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Abstract

Nuclei in the heavy mass region are attractive to study since neutron-rich nuclei in this
mass region are important for understanding the r-process in the nucleosynthesis. Up to
now many investigations of nuclear structure for neutron-rich nuclei in the heavy mass
region have been carried out. In recent years, for example, nuclei in the superheavy mass
region have been produced and intensively studied at Radioactive Isotope Beam Factory
(RIBF) in RIKEN.

Theoretically, nuclear structure in the heavy mass region has been studied using var-
ious models. For example, these nuclei are studied using mean field theories, where each
nucleon motion is treated in a mean field. The nucleus shows various characteristic fea-
tures and aspects due to the collective motion of nucleons. On the other hand, it is
important to investigate the nucleus by considering independent motion of nucleons in
addition to the collective motion, since some features of nuclei are determined by specific
motion of only one or a few nucleons.

One of the established models that treat motion of nucleons microscopically is the
nuclear shell model. By treating the nucleon motion in a completely independent way,
the shell model describes irregular patterns of energy spectra in even-even nuclei in the
transitional region and structure of odd-mass and doubly-odd nuclei, which are generally
difficult to be reproduced in other models. However, only a limited number of shell model
calculations have been carried out in the heavy mass region since dimension of shell-model
configurations in the calculation becomes huge, then the shell model calculations soon
infeasible. In particular, open-shell nuclei with more than mass number 200 require a large
dimension of shell-model configurations so that they have not been analyzed enough using
the shell model until now. Moreover, in order to understand nuclei deeply, it is necessary
to analyze not only each nucleus itself, but also nuclei in that mass region systematically
within one framework. However, there are only a limited number of systematic studies in
the heavy mass region.

Recently we have devised a new method to reduce the dimension of the shell model
configurations by effectively excluding the high-lying states which do not affect the low-
lying structure. It enables us to carry out the systematic shell model calculation in the
heavy mass region.

The aim of this thesis is to study features, aspects, and systematics of nuclear structure
of nuclei around 208Pb using the large scale nuclear shell model. The systematic study
is performed for nuclei with less than 126 neutrons and more than 82 protons (nuclei
around mass 210; 33 species) and for nuclei with more than 126 neutrons and more than 82
protons (nuclei around mass 220; 23 species). Pb, Bi, Po, At, Rn, and Fr isotopes for even-
even, odd-mass, and doubly-odd nuclei are systematically investigated. The energy levels
and electromagnetic properties are calculated and compared with experiment. Specific
features of each nucleus are analyzed and discussed. Additionally, structure of isomeric
states, whose half lives are more than several nanoseconds, are analyzed for each nucleus.
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Chapter 1

Introduction

The nucleus is a many-body system consisting of several to around 300 nucleons and
about 3000 species are known at present. The nucleus was first discovered in 1900’s by
Rutherford’s experiment. Since then its synthesis and properties have been studied. Now
it is generally accepted that light nuclei up to Lithium isotopes were created at the time
of the Big-Bang, and heavy nuclei were later created at the center of stars by nuclear
reactions. Recently there is a new hypothesis that heavier mass nuclei might be created
by the neutron capture reaction at the time two neutron stars are merged together.

The nucleus shows various specific features according to its neutron and proton num-
bers. A nucleus with almost the same neutron and proton numbers is relatively stable in
the light mass region. However, the nucleus with more neutrons than protons are likely
to be stable in the medium and heavy mass regions because of its Coulomb energy. A
nucleus with a magic neutron and/or proton number is generally stable. The ground
states of these nuclei have a spherical shape. Nuclei away from the magic numbers show
vibrational or rotational features. Understanding of these features for each nucleus and
also the systematics of them are important.

Features of nuclei in the medium and heavy mass regions have been poorly studied up
to now. In particular, neutron-rich nuclei are important for understanding the r-process
in the nucleosynthesis. However, a part of the nuclear chart in the heavy neutron rich
region remains empty even though some theories predict its existence. Recently many
efforts of filling this vacancy have been made. At the Radioactive Isotope Beam Factory
(RIBF) in RIKEN, explorations of new elements have been carried out recently [1–3].
The naming right for the new nucleus with Z = 113 (Nh) [4] was given for RIKEN at
long last in 2016.

Around the doubly-magic nucleus 208Pb, many intriguing features are experimentally
known. The nucleus 208Pb is known to exhibit an aspect of a strong core, partly seen
in the large excitation energies of the first 2+ and 3− states [5]. In the nuclei near the
magic numbers, states made by core excitations have been identified. It is important to
distinguish these core excited states from normal states to understand nuclear structure
of each nucleus.

The importance of the octupole interaction is suggested by several experiments in
nuclei with more than 126 neutrons. The low-lying 3− states and strong E3 transitions
in these nuclei are considered to be a consequence of the strong octupole correlation.
Experimental evidence for the octupole vibration and the octupole deformation were
discussed in Rn isotopes [6]. Moreover, many isomers have been identified in these regions.
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Figure 1.1: The nuclei discussed in this study (nuclei framed by a bold line). The shaded
nuclei are treated in Chapter 3 (nuclei around mass 210) and others are treated in Chap-
ter 4 (nuclei around mass 220).

Here, a state with a half life of more than several nanoseconds is called an isomeric state,
or an isomer in short. In general the half life of an isomeric state becomes longer because of
delicate reasons, for instance, a structural difference of wavefunctions between the isomeric
state and the low-lying state connected by the electro-magnetic transition, and a narrow
energy gap between the isomeric state and the connected low-lying state [7–9]. Thus a
microscopic treatment is necessary to understand its mechanism of being an isomer.

Nuclei in this mass region are attractive to us not only for their own nuclear structure,
but also for its connection to the fundamental physics. For example, experimental efforts
of observing the electric dipole moment (EDM) have been made using atoms and molecules
in this mass region. 199Hg is the most intensively studied system for an observation of the
atomic EDM [10]. One of the most promising candidates for observing the finite EDM is a
radioactive nucleus, 225Ra. The first trial of measuring the atomic EDM using this nucleus
was carried out recently [11]. 211Rn and 208Tl are also candidates for the observation of
the atomic EDM. Moreover, Fr and Tl are used for the search of the electron EDM [12,13].

For these reasons, nuclei around 208Pb have been one of the most attractive subjects
of research. Thus these nuclei have been extensively studied in both experiment and
theory. However, most of theoretical studies were carried out within the framework of
the mean field theories and only a few microscopic studies using the nuclear shell model
have been carried out until quite recently due to the huge dimension of the shell model
configurations that one needs to handle.

The aim of this thesis is to shed light on the nuclear structure of nuclei with more
than 82 protons around the 208Pb nucleus through theoretical investigations in the nuclear
shell model. Even-even, odd-mass, and doubly-odd nuclei of Pb, Bi, Po, At, Rn, and Fr
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isotopes are systematically studied. Here, the nuclei discussed in this thesis are shown
in Fig. 1.1. The detailed analysis for each nucleus is carried out to elucidate its nuclear
structure. The systematic features of nuclei in this mass region are also discussed.

This thesis is organized as follows. In Chapter 2, our framework of the shell model
calculation is given. In Chapter 3, the shell model analysis for nuclei around mass 210
are carried out. Here nuclei with less than 126 neutrons and more than 82 protons
near to 208Pb are called “nuclei around mass 210”. In this thesis, 203−206Pb, 204−208Bi,
205−210Po, 206−211At, 207−212Rn, and 208−213Fr nuclei are discussed. In Chapter 4, the shell
model analysis for nuclei around mass 220 are discussed. Here nuclei with more than
126 neutrons and more than 82 protons near to 208Pb are called “nuclei around mass
220”. Here 210−212Pb, 210−213Bi, 211−214Po, 212−215At, 213−215Rn, and 214−217Fr nuclei are
discussed. Finally, this study is summarized in Chapter 5. The details of the necessary
formula in this thesis are summarized in the Appendix.

9



Chapter 2

Framework of the nuclear shell
model

2.1 Basic concept of the nuclear shell model

The nucleus is a many-body system which consists of a number of neutrons and protons.
The nucleons are strongly combined with each other and a nucleus can be considered as
a droplet of nucleons. The collective motion is one of notable features of nuclei and one
can understand these features thorough collective models such as the liquid model and
Interactive-Boson-Model (IBM). On the other hand, the nucleus can be understood by
considering motions of each nucleon. In the mean field theories such as the Hartree-Fock
(HF) method and the Random-Phase-Approximation (RPA), nucleon motions are treated
in a mean field. A model that describes nucleon motions completely in a microscopic way
is the nuclear shell model. In the shell model, each nucleon is treated independently and
interactions between all nucleons are considered independently.

