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Abstract
In this paper we study a tumour angiogenic SDE model, which describes the vessel dynamics
of tips in tumour angiogenesis. We derive an explicit expression of the limit function in mean prin-
ciple and an explicit representation of the characterization equation in fluctuation for the tumour
angiogenic SDE model.
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1. Introduction

In Doku-Misawa (2013) [1] we studied mean principle and fluctuation of SDE model for tu-
mour angiogenesis, see also Doku (2011) [2] and Misawa (2013) [3]. In this paper we propose a
new mathematical model which is a generalization of the previous tumour angiogenic SDE model
in Doku-Misawa (2013) [1], and derive an explicit expression of the limit function in the mean
principle of the model, as well as an explicit representation of the characterization equation in the
fluctuation.

We shall introduce below some notations, terminology and modelling of blood vessel net-
works in angiogenesis. Let [N be the initial number of tips, IV (t) be the total number of tips at time
t, X'(t) € R? be the position of the i-th tip at time ¢ with d = 3, and v*(t) be the moving velocity
of the ¢-th tip at time ¢. Then the network of endothelial cells is expressed as the union of the tra-
jectories of the tips, namely,

N(t)
X(t)=X(tw):=|J{X'(s), T: <s <t} (D

where T; denotes the birth time of the ¢-th tip, that is to say, the time when an existing vessel
branches and the i-th trajectory springs up. As is well known, the tip generating process is de-
scribed by a marked point process. However, in the standpoint of its analysis and applications,
it is more convenient to give it as a probability measure on the product space between time
space and position space. Hence, the corresponding process is given as a probability measure
G = G(dtxdx),ie.,
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G(dt X dl’) = Z 5{(T",Y”)}; (2)

where T™ is the birth time of the n-th tip and Y™ is the spatial position of the n-th tip that has been
newly born. For each ¢ we write

X{=X'(t)=(X1(1), X5(t), X5(t) € R, vp = v'(t) = (vi (1), v3(t), v3(t)) €R?, (3)

and for each j (j = 1, 2, 3) we have X}(t) € R and v}(t) € R. Next we shall propose a new sto-
chastic differential equation (SDE) model which describes the blood vessel dynamics. Under these
circumstances the formulation via a random model (i.e., an SDE model) on the vessel motion is
given by the following simultaneous equations. As a matter of fact, for each ¢,

. L N (t >T;) 4
dv'(t) = a(t, X', v*)dt + ovidW},

{dX’i(t) = 2(t, X)vidt,

where W} = W'(t) = (W{(t), Wa(t), Wi(t)) € R? is a three-dimensional Brownian motion (or
Wiener process). Next we refer to the concrete components of the afore-mentioned equations.
Namely, C(t, x) denotes the concentration rate of TAF (tumour angiogenic factors), and f (¢, x) is
the fibronectin and/or their gradients. The positive constant o > 0 is a diffusion coefficient, and the
term Z is given by Z(t, X) := 1 — p,I Xt{Xf }, where p, is a switching parameter, and the pa-
rameter p, takes only the 0 and 1 values. Actually, the state p, = 0 indicates that no impingement
is considered, while p, = 1 means that the phenomenon of anastosis is taken into account. I.){-} is
the indicator or characteristic function associated with the existing blood network status. Accord-
ing to several system biological or molecular biological observations, the coefficient term (or the
drift term) a (¢, x, v) of (4) is thought to be a function of C'(¢, z) and f(t, x). Here we suppose that
it is given by

a(t, X', v'):= —kvj + ®(C(t, X)), f(t, X)), k>0, (%)

There are surely various discussions for the term & to be described. Suggested by considerations
of the bias depending on TAF and the fivronectin field of Plank- Sleeman (2004) [4], and also in-
spired by the argument on the magnitude of the chemotactic and haptotactic gradient for the reori-
entation of the cell increase of Stéphanou et al. (2006) [5], we adopt the function ® of the follow-

ing form:

o(C, f) = (C(t, X)), f(t, X))
=do-VO(t, X]) +ds - V£(t, X}) (6)

withdy; >0, do >0, v>0, ¢ >0,
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X! .
do =y YEBLXIL dy = do| V£ (2, X1)). 7
(1 +~C(t, X))

