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A dimension-lowering mappings theorem

for Of-spaces

Takashi KIMuRA* and Chieko KOMODA**

Abstract

In this paper we prove the following theorem: If f : X --+ Y is an open

mapping of a paracompact space X onto a Crspace Y such that If-1(y)1 < No

for every y E Y, then X is a Crspace.
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1 Introduction

The present paper is a continuation of [2]. In this paper we assume that all spaces

are normal unless otherwise stated. We refer the readers to [1] for dimension theory.

In [3] the second author introduced the notion of Crspaces, which is a generalization

of C-spaces. A space X is a Crspace if for every countable collection Hh : i E N} of
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finite open covers of X there exists a countable collection {ll i : i E N} of collections of

pairwise disjoint open subsets of X such that H, is a refinement of 9i for every i E N

and U:l lli covers X.

2 The main theorem

Polkowski [4] proved the following theorem.

2.1 Theorem [4]. If f : X --+ Y is an open mapping of a metacompact space X onto

an A-weakly infinite-dimensional space Y such that If-1(y)1 < No for every y E Y,

then X is A -weakly infinite-dimensional.

It is known [1, 6.3.G] that the above theorem remains true if we replace 'metacom­

pact' by 'countably paracompact'.

On the other hand, we [2, Theorem 2.10] proved the following theorem.

2.2. Theorem [2] If f : X --+ Y is an open mapping of a Cj-space X onto a

countably paracompact space Y such that If-l(y) I < No for every y E Y, then Y is a

Cj-space.

This is a dimension-raising theorem for open mappings. In this section we shall

prove a dimension-lowering theorem for open mappings, which is analogous to the

above theorem of Polkowski.

2.3. Theorem If f : X --+ Y is an open mapping of a paracompact space X onto a

Crspace Y such that If-1(y)1 < No for every y E Y, then X is a Crspace.

To prove our main theorem we need the following lemma. For the sake of complete­

ness we give a proof.

2.4. Lemma. If f : X --+ Y is an open mapping of a space X to a space Y and

there exists an integer n 2 1 such that If-1(y)1 = n fqr every y E Y, then f is a local

homeomorphism.
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Proof. For every Xo EX let f-l(f(XO)) = {xo,XI, ... ,Xn~l}. Take a collection {Vi:

o::::; i ::::; n-1} of pairwise disjoint open subsets of X with Xi E Vi. Assume that for every

neighborhood U of Xo with U c VO the restriction flu: U --+ Y is not injective. We

can take distinct points au and bu in U such that f(au) = f(b u). Lettingco = f(au)
n-l

and W = nf(Vi), we have co tt. W. Indeed, assume that Cu E W. Since Ct] E f(Vi)
i=l

for every 1 ::::; i ::::; n - 1, there exists a point Zi E Vi such that f(Zi) = Cu. It is easy

to see that the set {au, bu, Zl, Z2, ... ,zn-I} consists of exactly n + 1 points. This is

a contradiction, because If-1(cu)1 = n. Thus we have Ct] tt. W. On the other hand,

we have aj-l(W)nvo E f-l(W) n VO, therefore Cj-l(W)nvO = f(aj-l(W)nvo) E W. This is

a contradiction. Hence there exists a neighborhood U of Xo such that the restriction

flu: U --+ Y is injective. Obviously, the restriction flu is an embedding. Lemma 2.4

has been proved.

2.5 Proof of Theorem 2.3. For every n E N we set

It is easy to see that the union Y~ = UYk is closed in Y for every n E N, therefore
k~n

the union X~ = UX k is also closed in X. Since X is the union of countable collection
k<n

{X~ : n E N} of closed subsets of X, by the countable sum thereom for Crspaces, we

only prove that X~ is a Crspace for every n E N. Let fn : X n --+ Yn be the mapping

defined by fn(x) = f(x) for every X E Xn-

Obviously, X~ is a Crspace,because I, is a homeomorphism. Assume that X~_l

is a Crspace. To prove that X~ is a Crspace, it suffices to show that every closed

subset Z of X~ contained in X n is a Crspace.

By Lemma 2.4, the mapping fn is a local homeomorphism. Thus for every x E X n

we can take a neighborhood Ux of x in X n such that the restriction fnlu~ : Ux --+ Yn

is an embedding. Since Xnis open in X~, Ux is open in X~. We may assume that Ux

is an F.,.-set of X~. Let Ux = U{A(x, m) : mEN}, where A(x, m) is closed in X~. For
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every y E Yn let us set f-1(y) = {x(y,1),x(y,2), ... ,x(y,n)}. Then the intersection
nnf(Ux(y,i)) is a neighborhood of y in Y~' Take an open Fa-set Vy of y in Y~ such that

i=l
n

y E ~ c nf(UX(y,i)). Let Vy = U{B(y, e) :eEN}, where B(y,e) is closed in Y~' The
i=l

set W(y, i) = Ux(y,i) n f-1(Vy) is homeomorphic to f(W(y, i)). We have

W(y, i) = U{A(x(y, i), m) nr 1(B (y,e)) : m, eEN}.

We shall prove that A(x(y, i), m) n f- 1(B(y, e)) is a Crspace. Since fnIUx(y,i) is an em­

bedding, A(x(y, i), m)nf-1(B(y, e)) is homeomorphic to fn(A(x(y, i), m)nf-1(B(y, e))).

By [1, Lemma 6.3.12], I« is closed, therefore fn(A(x(y, i), m) n i : (B(y, e))) is

closed in Yn . Since

fn(A(x(y, i), m) n r 1(B (y,e))) c B(y,e) c Yn,

fn(A(x(y, i), m)nf-1(B(y, e))) is closed in B(y, e). As B(y, e) is a Crspace, fn(A(x(y, i), m)n

f- 1(b(y,e))) is a Crspace. Thus A(x(y,i),m) n f- 1(b(y,e)) is a Crspace. By the

countable sum theorem for C/-spaces, W(y, i) is a Crspace. Since Z is paracompact,

the open cover W = {W(y, i) n Z : y E Yn,l ::::; i ::::; n } of Z has a locally-finite

closed refinement:F. Since every member of F is a Crspace, by the locally finite sum

theorem for Crspaces, Z is a Crspace. Theorem 2.3 has been proved.
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