The concept of the nuclear shell model is based on the fact that nucleons are moving
independently in a nucleus suffering the Pauli uncertain principle and the concept of the
shell model originates from an experimental observation of the magic numbers. It is well
known that the nuclei which have either 2, 8, 20, 28, 50, 82, or 126 neutrons and protons
are especially stable. These numbers are called magic numbers and nuclei which have
these numbers of nucleons make a closed core. These magic numbers were first explained
by Mayer and Jensen in 1949 by introducing a spin orbit coupling, v(r)l ·s , to the average
central potential of the nucleus, where l and s represents the orbital angular momentum
and spin of nucleons, respectively [14–16].

In the shell model, nuclear states are constructed by nucleons occupying single particle
orbitals. Eigen-wavefunctions are obtained by diagonalizing the shell model Hamiltonian.
Due to the configuration mixing by the many-body interaction, a nuclear ground state is
not just constructed by nucleons in orbitals from the lowest energy level, but constructed
by nucleons in higher orbitals. The dimension of diagonalization becomes huge when
the number of treated nucleons increases, so that it is important how one handles this
diagonalization or how one decreases the dimension of diagonalization.

The shell model has been applied for various nuclei, especially for light mass nuclei.
The features of light nuclei are well described using the shell model. In recent years, the
no-core shell model using the ab-initio interaction has been applied for nuclei with mass
A < 20 and the importance of the three-body effect has been suggested [17–20]. The
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2.2. PROCEDURE OF THE SHELL MODEL CALCULATION AND TRUNCATION
SCHEME

vanishment of the traditional magic numbers and the appearance of a new magic number
was studied using the shell model. For the medium and heavy nuclei, the nuclear structure
of nuclei around a doubly-magic nucleus has been also studied using the shell model. For
example, the systematic calculations were carried out assuming the 40Ca core [21], the
56Ni core [22, 23], the 78Ni core [24–26], and the 132Sn core [8, 27–32].

2.2 Procedure of the shell model calculation and trun-

cation scheme

The nuclear shell model is one of the successful methods to understand nuclear structure.
However, one difficulty in carrying out the shell model is the expansion of the dimension
for the diagonalization of the shell model Hamiltonian. The shell model dimension in
medium and heavy nuclei amounts to more than 1010, which overwhelmingly exceeds
the number of configurations tractable with the present computing power. Thus one
needs to settle down this problem when the shell model is applied to medium and heavy
nuclei. For example, the Monte Carlo shell model is one of the promising methods and
attracts considerable attention, although it takes a lot of computational time [33, 34].
In contrast, the conventional diagonalization approach using the Lanczos diagonalization
method requires a truncation of the shell model space [35,36].

In our shell model code, the shell model dimension is relived according to the following
prescription as shown in Fig. 3.14 and it enables us to carry out numerical calculations
for medium and heavy nuclei. The following procedure is based on the assumption that
interactions between neutrons and protons are not so large and they are separable. In the
medium and heavy mass region (especially in neutron rich nuclei), numbers of protons
and neutrons in one nucleus are very different and this assumption is reasonable.

First, the neutron eigen-wavefunctions are determined and the neutron interaction Ĥν

in the neutron space is diagonalized. All the eigen-energies and eigen-wavefunctions are
obtained in the neutron(ν)-system,

Ĥν |i, IiMi⟩ν = Eν(i, Ii) |i, IiMi⟩ν , (2.1)

where i takes i = 1, · · ·, Lν and Ii is spin of the ith state and Lν is the maximum number of
possible states. Mi represents the projection of the angular momentum Mi = 0 is taken
for even-particle systems and Mi = 1/2 for odd-particle systems. The eigen-energies
are ordered in increasing order as Eν(1, I1) ≤ Eν(2, I2) ≤ · · ·. Next, the proton eigen-
wavefunctions are determined and the proton interaction Ĥπ is diagonalized. All the
eigen-energies and eigen-wavefunctions are obtained in the proton(π)-system,

Ĥπ |j, IjMj⟩π = Eπ(j, Ij) |j, IjMj⟩π , (2.2)

where j takes j = 1, · · ·, Lπ and eigen-energies are ordered in increasing order Eπ(1, I1) ≤
Eπ(2, I2) ≤ · · ·. Then, by coupling a neutron state and a proton state in the angular
momentum space, a neutron-proton basis state is obtained:

|IM, α⟩ =
[
|i, Ii⟩ν ⊗ |j, Ij⟩π

](I)
M

=
∑

MiMj

(IiMiIjMj|IM) |i, IiMi⟩ν |j, IjMj⟩π . (2.3)

11



2.3. SHELL MODEL HAMILTONIAN

Figure 2.1: The procedure of the truncation of our shell-model code.

Finally, the total hamiltonian is diagonalized as follows,

Ĥ |Φ(Ik; k)⟩ = E(Ik, k) |Φ(Ik; k)⟩ . (2.4)

Here, k represents the kth state with total spin Ik in the total neutron-proton space and
the eigen-state |Φ(Iℓ; ℓ)⟩ is expressed as |Φ(Iℓ; ℓ)⟩ =

∑
α v

(I)
ℓα |I, α⟩ using the basis states in

Eq. (2.3). The coefficients v
(I)
ℓα are obtained by diagonalizing Eq. (2.7).

Here numbers of levels for a neutron system and a proton system are reduced to
truncate the total shell model dimension when the neutron-proton system is calculated.
Namely, maximum numbers of i and j are cut off to Lc,

i, j = 1, · · · , Lc. (2.5)

In this study the Lc = 500 is taken for all the calculations. The validity of the cut-off is
checked in Sec. 3.4.1.

2.3 Shell model Hamiltonian

The Hamiltonian of a nucleus is derived from the nuclear force [37, 38]. However, the
interaction in the many-body nuclear system differs from the bare nuclear force between
two nucleons due to various many-body effects. For example, we generally consider a
limited model space when we perform a shell model calculation and we need to incorporate
this effect. Therefore we consider the effective shell model interaction. The shell-model
Hamiltonian of the A-nucleon system which considers up to two-body interactions is
generally written as

Ĥ =
A∑
i=1

T̂i +
1

2

A∑
i,j=1

Vij, (2.6)

12



2.3. SHELL MODEL HAMILTONIAN

where the first term represents a one-body interaction and the second term represents a
two-body interaction. This effective Hamiltonian has been derived in many mass regions
by many people using the theory of effective interaction. However, the number of two-
body interactions Vij becomes large in the medium and heavy nuclei due to the expansion
of the single particle levels and it is not reasonable to use this type of the Hamiltonian.
Thus we employ the effective interaction which simply incorporates important nature of
the nucleus. In this study we take the following Hamiltonian which consists of the pairing
plus quadrupole-quadrupole and multipole interactions.

The adopted effective shell-model Hamiltonian is written as

Ĥ = Ĥν + Ĥπ + Ĥνπ, (2.7)

where Ĥν , Ĥπ and Ĥνπ represent neutron, proton and neutron-proton interactions, re-
spectively. The interactions among like nucleons are expressed as

Ĥτ = Ĥcτ + Ĥhτ . (2.8)

The first term Ĥcτ (τ = ν or π) represents the conventional pairing plus quadrupole in-
teraction, which consists of spherical single-particle energies, the monopole-pairing (MP )
interaction, the quadrupole-pairing (QP ) interaction, and the quadrupole-quadrupole
(QQ) interaction,

Ĥcτ =
∑
jm

εjτc
†
jmτcjmτ −G0τ P̂

†(0)
τ P̂ (0)

τ −G2τ P̂
†(2)
τ · ˆ̃P

(2)

τ − κτ : Q̂τ · Q̂τ :, (2.9)

where :: represents the normal ordering. Here c†jmτ and cjmτ are the nucleon creation
and annihilation operators, respectively, and (jm) stands for a shorthand notation of all
the quantum numbers to uniquely specify a harmonic-oscillator basis state |nℓjm⟩. The

monopole pair-creation operator P̂ †(0)
τ , the quadrupole pair-creation operator P̂

†(2)
Mτ , and

the quadrupole operator Q̂Mτ are defined by

P̂ †(0)
τ =

∑
j

√
2j + 1

2
A

†(0)
0τ (jj), (2.10)

P̂
†(2)
Mτ =

∑
j1j2

Qj1j2A
†(2)
Mτ (j1j2), (2.11)

ˆ̃P
(2)

Mτ = (−)M
{
P̂

†(2)
−Mτ

}†
, (2.12)

Q̂Mτ =
∑
j1j2

Qj1j2 [c
†
j1τ c̃j2τ ]

(2)
M , (2.13)

with

c̃jmτ = (−1)j−mcj−mτ , (2.14)

Qj1j2 = −

⟨
j1
∥∥∥r2Y (2)

∥∥∥ j2⟩√
5

. (2.15)

Here the creation operator of a pair of like-nucleons in the orbitals j1 and j2 with the
total angular momentum J and its projection M is constructed by

A
†(J)
M (j1j2) =

∑
m1m2

(j1m1j2m2| JM) c†j1m1
c†j2m2

= [c†j1c
†
j2 ]

(J)
M , (2.16)
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where (j1m1j2m2| JM) stands for a Clebsch-Gordan coefficient. Here isospin notation τ
has been skipped.