Note that
VC = (0,0, 0,C, 05C) = (g—i, g—i, g—i) and
Vf=(0f,0.f,0sf) = (%’%’%) with  9;g = gxi (i=1,2,3), 8)
and also that the term ® = (&, ®,, ®3) is considered to have a form
®; = d,;(C(t,z), f(t,x)) = KIS_Z + K2§—a{;, with (j =1,2,3). 9)

For brevity’s sake, we abbreviate its individual tag number 7 in what follows. We also use the fol-

lowing notations.

Xt: (tht) - (th,XtZ,X?,Utl,UE,U?) and

B; = (Btv Wt) = (Bt17 31527 Bf’v tha Wt27 th)
where B, = (B},z = 1,2,3) is a three-dimensional Brownian motion independent of W;. Then
our newly proposed tumour angiogenic SDE model for vessel tip dynamics (4) is equivalent to

- B e - .
d Xy _ (1 pa]IXi (X7))ve dt + 0 0 X d By 7 (10)
Uy a(t, X,v) 0 o vy W,
and furthermore, for simplicity, we shall write it as follows:

{dXt = F(t, X;)dt + G(X;)dB;, (11)

X():Z,

with, for 7> 0,
F(t,z):[0,T] x R® — RS,
G(z): R® — (R @ R%) x R® =~ RS,

This is nothing but an It6 type stochastic differential equation with respect to a Brownian motion,
to which the usual stochastic calculus (or 16 calculus) can be applied.

2. Main Results
According to the general theory on stochastic differential equations (cf. QOksendal (1998) [6]

or Ikeda-Watanabe (1989) [7]), in order to obtain the existence and uniqueness result for solutions
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to the stochastic differential equation (SDE) of 1t6 type (11), we have only to assume the following
conditions. For the function G (¢, z) = G(x) by convention, we assume:

AssumpTION.  (A.1) (Restriction on growth) There exists a proper positive constant C' > 0
such that for V¢ € [0, T]and Vz € R°

[E(t, 2)[ + |G, 2)[| < C(1 + |=]). (12)

(A.2) (Lipschitz continuity) There exists a proper positive constant D > 0 such that for V¢ € [0, 7]
and Vz,y € RS

|F(t,z) — F(t,y)| + |G(t,z) — G(t,y)| < Dz —yl. (13)
Here note that G (t,z) = (Gy;(t,z)) € M(6 x 6)and |G(t, )| = 3, ; |Gi(t, 2)[?
== 25:1 G3,(t, ), where M (6 x 6) denotes the totality of (6, 6)-type square matrices.
(A.3) (Initial value) The initial value Z is a random variable and is independent of the o-algebra
FB = (B, : s> 0), and satisfies the integrability condition
E|Z|?< +o0. (14)
Then it is well known as the theorem on existence and uniqueness of solutions to SDEs that
under the assumptions (A.1), (A.2) and (A.3), the SDE (11) possesses the unique solution which
is t-continuous and satisfies (i) X; is F7Z -adapted where FZ= o(Z)V o(B, : s < t); and (ii)
E f OT | X;|?dt <oo. On this account, we prove the following first main result. For simplicity we set

YUt z,y) .= f(t,x) — f(t,y) and FZ:=o(Z)Vo(B,:s<t). (15)

Tueorem 1. (Existence and uniqueness of solution to SDE) Assume (A.3). We also suppose
that

\VC(t,z)|+ |[Vf(t,x)] < Ci(1+ |z]), for 3ICy, >0,Vt>0,Vz (16)

|TWC](t,m,y)| + |T[Vﬂ(t,m,y)| < Colz —y|, for 3IC, > 0,Vt > 0,Vx,y. (17)

Then SDE (11) possesses the unique solution X = (X;) € R® such that (a) X is t-continuous, (b)
X, is FZ -adapted, and (c) X, satisfies the integrability condition

