K—l)an,z

SB1

)

_the-2) ,

L= 2 C RTTT
41)
, _n(n+1)
Al — a2
tm:n(n—l) =(n+l)(n+K+1)
2a" 2q"+2 ’
tor =—n(n—1)a"2,
; ___(n—])(n—K—l) 2 _ n(n+1) ,
BlL = —2 a y B2 = —2 a
42)
spp=—n(n—1Da"2,
SGlz_(n‘l)(;—K—l)an,z’
n+1(n-2) ,
sgp=——7——d",
2
tpr =n(n-1d"2,
tGlz(n_l)(n_K_l)a"’z Gz:n(n+l)an
2 ’ 2
(43)

By equating the coefficients of cosn6 and sinné on the
left- and right-hand sides of Egs. (39) and (40), an infinite
set of algebraic equations for the unknown constants A,
and B, is obtained. Each set of unknowns is associated
with an integer n, which varies from zero or one to infin-
ity. We evaluate these unknown constants by truncating
the infinite number to n=N. N is set to 20 to satisfy the
boundary conditions on the rim to at least three significant
figures.

All displacements and stresses are obtained by the lin-
ear combination of potentials [1] and [II].

3. Numerical Results

In the numerical examples, we assume plane stress.
Numerical calculations are carried out. for various hole
radii a, eccentricity b and pressure length ¢. Poisson’s ra-
tios v is considered as 0.3. The stress components at an
arbitrary point of the strip are calculated using

v Oy A() k+1 By

—=at o2 —Bo

Po F
S (2n(2n+1) k+1 2n+1
+ 2 { pon+2 Ant ( 2 ) y2n+2

n=1

o
B

-1
+(n+ ) B,y + (20— 120,
’A-n

+(n—-DQ2n+1)8,r™"
+ (n _ K+l )(Zn ~1)Bu1 rz”’z}cos 2n8, (44)

f_ 5 (22D

2n(2n+1) ( +K+1)2n+1
p n

2

n

r2n+2 p2n+2
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2n—1
+I’l(_}’l_2Bn

r2n -1

—2n(2n-Da, "2 —n@n+1)B,1%"
1
- (n e )(Zn =1)Bu1 rz”’z} sin2né, (45)

ol Ag 2K+1 By

7 _;Z‘—T_z"ﬁﬂ
g, et e
+ n-L@n-1) 11(23’1 — DB,,,I +2n(2n— Da,r*"*
+(n+ D2n+1D)Br™"

- (% - n)(2n 1Bt rz"*z} cos2nf.  (46)

To confirm the validity of the present method, we
compare our numerical results with those of FEM. In the
FEM analysis, a four-node isoparametric element is em-
ployed, and the strip is divided into 1348 elements. Fig-
ure 2 shows the mesh pattern of FEM and stress contour
o, obtained by FEM. Figure 3 shows the present and
FEM results of oy around the hole for ¢=1.0, b=0.4 and
a=0.4. In the figure, we can see that the present results
agree well with the FEM results.

Mises Stress

Mesh Pattern

Fig.2 Mesh pattern and Mises stress contour obtained by FEM

4 , — T
—— Present Solution
O FEM
. (a=0.4, b=0.4, ¢=1.0) D
£
<
@ Of
©
-2}
-4}
0 45 90 135 180

0

Fig. 3 Cdmparison of present and FEM results for hoop stress
o9 (a=04,b=04,c=1.0)
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First, consider the effects of the eccentricity b on the
hoop stress o around the circular hole. Figures 4 —6 show
the variations in o around the hole with & (see Fig. 1) for
c¢=0.5and a=0.2, 0.4 and 0.6. As expected, the eccen-

0 60 120 180
0
Fig. 4 Variation in hoop stress o7y around hole with 6 (¢=0.5,
a=0.2)
4 T T

¢=0.5, a=0.4

b=0.0

02
0.4

0 60 120 180

0
Variation in hoop stress oy around hole with 9 (¢ =0.5,
a=04)

Fig. 5

5}

%0 1éoé 180

Variation in hoop stress oy around hole with 8 (¢=0.5,
a=0.6)

Fig. 6
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tricity b has a small effect on the stress oy around the hole
when the radius g is small and a large effect when a is
large. When a is small, the compressive stress o7 is max-
imum at the neighborhood of the pole of the hole, indicat-
ing that o is not markedly affected by b. When b is large,
0 is maximum at the deviated position towards point C
(see Fig. 1) from point A.

Figure 7 shows the variations in ¢y around the hole
with 6 for a =0.4. Tensile stress at point A is weakly af-
fected by the length of the load c¢; however, it is strongly
affected by the eccentricity . The maximum compressive
stress along the hole is affected by both b and c.

Figures 8 and 9 show the variations in o, with x for
¢=0.5,a=0.2 and ¢=0.5, a=0.4 on the x-axis. The com-
pressive stress on the right-hand side of the strip increases
with b. ‘

From the practical viewpoint of mechanical design,
it may be more useful to evaluate the stresses at points
A, B and C than to evaluate the above-mentioned stress
components. Thus, we define the stresses at points A, B

and C as (o-y)A (= (O-y)x=a,y:0), (O—y)B (= (O-y)x=1,y=0) and

4 ¢c=0.5
)

0 60 120~ 180

Fig. 7 Variation in hoop stress o around hole with § (6=0.2,
0.4,a=0.4)

1.5

Fig. 8 o, on x-axis (¢=0.5,a=0.2)
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Al c=0.5, a=0.4 ||
- b=0.0
©

_o}

_a}

_el

04 06 08 1

X
Fig.9 o, on x-axis (c=0.5,a=0.4)

/—\_l_/_\

Py

JE N H

Fig. 10 Definitions of stresses 04,05 and o¢ at points A, B
and C

0 01 02 03 04

Fig. 11 Variation in stress (o7,)4 with hole radius a

(c=035,1.0)

(0x)c (=(0x)x=0y=a), respectively as shown in Fig. 10.

Figures 11-13 show the variations in (o), (0,)3
and (o,)¢c with the hole radius a for ¢ =0.5 and 1.0. The
stresses (07,)4 and (07, )p are caused by the bending of the
ligament of the strip and fairy affected by the hole size a.
On the other hand, the compressive stress (o) is insen-
sitive to the hole size a.

Series A, Vol. 49, No. 4, 2006

Fig. 12 Variation in stress (07, ) with hole radius a

(c=0.5,1.0)
4.5
— C

4 N N

=)

R
’8\( 3.5} 1

T
2.5} .

0 01 02 03 o042

Fig. 13 Variation in stress (o)c with hole radius a
(c=0.5,1.0)

4. Conclusion

In this study, we developed a method of solving un-
symmetric problem of an infinite strip having an eccentric
circular hole when the strip was subjected to side pres-
sures. Following an analysis, we carried out some numer-
ical calculations for an eccentric hole, showing the stress
distributions around the hole and the effects of eccentricity
on stress concentration.

On the basis of the preceding presentation, the fol-
lowing conclusions are drawn:

(1) The tensile stress around the circular hole is max-
imum at position A (see Fig. 1) and the compressive stress
is maximum at the deviated position towards point C from
point A when b is large.

(2) The effect of the eccentricity b is stronger when
the hole radius a is large.

The authors wish to express their gratitude to Prof. Emer-
itus M. Ueno of Ibaraki National College Technology for
encouragement in the preparation of this paper.
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