The second term Ĥhτ in Eq. (2.8) represents the newly introduced higher angular-
momentum interactions, which consists of higher multipole-pairing (HMP ) interactions,

Ĥhτ = −
∑

L=4,6,8,10

GLτ P̂
†(L)
τ · ˆ̃P

(L)

τ . (2.17)

Here the positive-parity multipole pair-creation operator, P̂ †(L)
τ (L = 4, 6, 8, 10), is defined

as
P̂

†(L)
Mτ =

∑
j1j2

H
(L)
j1j2A

†(L)
Mτ (j1j2), (2.18)

with

H
(L)
j1j2 = −

⟨
j1
∥∥∥Y (L)

∥∥∥ j2⟩√
2L+ 1

, (2.19)

and
ˆ̃P
(L)

Mτ = (−1)M
{
P̂

†(L)
−Mτ

}†
. (2.20)

In other words each HMP operator is an extension of the quadrupole pair-creation op-
erator without radial dependence.

The interaction between neutrons and protons Ĥνπ is given as

Ĥνπ = −κνπQ̂ν · Q̂π, (2.21)

where Q̂τ is the quadrupole operator defined by Eq. (2.13). Harmonic-oscillator states

are used as the single-particle basis states with the oscillator parameter b =
√
h̄/(Mω).

The basic form of the adopted Hamiltonian is given as described. In addition to the
above Hamiltonian, we introduce other types of interactions in some nuclei for better
description of nuclei. The strengths of each interaction are determined to reproduce
experimental energy levels systematically.

2.4 Framework of the pair-truncated shell model

In this thesis, the pair-truncated shell model (PTSM) [39–41] is also used for analysis. The
PTSM is one of the shell model approaches, but a gigantic shell-model space is restricted
to the space mainly made of only low-spin collective pairs. It is well known that the
collective motion is important to describe nucleus. In the PTSM calculation, the S-pair
(angular momenta L = 0), D-pair (L = 2), and G-pair (L = 4) are introduced as follows:

S† =
∑
j

αjA
†(0)
0 (jj), (2.22)

D†
M =

∑
j1j2

βj1j2A
†(2)
M (j1j2), (2.23)

G†
M =

∑
j1j2

γj1j2A
†(4)
M (j1j2), (2.24)
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where A
†(J)
M (j1j2) is the pair creation operator of nucleons defined in Eq. (2.16). The

structure coefficient α is determined as

δ
⟨
Sns

∣∣∣Ĥ∣∣∣Sns

⟩
= 0. (2.25)

After determining α, the structure coefficient β is also determined as

δ
⟨
Sns−1D

∣∣∣Ĥ∣∣∣Sns−1D
⟩
= 0, (2.26)

and γ is determined in the same way. Here the Hamiltonian Ĥ is the same as one used
for the shell-model calculation and ns is the number of S-pairs.

The many-body wavefunctions of even-nucleon systems for neutrons or protons are
created by applying the pair creation operators Ŝ†, D̂† and Ĝ† to the inert core |−⟩:

|SnsDndGngIη⟩ = (Ŝ†)ns(D̂†)nd(Ĝ†)ng |−⟩ , (2.27)

where I is the total angular momentum, and η, an additional quantum number required
to completely specify the states. Here, the angular momentum coupling is carried out
exactly, but it is not denoted explicitly for simplicity. For a description of odd-nucleon
systems, we add an unpaired nucleon in the j orbital to the even-nucleon system. The
state is now written as

|jSnsDndGngIη⟩ =
[
ĉ†j |SnsDndGngI ′η⟩

](I)
. (2.28)

The odd-mass state with neutron odd and proton even for total spin I and its projection
M is written as a product of the above odd-neutron state and the even-proton state:

|Φ(IMη)⟩ =
[
|jnSn̄s

n Dn̄d
n Gn̄g

n Inηn⟩ ⊗
∣∣∣Sns

p Dnd
p Gng

p Ipηp
⟩](I)

M
, (2.29)

where 2(n̄s + n̄d + n̄g) + 1 and 2(ns + nd + ng) are the numbers of valence neutrons and
protons, respectively. The odd-mass state with neutron even and proton odd is written in
the same way. In addition to the S-, D-, and G-pairs, noncollective pairs are introduced
depending on nuclei for a better description of nuclear states. These newly introduced
pairs will be described in each part of discussions.
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Chapter 3

Analysis for nuclei around mass 210

3.1 Nuclei around mass 210

In this Chapter, we analyze structure of 203−206Pb, 204−208Bi, 205−210Po, 206−211At, 207−212Rn,
and 208−213Fr nuclei. Nuclei in this mass region have less than 126 neutrons and more
than 82 protons. Besides 206Pb, 207Pb, and 208Pb nuclei which are stable nuclei, these
nuclei are relatively stable and their half lives are over a year to several seconds.

Experimentally this mass region is one of a extensively studied region. In recent years,
a number of experimental investigations have been carried out in these nuclei [42–50].
Energy spectra for high-lying states and new high-spin isomers are observed in several
nuclei. For example, spectroscopy were carried out for 210Fr and the high-spin structure
was studied using the 197Au(18O, 5n)210Fr reaction [50]. High-spin states were newly
constructed and their spins were assigned. An isomer was observed which decays to a
lower state via the E3 transition and its configuration was assigned. Energy spectra up
to nearly 10 MeV were newly constructed in 206Bi using γ-ray coincidence spectroscopy
following deep-inelastic reactions with the 76Ge + 208Bi system [47]. Some isomers were
found to arise from the 208Pb core excitations.

Theoretically, microscopic shell-model calculations for single-closed nuclei were car-
ried out assuming the 208Pb core [51–55] and also for some open-shell nuclei with a few
valence particles [56,57]. Using a few valence particles for the shell-model configurations,
the measured magnetic moments of the isomeric 8+1 states in 210−214Rn are well described
by the assignment of the (πh4

9/2) configuration [58]. In a paper by Caurier and others [55],

N = 126 isotones from 210Po to 218U were calculated using a realistic two-body interaction
derived from the Kuo-Herling interaction. They well described energy levels and tran-
sition rates for these nuclei. The nucleon pair approximation was applied for low-lying
states of nuclei around 208Pb by Xu and others [59]. The SD-pair calculation was carried
out systematically for 33 even-even and odd-mass nuclei with mass A = 202− 212. They
calculated energy levels and transition rates below 2.0 MeV. In the preliminary study [60],
the shell-model calculations were carried out for even-even Po and Rn isotopes. A phe-
nomenological monopole and quadrupole pairing plus quadrupole-quadrupole interaction
was used for the effective interaction. The experimental energy levels of the low-lying
states were well reproduced except for the 8+1 states, where the level ordering of the 6+1
and 8+1 states was predicted in reverse. Except for these shell model studies, several mean
field approaches were applied. For example, low-lying near-yrast states were analyzed in
terms of the interacting boson plus two quasiparticles model [61], where one of the bosons
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3.2. THEORETICAL FRAMEWORK FOR NUCLEI AROUND MASS 210

Figure 3.1: The nuclei discussed in this Chapter (nuclei framed by a bold line). The
shaded nuclei are nuclei which have the magic number 82 protons and 126 neutrons.

is replaced by a pair of nucleons at high spin [62].
As described above, there have been already several systematic studies using the shell

model. However, the numbers of treated nuclei and nuclear states are limited in most of
the studies, and especially open shell nuclei and odd-mass and doubly-odd mass nuclei
are studied enough. Thus it is necessary to analyze nuclear structure systematically using
one set of the credible framework.

In this Chapter, even-even, odd-mass, and doubly-odd nuclei for of 82Pb, 83Bi, 84Po,

85At, 86Rn, and 87Fr isotopes with up to five neutron-holes and five proton-particles sys-
tems are treated assuming 208Pb as a doubly magic core. The treated nuclei are figured in
Fig. 3.1. The energy spectra and electromagnetic properties are calculated and compared
with the experimental data. Isomeric states are analyzed in terms of the shell-model
configurations. Furthermore, several features are analyzed at the end of this Chapter.