T
E/|Xﬁﬁ<+m. (18)
0
We use the scaling to the model relative to € > 0, and consider a scaled process
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Xi(w) = X°(t,w) :== X (L, w). In this stage we are very concerned on the asymptotic behavior
of X*(t,w) as €— 0. In order to analyze the asymptotic behaviors and derive the mean principle
for our SDE model, we need the following conditions.

sup |vt(w)| < 400, P — a.s. (19)
>0
sup |[VC(t,z)| < 400 uniformly in =z, (20)
>0
sup |Vf(t,z)| < 400 uniformly in z. (21)
>0

For Vs, wsuchthat0 < s < w,

u

lim [ Fe(t,y)dt = / FOt,y)dt (22)
e=0 /o s

where F*(t,y) is defined by F'(%,y). Then we call F* is integrally continuous at € = 0 with re-
spect to (¢, y).

We are now in a position to state the second main result in this paper, which supplies with an
explicit expression of the limit function in mean principle. Although our SDE model (4) (or (10),
(11)) is an extension of the tumour angiogenic model treated in Doku-Misawa (2013) [1] and Mi-
sawa (2013) [3], this result sharpens the previous mean principle theorem (cf. Theorem 22, §4.2 in
[1]).

THEOREM 2. Suppose the same conditions (16) and (17) as in Theorem 1. In addition, we
assume (19), (20), (21) and (22).

(a) Under the hypothesis that X ,(w) =y = (7,9) € R® =2 R3 x R3, P-a.s., there exists a
proper function F(y) : RS — RS such that

I .
im — = 23
Jim 7 [ FGs.nis = F) @3)
holds uniformly in y.

(b) Moreover, if u = u(t) is a solution of the Cauchy problem for deterministic dynamic differen-
tial equation

du ~ .
) = Flult)  with u(t)lo ==, @4)

then the convergence in law X (L) = u(t) holds as e approaches to zero.

(¢) The limit function Fis given concretely by

€Y (25)
<—k:g + a(oo) - VC(00,9) + (o) - V f (o0, ﬂ))
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with a(00) =do(00,§), f(c0)=ds(00,§) for do=dc(t, X;) and dp=ds(t, X;). Here we set
Co = 1 —pa]IX{Xk}.

Next we shall introduce the third main result in this paper, which provides with an explicit
representation of the characterization equation for the fluctuation of the rescaled tumour angio-
genic SDE model. Before stating the theorem, we define the fluctuation quantity based upon the
fundamental results in Lemma 6 and in the proof of Theorem 2 (see below): i.e., (i) vanishing of
the It6 type stochastic integral of rescaled function

t
\/E/ G°(y)dB: =0 (as e — 0); (26)
0

(i1) the limiting equality of the SDE model

lim X (E) =2+ /tﬁ’(limX <§>)ds (27)
0

e\.0 € eN0 €

As a matter of fact, we define the fluctuation as

Ve =V i= 2o (L) —u), Poas e8)

fort > 0ande > 0.
THEOREM 3. We assume (16), (17), (19), (20), (21) and (22).
(a) There exist some proper functions £(t,w) € L'(0,T) P-a.s., and V(t,w) € L*(0,T), P-a.

s. such that

t t
iy [(V P2 wds = [ (s) v, 29)
e—0 0 15 0
t t
and lim [ GF(X7(5))ds = / U (s)ds. (30)
E—r 0 0

(b) The fluctuation Vi converges in law to some process Z as ¢ — 0.
(¢) The limit process Z; satisfies the following SDE :

A7, = £(t) Zydt + U(t)dB,. (31)

(d) Actually, the limit functions in (29) and (30) which determine the characterization equation of

the fluctuation, are explicitly presented as

£(s,w) =V - F(oo,u(s)) and (32)
0 0 (o 0\ [as)\ [ 0
(o 0) us) = (0 0) (a(s)) - (a@)) -
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If we rewrite the definition (28) of fluctuation, then we immediately obtain
t
X (_> — ult) + VEVE(R). (34)
€

Here u(t) is the solution of the ordinary differential equation like £u(t) = F(u(t)), so that, the
solution curve (parametrized by time t) is a smooth curve with respect to t. The expression (34)
suggests that the rescaled process X (é) (which satisfies a SDE (42) below) is obtained by adding a
random quantity (fluctuation) \/V¢(t) to the curve u(t) additively for each . In other words, the
random quantity X (ﬁ) (controlled by our SDE model) can be regarded as the sum structure being

decomposed as the deterministic term u(t) and randomly perturbed term.

3. Proof of Theorem 1

In order to prove the existence and uniqueness of solutions to SDE (11), it suffices to show
the restriction on growth (A.1) and the Lipschitz continuity (A.2) under the conditions (16), (17).
In what follows we shall verify it when d¢(w) = o, P-a.s and df(w) = B, P-a.s. for simplicity.

Moreover, it is sufficient to show it for a simpler case

~ . CoUt
F(t, Xi) = (—kvt + a0;C + ﬁazf) )

)
—~
I

4
~—

instead of F'(t, X;) = ( tt ~

lﬂ
s
3
N——
||

( =(t, Xv&)) In fact, we have

|F'(t, X)| = V/|cove|? + | — kve + a0,C + BO; f]2,

lcove|? = 2|2, and [ Xe = /| Xe[* + |

Finally we would like to show the estimate results just similar to a type of | F'(t, X, )| <K (1 + | Xy|)
for some constant /X > 0. It follows from the condition (16) that

| — kv, + a0;C + B0, f|?

3ol + ?|8:C(t, Xo) [P + B2(0: f (, X)I?)

3(k?[ui]* + o[ VO + 32|V f]?)

3{K?|uef* + @ K*(1+ | X,])? + B2 K3 (1 + | X4))}

3{E2|v? + 202 K2(1 + | X, |?) + 28°K%(1 + | X|*)}

Mg (1 + [0 + 1X*) = My(1+ |X,?).  (3Mp > 0) (36)

/A

NN N

Similarly, using (20) we obtain
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|F(t,Xt)| < \/|C()’Ut|2 + | - kUt + 04310 + ﬁ@,f|2
< Moy/1+ w2 + [Xif?
< Mo/ 1+ | X2 < Mo(1+ | Xy), (37)

where we have employed an elementary inequality 1 +a' < 1+ 2a+a® = (1+a)* with a > 0.
While, when X; = (Xt, v)andY; = (f/}, wy ), then we get

X, - Y,
Uy — Wy

2

= |Xt_i}t|2+ |Ut—wt 2.

Since we have

F(tht) - F(t7 Y;t)

CoUt — CoWi
—k}Ut —+ 06810@, Xt) + ﬂ&zf(t, Xt) + k:wt — Od&ZC(t, Y/t) - ﬁ&f(t, ﬁ) ’

by using a simple inequality (o + 3 + v)? < 3(a? + 3% + +?), we can obtain easily together with
(17)

[F(t, X:) = F(t, V)
= |covy — Cowt|2
+ | = kv + ad;C(t, X;) + B f (t, Xy) + kwy — ad;C(t,Y;) — BOif(t,Y1)]?
< Co|Ut - U)t|2
+ |k(w — vy) + a(B,C(t, Xy) — 0,C(t, V) + B(O:f(t, X)) — 0 f (t,Y7))]?
< colve — wy|? 4 3K vy — wy|?
+30(0,C(t, Xp) = 0,C (1, V)P + 33%10:f (1, Xo) — 0 f (¢, V3)
< (4 3K vy — we|* 4 302 K2| X, — V3> + 332 K2 X, — Y|
= (c§ + 3k vy — wil” + 3K3 (o + )| X, — i
< max{cZ + 3k, 3KZ(a’* + 6°)} vy — w > + | X, — Yi[?)
= M- |X, - YA,

where we have put M, : = /max{cZ + 3k2,3K3(a2 + (32)} > 0. Hence, we have verified that

F(t, X,) — F(1,Y))] < My - |X, — Y.