3.2 Theoretical framework for nuclei around mass

210

For single-particle levels, all the six 0h9/2, 1f7/2, 0i13/2, 2p3/2, 1f5/2 and 2p1/2 orbitals in
the major shell between the magic numbers 82 and 126 are taken into account for both
neutrons and protons. Neutrons are treated as holes and protons are treated as particles.
The single-particle energies ετ (τ = ν or π) employed in the present calculations are
listed in Table 3.1, which are adopted from the experimental energy levels of 209Bi (for
proton single-particle energies) and 207Pb (for neutron single-hole energies). As for each
neutron or proton 0i13/2 orbital, it is assumed that the energy of the single-particle orbital

17
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Table 3.1: Adopted single-particle energies ετ (τ = ν or π) for neutron holes and proton
particles (in MeV). The energies for the neutron 0i13/2 and the proton 0i13/2 orbitals are
changed linearly with numbers of valence neutron holes (N̄ν) and proton particles (Nπ).
Definitions of ϵν(i13/2) and ϵπ(i13/2) are given in the text.

j 2p1/2 1f5/2 2p3/2, 0i13/2 1f7/2 0h9/2

εν 0.000 0.570 0.898 ϵν(i13/2) 2.340 3.415

επ 3.634 2.826 3.119 ϵπ(i13/2) 0.896 0.000

changes linearly with the numbers of valence neutron holes and proton particles. They
are determined (in MeV) as follows,

ϵν(0i13/2) = −0.065N̄ν + 1.698, (3.1)

ϵπ(0i13/2) = −0.050Nπ + 1.659, (3.2)

where N̄ν and Nπ represent the number of valence neutron holes and valence proton
particles, respectively. The number dependence of the single-particle energies in the 0i13/2
orbitals conforms with the experimentally suggested value when Nπ = 1 and N̄ν = 1. This
number dependence is introduced for a better reproduction of the low-lying positive parity
states of odd-mass nuclei after adjusting two-body interactions.

The adopted Hamiltonian is the same as described in Sec. 2.3. However, we introduce
the following interaction for protons in addition to Eq. (2.7),

Ĥ(8)(πh9/2f7/2) = −G
(8)
πh9/2f7/2

P̂ †(8)
π

(
h9/2f7/2

)
· ˆ̃P

(8)

π

(
h9/2f7/2

)
, (3.3)

with

P̂
†(8)
Mπ

(
h9/2f7/2

)
=
[
c†h9/2

c†f7/2

](8)
M

. (3.4)

Here, two protons in the 0h9/2 and 1f7/2 orbitals are coupled with spin 8 and positive

parity, which is the maximum spin available between these two orbitals. c†j is the nucleon
creation operator in the orbital j. We call this additional pairing interaction with spin 8
between two protons in the 0h9/2 and 1f7/2 orbitals, Ĥ

(8)(πh9/2f7/2), theMP -8 interaction.
The necessity of this interaction is discussed and its effects are analyzed in Sec. 3.4.3.

The adopted two-body interaction strengths are listed in Table 3.2. Only one set of
strengths is adopted for all the nuclei for this mass region.

For E2 transition rates and quadrupole moments, the effective charges are taken as
eν = −0.85e for neutrons and eπ = 1.50e for protons. For magnetic moments, the adopted
gyromagnetic ratios for orbital angular momenta are gℓν = 0.00, gℓπ = 1.00, and those
for spin are gsν = −1.91 and gsπ = 2.79, which are free-nucleon g factors attenuated by a
factor of 0.5. These effective charges and gyromagnetic ratios are adjusted to reproduce
the experimental data in single-closed nuclei.
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Table 3.2: Strengths of adopted two-body interactions between neutrons (ν-ν) and those
between protons (π-π). G0 and G2 indicate the strengths of the monopole (MP ) and
quadrupole-pairing (QP ) interactions between like nucleons. GL (L = 4, 6, 8, 10) denote
the strengths for higher multipole-pairing (HMP ) interactions between like nucleons. The
strength of the proton two-body interaction between the 0h9/2 and 1f7/2 orbitals (MP -8)

is taken as G
(8)
πh9/2f7/2

= 0.50. The strength of the QνQπ interaction between neutrons

and protons is taken as κνπ = −0.060. The strengths of the MP , HMP , and MP -8
interactions are given in units of MeV. The strengths of the QP and QQ interactions are

given in units of MeV/b4 using the oscillator parameter b =
√
h̄/Mω.

G0 G2 G4 G6 G8 G10

ν-ν 0.145 0.013 0.500 0.500 1.100 2.000

π-π 0.145 0.013 0.400 0.400 −0.600 0.000

3.3 Theoretical results for nuclei around mass 210

In this section, the theoretical results are given for each nucleus. The energy spectra,
E2 transition rates, magnetic moments, and quadrupole moments are calculated. For
energy spectra, up to four observed energy levels are shown from the yrast state for each
spin and parity in experiment. As for the theoretical states, two levels for each spin and
parity from the lowest level are shown in general. If third or fourth states are observed
in experiment, third or fourth energy levels are shown in theory.

In this section, isomeric states are also investigated. There are several reasons why
states become isomers. Due to their reasons for existence, they are classified as K isomers,
spin-gap isomers, shape isomers, and so on [7]. Many isomers in this region are spin-gap
isomers, which do not undertake gamma transitions with low-spin change, such as E2 or
M1 transitions, because of the large spin difference between initial and final states. In
particular, many of the isomers whose half-lives are longer than few seconds are known
to be spin-gap isomers. Here, isomeric states are analyzed in terms of the shell-model
configurations.

3.3.1 Pb isotopes

Here 203−206Pb isotopes are discussed. Figure 3.2 shows the theoretical energy spectra for
even-even Pb isotopes in comparison with the experimental data [63,65,67]. Not only the
yrast states, but also non-yrast states are excellently reproduced. The 3−1 states in both
206Pb and 204Pb, which are known to be made by core excitations, are beyond the present
framework. Similarly, the 1− states at 3.744 and 4.329 MeV and 2− states at 3.980 and
4.317 MeV for 206Pb also are seemingly made by core excitations.

In both nuclei, states whose spin and parity is assigned as 8+ are not observed exper-
imentally below 4 MeV. From the fact that the experimental 10+1 states decay to the 9−1
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Figure 3.2: (color on line) Theoretical en-
ergy spectra for even-even Pb isotopes in
comparison with the experimental data.
The squares and diamonds represent exper-
imental positive and negative parity states,
respectively. The asterisks and crosses
represent theoretical positive and negative
parity states, respectively. The experimen-
tal data are taken from Refs. [63–67]. Am-
biguous states are shown with parentheses.

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
0

1

2

3

4

5

205Pb

2I

(M
eV

)
E

(  )

(  )

(  )

(  ) (  )
(  )

1 3 5 7 9 11 13 15 17 19 21 23 25 27 29 31
0

1

2

3

4

5

203Pb

2I

(M
eV

)
E

(  )

(  )
(  )
(  )
(  )

(  )
(  )

(  )

(  )

(  )

Figure 3.3: (color on line) Theoretical en-
ergy spectra for odd-mass Pb isotopes in
comparison with the experimental data.
The squares and diamonds represent exper-
imental positive and negative parity states,
respectively. The asterisks and crosses
represent theoretical positive and negative
parity states, respectively. The experimen-
tal data are taken from Refs. [63–67]. Am-
biguous states are shown with parentheses.
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Table 3.3: Comparison between the experimental B(E2) values (expt.) and the theoretical
results (calc.) for Pb isotopes (in W.u.). The experimental data are taken from Refs. [63–
67].

B(E2)
206Pb expt. calc.

2+1 → 0+1 2.80(9) 2.939

4+1 → 2+1 3.160

6+1 → 4+1 1.931

8+1 → 6+1 0.324

12+1 → 10+1 0.34(6) 0.281

6−1 → 7−1 0.08+31
−8 0.064

204Pb expt. calc.

2+1 → 0+1 4.69(5) 4.262

4+1 → 2+1 0.00382(9) 0.062

6+1 → 4+1 0.089

8+1 → 6+1 0.002

0+2 → 2+1 0.81(25) 0.078

7−1 → 5−1 ∼0.6 0.064

7−1 → 9−1 0.15+4
−6 0.004

205Pb expt. calc.

1/2−1 → 5/2−1 0.0108(4) 0.199

3/2−1 → 5/2−1 1.095

3/2−1 → 1/2−1 0.032

7/2−1 → 5/2−1 3.960

7/2−1 → 3/2−1 0.003

25/2−1 → 21/2−1 0.053(10) 0.282

29/2−1 → 25/2−1 0.7317(20) 1.021

17/2+1 → 13/2+1 0.13009(20) 2.618

19/2+1 → 17/2+1 ∼ 0.14 0.004

21/2+1 → 17/2+1 0.01694(5) 3.160
203Pb expt. calc.

1/2−1 → 5/2−1 0.96(6) 0.792

3/2−1 → 5/2−1 0.306

3/2−1 → 1/2−1 0.032

7/2−1 → 5/2−1 3.125

7/2−1 → 3/2−1 0.781

21/2+1 → 17/2+1 0.139(10) 0.029
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Table 3.4: Comparison of the magnetic dipole moments µ (in µN) and the electric
quadrupole moments Q (in eb) obtained by the shell model (calc.) to the experimen-
tal data (expt.) for Pb isotopes. The experimental data are taken from Refs. [63–68].

µ Q
206Pb expt. calc. expt. calc.

2+1 <0.030 +0.056 +0.05(9) +0.282

4+1 +0.413 +0.328

6+1 −0.263 +0.358

8+1 −1.156 +0.037

12+1 −1.795(22) −1.763 0.51(2) +0.468

7−1 −0.152(3) −0.637 0.33(5) +0.304

6−1 +0.8(4) −1.217 +0.294
204Pb expt. calc. expt. calc.

2+1 <0.02 +0.043 +0.23(9) −0.052

4+1 +0.224(3) +0.210 0.44(2) +0.462

6+1 +0.691 +0.381

8+1 −1.154 +0.037
205Pb expt. calc. expt. calc.

1/2−1 +0.319

3/2−1 −0.665 +0.134

5/2−1 +0.7117(4) +0.594 +0.226(37) +0.206

7/2−1 +0.535 +0.148

9/2−1 +0.617 +0.423

13/2+1 −0.975(40) −0.954 0.30(5) +0.214
203Pb expt. calc. expt. calc.

1/2−1 +0.319

3/2−1 −0.780 +0.137

5/2−1 +0.6864(5) +0.601 +0.095(52) +0.066

7/2−1 +0.182 −0.073

9/2−1 +0.592 +0.021

13/2+1 −0.953 +0.165

21/2+1 −0.641(21) −0.775 +0.715
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states by the E1 transition, the 8+1 states might be located above the 10+1 states. How-
ever, the 8+1 states are calculated just below the 10+1 states. The 8+1 state is calculated at
3.701 MeV (3.311 MeV) for 206Pb (204Pb) in the present model.

Figure 3.3 shows the theoretical energy spectra for odd-mass Pb isotopes in comparison
with the experimental data [63,64,66]. Good agreements with the experimental data are
obtained, in particular for the low-lying states with negative parity. The 1/2+1 state for
205Pb is observed at 2.795 MeV. The theoretical 1/2+1 state is calculated at 4.492 MeV in
the present model. The experimental 1/2+1 state is seemingly made by core excitations.
The configuration is inferred as the 3−1 state of the even-even core 206Pb coupled with the
neutron 1f5/2 single-particle state: (3−core ⊗ νf−1

5/2). The 3/2+, 5/2+, · · ·, and 11/2+ states
with the same configuration are not confirmed in experiment.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
for Pb isotopes are given in Tables 3.3 and 3.4 in comparison with the experimental
data [63–68]. Theoretical calculations reproduce the experimental data very well on the
whole. Small experimental B(E2) values in 205Pb are not reproduced well. For example,
the experimental B(E2; (21/2+1 ) → 17/2+1 ) value is 0.01694(5) W.u., while the theoretical
one is 3.160 W.u. In theory, the 17/2+1 state consists of the [ν(f5/2)

2
2+i13/2] configuration

and the 21/2+1 state has the [ν(f5/2)
2
4+i13/2] configuration. This is why the theoretical

B(E2; 21/2+1 → 17/2+1 ) value is large. The experimental spin-parity confirmation of the
(21/2+1 ) state might be required.

In 206Pb, the sign of the magnetic moment of the 6−1 state is positive and that of the
7−1 state is negative in experiment. The signs of these values are negative in the present
calculation. Both the 6−1 and 7−1 states consist of the (νp−1

1/2i
−1
13/2) configuration and both

states should have the same sign in theory. The magnetic moments of the 6−1 and 7−1
states were also calculated in Ref. [53] using the shell model and signs of both magnetic
moments are also negative. Their results are consistent with ours.

3.3.2 Bi isotopes

Here 204−208Bi isotopes are discussed. Figure 3.4 shows the theoretical energy spectra for
odd-mass Bi isotopes in comparison with the experimental data [63, 66, 69]. Theoretical
calculations reproduce the experimental data well on the whole. In these nuclei, large
differences between experiment and theory are seen in energies of the 1/2+1 and 3/2+1 states.
It was inferred that the 1/2+1 state is attributed to the (πh2

9/2s
−1
1/2) configuration in these

nuclei [70]. Here the proton 2s1/2 hole orbital below the magic number 82 is not included
in the present framework. It was also mentioned that the 3/2+1 state for 207Bi mainly
consists of the (νp−2

1/2πh
2
9/2d

−1
3/2) configuration with small amount of the (νp−2

1/2πh9/2 ⊗ 3−)
configuration [63, 71]. Likewise, the proton hole in the 1d3/2 orbital below the magic
number 82 is not included in the present framework.

Figure 3.5 shows the theoretical energy spectra for doubly-odd Bi isotopes in compar-
ison with the experimental data [5, 47, 63, 65, 67]. In 208Bi, which is a one-neutron-hole
and one-proton-particle system, energies of low-lying states below 1.5 MeV are well re-
produced. The 12+2 , 13

+
2 states and states with spin over 14 (irrespective of its parity) are

beyond the present framework. The 12+1 and 13+1 states, which consist of the (νi−1
13/2πi13/2)

configuration, are well reproduced in the present model.
In 208Bi, the 2−1 , 3

−
1 , · · ·, and 11−1 states are members of the (νi−1

13/2πh9/2) configuration.

The observed 2−1 and 11−1 states are higher than other members. However, the theoretical
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Figure 3.4: Same as fig. 3.2, but for odd-
mass Bi isotopes. The experimental data
are taken from Refs. [63,66,69].
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Figure 3.5: Same as fig. 3.2, but for doubly-
odd Bi isotopes. The experimental data are
taken from Refs. [5, 47,63,65,67].
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Table 3.5: Same as table 3.3, but for Bi isotopes. The experimental data are taken from
Refs. [5, 63,65–67,69].

B(E2)
207Bi expt. calc.

11/2−1 → 9/2−1 6.099

7/2−1 → 9/2−1 1.040

7/2−1 → 11/2−1 0.432
205Bi expt. calc.

11/2−1 → 9/2−1 6.995

7/2−1 → 9/2−1 1.266

7/2−1 → 11/2−1 0.016

25/2+1 → 21/2+1 0.58(8) 0.526
208Bi expt. calc.

6+1 → 4+1 0.10(3) 0.169

6+1 → 5+1 1.5(5) 2.013

7+1 → 5+1 ≤0.017 0.848

4+1 → 5+1 0.576
206Bi expt. calc.

4+1 → 6+1 0.0180(6) 0.025

3+1 → 4+1 4.159

5+1 → 4+1 3.013

5+1 → 6+1 0.017
204Bi expt. calc.

5+1 → 6+1 4.155

4+1 → 6+1 0.693

4+1 → 5+1 4.263

calculation fails in reproducing this situation. This problem was also seen in the previous
calculation for 132Sb [8]. This nucleus is a one-neutron-hole and one-proton-particle system
assuming the 132Sn core, which is a similar system as 208Bi. In 132Sb, the 2−1 , 3

−
1 , · · ·, and 9−1

states with the (νh−1
11/2πg7/2) configuration are seen in the low-lying states and the 2−1 and

9−1 states are located at high energies than other members. A shell-model calculation was
performed for 132Sb in the same framework. It was found that a hexadecapole interaction
among alike nucleons is important to reproduce these negative parity states [8]. Through
the argument in the above, a hexadecapole interaction between neutrons and protons
would be necessary to well reproduce energies of the 2−1 and 11−1 states in 208Bi. The
detailed discussion about the hexadecapole interaction is performed in Sec. 3.4.6.

Similar to 208Bi, the theoretical 11−1 states in 206Bi and 204Bi are calculated lower
than the experimental 11−1 states. Theoretical 11−1 states in 206Bi and 204Bi would be
reproduced at observed positions of the experimental 11−1 states by introducing such a
hexadecapole interaction. In fact, a shell-model calculation [47] was carried out for 206Bi
using the interaction deduced from the Hamada-Johnston potential and the 11−1 state was
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Table 3.6: Same as table 3.3, but for Bi isotopes. The experimental data are taken from
Refs. [5, 63,65–67,69].

µ Q
207Bi expt. calc. expt. calc.

7/2−1 +3.648 −0.592

9/2−1 +4.0915(9) +3.669 −0.545(38) −0.717

11/2−1 +3.477 −0.434

13/2−1 +3.742 −0.224

21/2+1 +3.41(6) +2.494 0.044(8) −0.056
205Bi expt. calc. expt. calc.

7/2−1 +3.997 −0.638

9/2−1 +4.065(7) +3.666 −0.585(43) −0.763

11/2−1 +3.345 −0.497

13/2−1 +3.726 −0.777

21/2+1 2.70(4) +1.797 +0.288

25/2+1 3.21(5) +2.713 −0.140
208Bi expt. calc. expt. calc.

4+1 +3.712 −0.508

5+1 +4.578(13) +3.819 −0.51(7) −0.541

6+1 +3.916 −0.313

10−1 2.672(14) +2.379 −0.006
206Bi expt. calc. expt. calc.

4+1 +3.280 −0.512

5+1 +3.653 −0.561

6+1 +4.361(8) +3.784 −0.39(4) −0.664

10−1 2.644(14) +2.259 0.049(9) −0.225
204Bi expt. calc. expt. calc.