Thus we attain the establishment of the restriction on growth and Lipschitz continuity from the
conditions (16) and (17). ]
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4. Proof of Theorem 2
Let A be an index set. For convention, we use the following notations. Let us consider the

It type stochastic differential equation with parameter A € A
dX)N(w) = F* (t, X} (w)) dt + G (t, X' (w)) dB} (w),

and we write its solution as X* = {X\;¢ > 0} with A € A. We assume that the drift term £
and the diffusion term G satisfy the same conditions as those stated in the existence and unique-
ness theorem (Theorem 1) for the previous SDE (11). For € > 0 we consider a scaled process
X¢(t,w) = X(t/e,w), and we are very concerned on the asymptotic behaviour of X*(¢,w) as
e — 0. We need the following two technical lemmas.

LEMMA 4. We assume that the term F* is integrally continuous at X = \o. If for Vt > 0,

t t
/ GMNX))dB) = / G (X20)dBY, as A — o, (38)
0 0

then the convergence in law X} = X;° holds as \ tends to )\ .
Proof. For X in the index set A, we consider the parametrized SDE

dX)Nw) = F* (t, X)\(w)) dt + G* (X} (w)) dB} (w). 39)
Then we have an integral form of (39)

XAw) = XM(w) + / F* (s, X2 (w) ds + /0 G (X (W) dBX(w). (40)

0

The assertion yields from the limit procedure A — A in (40), because the proof goes almost simi-
larly as in the proof of Theorem 20 in [1]. []

LEMMA 5. For the parameter € > 0, let X (w) be the solution to the initial value problem for
the scaled Ito type SDE

dXE = e 'Fo(t, XO)dt + e 2G°(X5)dB: (w), with X = z. (41)
Then the rescaled process X (é, w) satisfies the following integral equation :
; t s s t s .
X(=)=2z+ F<—,X(—>>ds+\/§ G<X <—>>st(w), (42)
5 0 € € 0 €

where we put B*(s) = \/eB (£) in the above expression.

Proof. In the case of X° = X¢(t) := X (), it is necessary to think of what will happen in
the stochastic differential term after we change dX(¢) into %X 2(t). Actually, we readily obtain
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d ey d t\| _ 1dX [t\  1dX°
EX() E{X(g)}_sdt (5>_5 dt ®) )

On the other hand, when B; is a one-dimensional Brownian motion, then the scaling property
of the Brownian motion (cf. Durrett (1996) [8]) yields immediately to the equivalence in law:
L(B;) =L <\/%3Bat>. Hence, a similar rule remains valid even for the term B; = (B’t, W;) € RS
with three-dimensional Brownian motion for each component. That is to say, it follows that

L(B}, B2, B3 W W2 W2

Lo Lp 1
E(\f Ba e B 2B

Therefore we can deduce from (43) that

W2

1 1
Wl, 2 WB)
\/— t \/—

1 t 1 t 1
—dX | - =-F|-,X; )dt+ —=G(X;)dB:. 44
(6?0‘)) e (87 t) +\/E ( t) t ( )

3

Immediately, (44) reads equivalently
t t
dX (;w) :F(E’X‘f) dt + e -G (X?)dB;. (45)

When we rewrite the above (45) into an integral form, then the required expression (42) can be ob-
tained. (]

By virtue of the assumption on integral continuity of the drift term F', the passage to the limit
e — 0 allows us to get
52

lim Fa(s,y)ds:/ lir%Fa(s,y)ds:/ FO(s,y)ds (46)

e—0 51 51 51

for arbitrary pairs s, S3 > 0 such that s; < s5. On the other hand, by the scaling we have

52

S2 S2
lim [ F (f,y) ds — / lim F (fy> ds — / F(c0, y)ds, 47)
e=0 Jo, € s €70 €

S1

since we have

CoY

c<s,g>,f<s,g>>)

Il
VR
—~
[a—
o |
—~
© P
@
= —~
S @
~— *
S—
S~—
N
~
VRS
ol
<
+
A
—~

= CoY
— <_k;zj +de(s,§) - VCO(s, ) + ds(s, i) - Vf(s,gj))
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with y = (¢, 9) and F(s,y) is a continuous function in s. Moreover, we can calculate a little bit
further by making use of the hypothesis (23):

T—o0

- 1 T 1 1
F(y) = lim ?/0 F(s,y)ds ::rl’i—?;of/o F(TB,y)-T-dg
1
:/ F(o0,y)df = F(0,y). (48)
0
This implies that the real body of the limit function F in mean principle is given by F'(co,y),

where we have employed in the above a transformation of variables s = 1'3.