4+1 +3.763 −0.651

5+1 +3.592 −0.603

6+1 +4.322(15) +3.167 −0.49(15) −0.511

10−1 2.36(23) +2.269 0.063(12) −0.298
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calculated at 1.716 MeV (1.639 MeV in experiment).
Calculated results of the B(E2) values, magnetic moments, and quadrupole moments

for Bi isotopes are given in Tables 3.5 and 3.6 in comparison with the experimental
data [5, 63, 65–67, 69]. The small B(E2; 4+1 → 6+1 ) value in 206Bi is well reproduced.
The quadrupole moments of the 10−1 states for 206Bi and 204Bi are small in experiment
(0.049(9) eb for 206Bi and 0.063(12) eb for 204Bi). However, the present results fail in
reproducing these experimental data (−0.225 eb for 206Bi and −0.299 eb for 204Bi). It is,
however, noted that the magnetic moments of the same states are well reproduced. This
phenomenon is discussed in Sec. 3.4.2.

3.3.3 Po isotopes

Here 205−210Po isotopes are discussed. Figure 3.6 shows the theoretical energy spectra for
even-even Po isotopes in comparison with the experimental data [5, 63, 67,73].

210Po is a system with two valence protons. The energy gap between the 8+1 and 10+1
states is large in this nucleus. This is because the 8+1 state is constructed by two protons
in the 0h9/2 orbital. The 0+1 , 2

+
1 , 4

+
1 , and 6+1 states are also constructed by the (πh2

9/2)
configuration. In contrast, two protons need to occupy the 0i13/2 orbital to make states
over 10+. The 1+1 , 2

+
2 , 3

+
1 , 4

+
2 , 5

+
1 , 6

+
2 , 7

+
1 , and 8+2 states are members of the (πh9/2f7/2)

configuration.
In 210Po, the 11−1 state consists of the (πh9/2i13/2) configuration. The 11−2 state and

states with spin greater than 13 are beyond the present framework. Except for these
states, theoretical calculations reproduce the experimental data well for all the nuclei.

Figure 3.7 shows the theoretical energy spectra for odd-mass Po isotopes in comparison
with the experimental data [63,66,69,72]. In 209Po, a large energy difference between the
calculated 21/2−1 and 23/2−1 states is seen. It is noted that no experimentally confirmed
23/2−1 state is observed. The 21/2−1 state mainly consists of the (νf−1

5/2πh
2
9/2) configura-

tion. In contrast, the 23/2−1 state mainly consists of the (νf−1
7/2πh

2
9/2) configuration. This

difference of the two configurations causes the large energy gap between the 21/2−1 and
23/2−1 states.

The 19/2−1 states are spin-gap isomers with long half-lives of 2.79(8) s and 57.4(9) ms
for 207Po and 205Po, respectively [63]. These states mainly decay to the 13/2+1 states by
the E3 transition. From this fact, the 15/2− and 17/2− states which can be connected to
the 19/2−1 state by the E2 or M1 transitions, should be located above the 19/2−1 state. In
theory, however, the 15/2− and 17/2− states are calculated slightly lower than the 19/2−1
states in both nuclei.

The calculated B(E2) values, magnetic moments, and quadrupole moments for Po
isotopes are given in Tables 3.7 and 3.8 in comparison with the experimental data [5, 63,
66,67,69,72,73]. In 210Po, the E2 transition rates among the yrast states are successfully
reproduced except for the B(E2; 2+1 → 0+1 ) value. The experimental B(E2; 2+1 → 0+1 )
value is 0.56(12) W.u. In contrast the theoretical B(E2; 2+1 → 0+1 ) value is 4.12 W.u. This
B(E2) value was also calculated using the shell model and was given as 3.55 W.u. [54,55].

The experimental magnetic moments and quadrupole moments are well reproduced
by the present calculation. Only one disagreement is seen in the magnetic moment of the
1/2−1 state for 209Po, which is calculated almost half the value of the experimental value.
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Figure 3.6: Same as fig. 3.2, but for even-
even Po isotopes. The experimental data
are taken from Refs. [5, 63, 67,73].
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Figure 3.7: Same as fig. 3.2, but for odd-
mass Po isotopes. The experimental data
are taken from Refs. [63,66,69,72].
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Table 3.7: Same as table 3.3, but for Po isotopes. The experimental data are taken from
Refs. [5, 63,66,67,69,72,73].

B(E2)
210Po expt. calc.

2+1 → 0+1 0.56(12) 4.123

4+1 → 2+1 4.46(18) 4.453

6+1 → 4+1 3.05(9) 3.028

8+1 → 6+1 1.12(4) 1.055

10+1 → 8+1 <0.001
208Po expt. calc.

2+1 → 0+1 8.890

4+1 → 2+1 11.216

6+1 → 4+1 5.6(4) 6.807

8+1 → 6+1 6.4(5) 1.684

10+1 → 8+1 2.206
206Po expt. calc.

2+1 → 0+1 12.997

4+1 → 2+1 11.151

6+1 → 4+1 5.569

8+1 → 6+1 2.45(16) 3.829

10+1 → 8+1 5.121
209Po expt. calc.

5/2−1 → 1/2−1 2.2(7) 3.691

3/2−1 → 1/2−1 5.206

3/2−1 → 5/2−1 1.298

13/2−1 → 9/2−1 4.37(10) 4.538

17/2−1 → 13/2−1 1.43(5) 1.376

11/2−1 → 7/2−1 13(5) 4.344

11/2−1 → 9/2−1 15(12) 0.172
207Po expt. calc.

1/2−1 → 5/2−1 0.60(3) 0.912

3/2−1 → 5/2−1 4.697

3/2−1 → 1/2−1 0.083

7/2−1 → 5/2−1 10.999

7/2−1 → 3/2−1 0.096
205Po expt. calc.

1/2−1 → 5/2−1 0.16(3) 3.586

3/2−1 → 5/2−1 2.048

3/2−1 → 1/2−1 0.196

7/2−1 → 5/2−1 11.022

25/2+1 → 21/2+1 0.9(3) 0.707

29



3.3. THEORETICAL RESULTS FOR NUCLEI AROUND MASS 210

Table 3.8: Same as table 3.4, but for Po isotopes. The experimental data are taken from
Refs. [5, 63,66,67,69,72,73].

µ Q
210Po expt. calc. expt. calc.

2+1 +1.718 +0.186

4+1 +3.368 +0.134

6+1 5.48(5) +5.038 −0.141

8+1 +7.13(5) +6.734 −0.552(20) −0.551

11−1 +12.20(9) +11.163 −0.86(11) −0.965
208Po expt. calc. expt. calc.

2+1 +0.521 +0.458

4+1 +2.398 +0.435

6+1 +5.3(6) +4.780 −0.087

8+1 +7.37(5) +6.617 0.90(4) −0.926
206Po expt. calc. expt. calc.

2+1 +0.636 +0.203

4+1 +1.364 +0.617

6+1 +4.760 −0.256

8+1 +7.34(7) +6.541 1.02(4) −0.974
209Po expt. calc. expt. calc.

1/2−1 0.68(8) +0.315

3/2−1 −0.342 +0.223

5/2−1 +0.901 +0.326

13/2−1 6.13(9) +5.243 0.126(5) −0.130

17/2−1 7.75(5) +6.718 0.659(7) −0.703

13/2+1 −0.931 +0.529
207Po expt. calc. expt. calc.

1/2−1 +0.315

3/2−1 −0.529 +0.124

5/2−1 0.79(6) +0.643 +0.357

13/2+1 −0.910(14) −0.931 +0.577

25/2+1 5.41(4) +4.921 −0.400
205Po expt. calc. expt. calc.

1/2−1 +0.308

3/2−1 −0.624 +0.274

5/2−1 +0.76(6) +0.633 +0.189

13/2+1 −0.95(5) −0.935 +0.506
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3.3.4 At isotopes

Here 206−211At isotopes are discussed. Figure 3.8 shows the theoretical energy spectra for
odd-mass At isotopes in comparison with the experimental data [63, 69, 72, 74]. In these
nuclei, low-lying negative parity states are excellently reproduced.

It is noticed from Fig. 3.8 that the energy of the 19/2−1 state is higher compared
to other first negative parity states in these nuclei. For example, in 211At, the 17/2−1
and 21/2−1 states are calculated at 1.356 and 1.496 MeV, respectively. In contrast, the
19/2−1 state is calculated at 2.032 MeV. The 17/2−1 and 21/2−1 states consist of the (πh3

9/2)

configuration. In contrast the 19/2−1 state consists of the (πh2
9/2f7/2) configuration. Since

the single-particle energy of the 1f7/2 orbital is higher than that of the 0h9/2 orbital, the
energy of the 19/2−1 state is higher compared to the 17/2−1 and 21/2−1 states. It should
be noted that the 19/2− state cannot be constructed by the (πh3

9/2) configuration.