LEMMA 6. We have the following convergence in law

¢
\/E/ G(y)dB; = 0 (as €10) (49)
0

for everyt > 0.

0 0 y 0
Proof. By the definition of G, since G(y) = (0 ) (%) = ( A>, we readily get
o Y oy

0,09)[ = Vo2[g]* = o /[
S oV + 191 = o/ ]yl* = oyl
<

Ci(1+ly)). (3¢ >o0).

1G(y)|

(50)

This means that the restriction on growth condition for the diffusion term is satisfied. Consequent-
ly, we can have an estimate
2

|V [ cra:| ~ ke [ Iewlias

t
<E [5/ C?(1 + |y|)2ds} <et-Cil+|y))* =0, (as €1 0). (51)
0

The first equality in the above computation is due to the [td isometry, cf. Ikeda- Watanabe (1989)
[7]. [l
Next we observe from (42) in Lemma 5 that

han@):erhm tF(f,X (§>>ds+li_r>%\/5 OtGE (X (g))dBj(s). (52)

el0 0 g

Therefore, an application of Lemma 6 to (52) yields to

t
th(f) — 2+ lim F(f,X<f)>ds
e—0 g e—0 0 g g
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:z+/0tli_r>%F(§,X<§)>ds:z+/OtF<oo,lian<§)>ds
t ~
:z+/0 F<lign <§>>d$ 53)

By Lemma 4, when we write the limit of lim. X (%) as u(t), then X (£) converges in law to u(t) for
every t > Oase — 0, and from (53) we get

u(t) = =+ /O " Flu(s))ds, (54)

which implies that the limit u(t) is a solution of the Cauchy problem for the ordinary differential
equation % (t) = F(u(t)) with the initial value u(t)|;—o = 2. This completes the proof of Theorem
2. L]

5. Proof of Theorem 3

For the initial data of SDE model, we can assume without loss of generality that Z(w) ==,
P-as. (z € R®), cf. see (11). Then we have

i) = g (o [P (S () are e [ (x (2) am:
_ (x+ /0 tﬁ’(u(s))ds)}
=%{/t<p<z=x<z>> R+ vz [ 6 (x (2)) o}
=7 / s) + /e V5> F(u (s))}ds+ /0 G (u(s) + VeVy) dB;  (55)

= Il + -[27

where we made use of the expression (34).
(As to 1) : We decompose the term [; into three distinct terms, and investigate each compo-
nent one by one by taking the limit procedure € — 0. As a matter of fact, we get

= [ s+ VEn) = Pule) = VE(Y - F(s2) -} ds

1 ! € n ! €
+ %/0 {F®(s,u(s)) — F(u(s))}ds +/O (V- F%(s,z)) - yds
= Ji+ Jo + Ja. (56)

As to the term J, paying attention to the expansion

Als,z +ey) — A(s,2) — (V- A(s, 2)) - Vey = o(Vey), (57)
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we readily obtain

L o [ oWey) .
Jl—\/g/0 (Vey)d /O—ﬁy x yds, (58)

where we applied the expansion formula (57) to the three integrand terms in J;. Hence it follows
by definition of infinitesimal of higher order that

o(Vey) '
ll{(r(l) Jy = /0 = X yds i {0 xytds=0 (59)

Next, as to Jo, by transformation of variables s = €0 we have

ll{‘n Jy = 21{(1(1)—/ {F(0,u(e0)) — F(u(eo))edo. (60)

Moreover, employing another transformation of variables ¢ = €7, noting the equivalence between
limit € —0 and limit 7'— oo, the expression (60) can be reduced to

lim — lim T {F(0,u(e0)) — F(u(co))}do. (61)

And besides, taking the uniformness in y of the limit procedure (23) in Theorem 2 into account,
we observe easily that (61) vanishes and lim,_,q Jo = 0, because we applied the expression

17 -~
lim —/ F(s,y)ds = F(y) = F(oco,y) uniformly in y.