The 29/2+1 state at 2.429 MeV in 209At is an isomer with a half-life of 0.916(10) µs [63].
This state is a spin-gap isomer, which decays to the 23/2−1 state at 1.852 MeV by the
E3 transition. The 29/2+1 state mainly consists of the [π(h2

9/2)8+ i13/2] configuration for
the proton part, while two neutrons mainly couple to spin zero. In this configuration,
the maximum spin is 29/2. As one of our empirical rules, using the effective interactions
among like nucleons adopted in the present framework the maximum-spin state among
members with one specific configuration is likely to get lower in energy than other mem-
bers with the same configuration. Accordingly, it is likely that the state which has the
maximum spin among those states with the same configuration becomes a spin-gap iso-
mer. In this case, the maximum spin of the [π(h2

9/2)8+ i13/2] configuration is 29/2. Thus
this state gets lower in energy than other states with the same members and becomes a
spin-gap isomer. This isomer was also analyzed in Ref. [75] and they suggested the same
configuration.

Figure 3.9 shows the theoretical energy spectra for doubly-odd At isotopes in com-
parison with the experimental data [5, 63, 67, 73]. In 206At, relative energies between the
ground state and the 7+1 state and the states above are not known in experiment. In
Fig. 3.9, the excitation energy of the 7+1 state is assumed as 0.09 MeV. Almost all states
observed in 210At are well reproduced in theory. Furthermore, low-lying positive parity
states, which are densely located below 0.2 MeV, are well reproduced in 208At.

The 15−1 state at 2.549 MeV in 210At is a spin-gap isomer. The half-life of this state is
0.482(6) µs and this state decays to the 12+ states by the E3 transition [63]. This state
mainly consists of the [νp−1

1/2π(h
2
9/2)8+ i13/2] configuration and spin 15 is the maximum spin

made by this configuration. The 13−1 and 14−1 states, which can be connected to the 15−1
state by the E2 or M1 transitions, are located slightly higher than the 15−1 state and the
theoretical calculation reproduces this experimental situation. The same configuration
was also proposed in Ref. [42].

The 10−1 state (47.8(10) ns) and 16−1 state (1.5(2) µs) in 208At and the 10−1 state (410(80)
ns) in 206At are also isomers [63]. These states decay to lower states by E3 or E1 transi-
tions. In theory, states which can be connected to these isomeric states by the E2 or M1
transitions are calculated almost degenerately in energy with the isomeric states. Typical
energy gaps are around 0.05 MeV.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
for At isotopes are given in Tables 3.9 and 3.10 in comparison with the experimental
data [5, 63, 67, 69, 72–74]. The experimental data are well reproduced on the whole. In
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Figure 3.8: Same as fig. 3.2, but for odd-
mass At isotopes. The experimental data
are taken from Refs. [63,69,72,74].
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Figure 3.9: Same as fig. 3.2, but for doubly-
odd At isotopes. The experimental data
are taken from Refs. [5, 63,67,73].
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Table 3.9: Same as table 3.3, but for At isotopes. The experimental data are taken from
Refs. [5, 63,67,69,72–74].

B(E2)
211At expt. calc.

13/2−1 → 9/2−1 >0.039 4.298

3/2−1 → 5/2−1 12.8(14) 9.801

3/2−1 → 7/2−1 0.40(4) 0.874

3/2−1 → 7/2−2 1.78(18) 0.828

15/2−1 → 11/2−1 1.7(3) 2.271

15/2−1 → 13/2−1 0.37(8) 0.598

17/2−1 → 13/2−1 >84 4.108

21/2−1 → 17/2−1 2.66(10) 2.119

29/2+1 → 25/2+1 1.8(3) 1.054
209At expt. calc.

7/2−1 → 9/2−1 13.992

11/2−1 → 7/2−1 3.226

11/2−1 → 9/2−1 10.030

21/2−1 → 17/2−1 3.21(10) 3.545
207At expt. calc.

7/2−1 → 9/2−1 17.889

11/2−1 → 7/2−1 1.960

11/2−1 → 9/2−1 13.164
210At expt. calc.

4+1 → 5+1 0.131

6+1 → 5+1 3.226

6+1 → 4+1 0.706
208At expt. calc.

5+1 → 6+1 2.129

4+1 → 6+1 0.246

4+1 → 5+1 2.913
206At expt. calc.

7+1 → 5+1 0.171

9+1 → 7+1 13.618

11+1 → 9+1 12.428
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Table 3.10: Same as table 3.4, but for At isotopes. The experimental data are taken from
Refs. [5, 63,67,69,72–74].

µ Q
211At expt. calc. expt. calc.

5/2−1 +2.069 −0.007

7/2−1 +3.710 −0.475

9/2−1 +3.776 −0.211

21/2−1 +9.56(9) +8.810 0.53(5) −0.479

29/2+1 +15.31(13) +14.129 1.00(5) −1.092
209At expt. calc. expt. calc.

5/2−1 +2.699 −0.014

7/2−1 +3.047 −0.776

9/2−1 +3.711 −0.372

21/2−1 +9.9(2) +8.667 0.78(8) −0.815

29/2+1 15.38(14) +13.981 1.50(15) −1.697
207At expt. calc. expt. calc.

5/2−1 +2.629 −0.045

7/2−1 +3.011 −0.797

9/2−1 +3.680 −0.453

25/2+1 +3.75(13) +2.870 +0.631
210At expt. calc. expt. calc.

4+1 +3.543 −0.263

5+1 +3.980 −0.279

6+1 +4.107 −0.029

11+1 +9.79(3) +8.832 0.65(8) −0.610

19+1 13.26(13) +12.746 2.20(25) −0.810

15−1 +15.675(17) +13.864 1.22(12) −1.364
208At expt. calc. expt. calc.

4+1 +3.027 −0.343

5+1 +3.456 −0.310

6+1 +3.889 −0.173

10−1 +2.69(3) +2.318 +0.351

16−1 +13.971 1.7(3) −1.839
206At expt. calc. expt. calc.

5+1 +3.448 −0.322

7+1 +4.286 −0.309

9+1 +5.092 −0.254

11+1 +7.379 −0.446
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211At, the large value of B(E2; 3/2−1 → 5/2−1 ) is well reproduced. The B(E2; 3/2−1 →
5/2−1 ) value is 32 times larger than the B(E2; 3/2−1 → 7/2−1 ) value. The 3/2−1 and 5/2−1
states consist of the (πh3

9/2) configuration. In contrast, the 7/2−1 state mainly consists of

the (πh2
9/2f7/2) configuration. It is this difference of the configurations that appears in

different magnitudes of the B(E2; 3/2−1 → 5/2−1 ) and B(E2; 3/2−1 → 7/2−1 ) values.
The experimentalB(E2; 3/2−1 → 7/2−2 ) value is 4.5 times larger than theB(E2; 3/2−1 →

7/2−1 ) value in 211At. However, theoretical results give almost the same values for both
transition rates. It might be explained by the admixture of the states of the 7/2−1 and
7/2−2 states. Suppose that the original 7/2−1 and 7/2−2 states are admixed as follows:∣∣∣∣ ˜7/2−1 ⟩ = α

∣∣∣7/2−1 ⟩+√
1− α2

∣∣∣7/2−2 ⟩ , (3.5)∣∣∣∣ ˜7/2−2 ⟩ =
√
1− α2

∣∣∣7/2−1 ⟩− α
∣∣∣7/2−2 ⟩ . (3.6)

Here, | ⟩ represents an eigenstate and |˜⟩ represents an admixed state. If α = 0.95 is
assumed, the revised transition rates by the admixed states are changed as B(E2; 3/2−1 →˜7/2−1 )=0.36 W.u. (0.40(4) W.u. in experiment) and B(E2; ˜3/2−1 → ˜7/2−2 )=1.34 W.u.
(1.78(18) W.u. in experiment).

The experimental magnetic moments and quadrupole moments are excellently repro-
duced by the calculation. This calculation will be helpful to determine signs of these
moments.

3.3.5 Rn isotopes

Here 207−212Rn isotopes are discussed. Figure 3.10 shows the theoretical energy spectra
for even-even Rn isotopes in comparison with the experimental data [5,43,63,73,76]. Just
like 206At, the relative positions between the ground state and many excited states are
not known in 210Rn. The lowest state (the (8+1 ) state) of these excited states is observed
at 1.665+x MeV. In this figure, this state is shown with an assumption of x = 0.096 MeV.

The theoretical energy levels in 212Rn as a whole are slightly lower than the exper-
imental ones, but one-to-one correspondence of energy levels between experiment and
theory is well established in these nuclei. One of the features in even-even Rn nuclei is
seen in the small energy gap between the 6+1 and 8+1 states. Due to these small energy
gaps, the 8+1 states are isomers with half-lives of 0.91(3) µs, 644(40) ns, and 487(12) ns for
212Rn, 210Rn, and 208Rn, respectively [5, 73, 76]. Theoretical calculations well reproduce
the feature of these small energy gaps.