Lastly, for the term Js, we may apply the transformation of variables s = ut together with integral
continuity of F'to obtain

S
lim J; = li -F(—,)-d
0 T 20, (V-F(2:2))-yds

1

i 02

1 ut
1 V- F - ytd
= [ tmw P (2] -yt

:/ (V- F(c0,2)) - ytdu

0

ut
€

— /O (V- F(oo,u(s))) - yds(= /0 &£(s) - yds). (62)

This implies that there exists a function £(s) =V - F(co, u(s)) € L (0, T) such that (29) holds;

1e.,
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t

s t
li{% i (V-F (E,z))-yds :/o &(s) - yds. (63)

Here we regard u(s) as z in the above-mentioned calculation. And also note that we are very con-
cerned on the convergence in law of the fluctuation V7 (w) — Z,(w) as the parameter € approach-
es to zero.

(Asto12):  Resorting to Itd’s isometry for the It6 type stochastic integral with respect to a
Brownian motion, we obtain
2

t
E|L|* = Gs(U(S) +VEVS)dB;

= ]E/ {G*(u(s) + eVE) }ds. (64)
Hence, it follows immediately from (64) that

I%E\QP —hm]E/ {G*(u(s) + eVE)}2ds

= IE/ lim{G®(u(s) + veV7)}ds. (65)
0 e\0

In fact, we have G = <O 0> (Xt) = ( 0 ), and when we put u(s) = (a(s), 4(s)) and V=
0 o V¢ oV

(Ve, V), then the scaled term G* can be rewritten into

G (uls) + VeVs) = <a(a(s> i \/EVE)> !

0

so that, we finally get G (oo, u(s)) = ( a(s)
ou(s

). On this account, we can deduce from (65) that

¢
lim E|L,|* = E/ G (o0, u(s))?ds
e\0 0

2

t t
= E/ U?(s,w)ds = E / U(s,w)dBs
0 0

’ (66)

because we made use of the Itd isometry again in the above computation, but this time we applied
it for the above term in the reverse direction. Thus we attain at last that

t t
€ s _ 2ds = 2
i [ G20 = [ Gloo,uts)%ds = [ wisyas o

with the result that, for u(s) = (a(s), u(s)),
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U(s) = (U(s), U(s))

«Q
=
>
I Il
—_ P
9
£ o
>
N——
I

0,0u(s)) = (0,0 - Proj(u(s))) = (0,0 - u(s)|.),

where RE=R3® R3 = U @ L and we define the notation Projy, as Proj(h) = h for h =
(il, iz) € U ® L. Then from the definition of fluctuation V] and its decomposition

Ve = (X (Cw) — ut))

_ %/Ot(pf(x (2) - Fu(s))as + % : \/E/Ot e (x (2))as:,

we observe that the last stochastic integral in the above vanishes (= 0) as ¢ tends to zero. When
we write the limit process of V" as Z,, then under the circumstances V:(w) = y, P-a.s., from (55)

the aforementioned discussion on convergence in law yields to

Vi=L+L=(h+J+J3)+ 1,
— (04 0+ lim J3) + lim I

t
:/t(V-F(oo,u(s)))-1imeds+/ U(s,w)dB, 68)
0 € 0

as € — 0. Since V7 = Z;(w), summing up, we thus attain the derivation of the stochastic inte-
gral equation that should satisfy the limit process Z; = Z;(w) appearing in the limiting procedure
e — 0 for the fluctuation V7. That is to say,

Zt:/ f(s)sts—i-/ U(s)dB;. (69)
0 0

When we rewrite it into a differential form, then we observe that Z; is a stochastic process which
is characterized by the following It6 type SDE :

dZ, = £(t) Zudt + U (t)dB,
=V - F(oo,u(t))dt + G(oco, u(t))dB;. (70)
O
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