Figure 3.11 shows the theoretical energy spectra for odd-mass Rn isotopes in com-
parison with the experimental data [63, 69, 72, 74]. The relative positions between the
ground state and many excited states are not known in 211Rn. The lowest state (the
(17/2−1 ) state) of these excited states is observed at 1.578+x MeV. In this figure, this
state is shown with an assumption of x = 0.050 MeV. Low-lying negative parity states
are excellently reproduced.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
for Rn isotopes are given in Tables 3.11 and 3.12 in comparison with the experimental
data [5, 63, 69, 72–74, 76]. Theoretical results reproduce small B(E2; 14+1 → 12+1 ) values
for 212Rn and 210Rn. In 212Rn, the 12+1 state consists of the (πh4

9/2) configuration. In

contrast, the 14+1 state consists of the (πh3
9/2f7/2) configuration. This difference of the
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Figure 3.10: Same as fig. 3.2, but for even-
even Rn isotopes. The experimental data
are taken from Refs. [5, 43, 63,73,76].
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Figure 3.11: Same as fig. 3.2, but for odd-
mass Rn isotopes. The experimental data
are taken from Refs. [63,69,72,74].
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Table 3.11: Same as table 3.3, but for Rn isotopes. The experimental data are taken from
Refs. [5, 63,69,72–74,76].

B(E2)
212Rn expt. calc.

2+1 → 0+1 6.237

4+1 → 2+1 1.04(4) 0.688

6+1 → 4+1 0.40(5) 0.373

8+1 → 6+1 0.115(6) 0.144

10+1 → 8+1 3.950

12+1 → 10+1 4.4(2) 2.966

14+1 → 12+1 0.032(8) 0.0024

14+1 → 12+2 <4 2.856

17−1 → 15−1 3.0(16) 2.111
210Rn expt. calc.

2+1 → 0+1 12.230

4+1 → 2+1 18.353

6+1 → 4+1 1.58(15) 1.337

6+1 → 4+2 1.58(19) 2.631

8+1 → 6+1 0.704

14+1 → 12+1 0.0248(23) 0.001
208Rn expt. calc.

2+1 → 0+1 19.125

4+1 → 2+1 10.300

6+1 → 4+1 0.329

8+1 → 6+1 1.417
211Rn expt. calc.

5/2−1 → 1/2−1 >0.040 5.024

21/2−1 → 17/2−1 >0.030 4.867

25/2−1 → 21/2−1 >0.036 2.627

29/2−1 → 25/2−1 0.073(17) 0.001

29/2−1 → 25/2−2 1.9(6) 1.567

31/2+1 → 27/2+1 >0.0077 3.340
209Rn expt. calc.

1/2−1 → 5/2−1 1.210

3/2−1 → 5/2−1 6.837

29/2−1 → 27/2−1 0.66 (15) 0.107
207Rn expt. calc.

3/2−1 → 5/2−1 5.024

9/2−1 → 5/2−1 17.633
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Table 3.12: Same as table 3.4, but for Rn isotopes. The experimental data are taken from
Refs. [5, 63,69,72–74,76].

µ Q
212Rn expt. calc. 10pt calc.

2+1 +1.714 +0.002

4+1 4.0(2) +3.369 +0.040

6+1 5.45(5) +5.058 −0.020

8+1 +7.15(2) +6.726 −0.193

14+1 15.0(4) +13.207 −0.881

17−1 17.9(2) +16.205 −1.021
210Rn expt. calc. expt. calc.

2+1 +0.470 +0.508

4+1 +1.603 +0.504

6+1 +4.937 −0.043

8+1 7.184(56) +6.611 0.31(4) −0.300

14+1 14.92(10) +13.060 −1.402

11−1 12.16(11) +11.014 −1.343

17−1 17.88(9) +16.088 0.86(10) −1.655
208Rn expt. calc. expt. calc.

2+1 +0.604 +0.107

4+1 +0.569 +0.948

6+1 +4.908 −0.118

8+1 6.98(8) +6.529 0.39(5) −0.426

10−1 10.77(10) +10.136 −1.843
211Rn expt. calc. expt. calc.

1/2−1 +0.601(7) +0.315

3/2−1 −0.451 +0.229

5/2−1 +0.903 +0.373

17/2−1 +7.75(8) +6.940 0.18(2) −0.240

13/2+1 −0.919 +0.675
209Rn expt. calc. expt. calc.

1/2−1 +0.317

3/2−1 −0.513 +0.154

5/2−1 0.8388(4) +0.661 +0.31(3) +0.458

13/2+1 −0.915 +0.831
207Rn expt. calc. expt. calc.

1/2−1 +0.309

3/2−1 −0.553 +0.367

5/2−1 +0.816(9) +0.638 +0.220(22) +0.285

13/2+1 −0.903(3) −0.917 +0.815
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configurations makes the B(E2; 14+1 → 12+1 ) value small. The 12+2 state consists of the
(πh3

9/2f7/2) configuration, and the B(E2; 14+1 → 12+2 ) value becomes large compared to

the B(E2; 14+1 → 12+1 ) value. In 212Rn, due to this small B(E2) value, the 14+1 state is
an isomer with a half-life of 7.4(8) ns [63]. Just like 212Rn, the 14+1 state in 210Rn (208Rn)
is an isomer with a half-life of 76(7) ns (3.5(7) ns) [63].

The experimental magnetic moments and quadrupole moments are well reproduced by
the calculation. The largest difference between the experimental value and the theoretical
one is seen in the quadrupole moment of the 17−1 state for 210Rn. The theoretical value is
calculated 1.9 times lager than the experimental one.

3.3.6 Fr isotopes

Here 208−213Fr isotopes are discussed. Figure 3.12 shows the theoretical energy spectra for
odd-mass Fr isotopes in comparison with the experimental data [63, 72, 74, 77]. Negative
parity yrast states are well reproduced in all the nuclei. Spin and parity of the ground
state is 9/2− for these odd-mass nuclei, which is reproduced in the calculation. Spin of
the lowest positive parity states in these nuclei is 13/2, and energies of these states are
calculated at 1.280, 1.101, and 1.166 MeV for 213Fr, 211Fr, and 209Fr, respectively. These
states mainly consist of the [π(h9/2f7/2)

4i13/2] configuration for the proton part.
The 29/2+1 state in 213Fr is a spin-gap isomer with a half-life of 238(6) ns [63]. This

state decays to the 23/2−1 state by the E3 transition. The 29/2+1 state mainly consists of
the (πh4

9/2i13/2) configuration, where two of four protons in the 0h9/2 orbital are coupled
to spin eight and the rest two protons are coupled to spin zero. The last proton stays in
the 0i13/2 orbital. The maximum spin of this configuration is 29/2. This isomer was also
analyzed in Ref. [78] and they suggested the same configuration.

Figure 3.13 shows the theoretical energy spectra for doubly-odd Fr isotopes in com-
parison with the experimental data [5, 46, 63, 73, 76]. There are a few observed states in
these nuclei. In 208Fr, spin and parity of the ground state is 7+. However, the theoret-
ical ground state becomes the 5+, although the 2+1 , 3

+
1 , · · ·, 7+1 states are degenerately

predicted around the ground state.
In 212Fr, which is a system of one-neutron and five-protons, the lowest states are the

4+ and 5+ states. These two states consist of the (νp−1
1/2πh9/2) configuration coupled with

the 0+1 state of the even-even core: 212Rn. In contrast, in 208Fr, which is a system of three
neutrons and five protons, lowest states (2+1 , 3

+
1 , · · ·, 7+1 ) are members of the (νf−1

5/2πh9/2)

configuration coupled with the 0+1 state of the even-even core: 208Rn. It is seen from
Fig. 3.13 that energies of negative parity states become lower and lower from 212Fr to
208Fr.

Calculated results of the B(E2) values, magnetic moments and quadrupole moments
for Fr isotopes are given in Tables 3.13 and 3.14 in comparison with the experimental
data [5,63,72–74,76,77,79]. The small transition rates of the B(E2; 17/2−1 → 13/2−1 ) and
B(E2; 21/2−1 → 17/2−1 ) values for

213Fr are well reproduced. This nucleus is a system with
five valence protons. All the 13/2−1 , 17/2

−
1 , and 21/2−1 states are seniority v = 3 systems

assuming the single-j (j = h9/2) scheme. The E2 transition rates are hindered among
states with the same seniority in this system [80]. Due to these small transition rates,
the 17/2−1 and 21/2−1 states are isomers with half-lives of 505(14) ns and 18(1) ns [63]. It
should be noted that the 9/2−1 state has a seniority v = 1. Thus the B(E2; 13/2−1 → 9/2−1 )
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Figure 3.12: Same as fig. 3.2, but for odd-
mass Fr isotopes. The experimental data
are taken from Refs. [63,72,74,77].
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Figure 3.13: Same as fig. 3.2, but for
doubly-odd Fr isotopes. The experimental
data are taken from Refs. [5, 46, 63,73,76].
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Table 3.13: Same as table 3.3,but for Fr isotopes. The experimental data are taken from
Refs. [5, 63,72–74,76,77,79].

B(E2)
213Fr expt. calc.

7/2−1 → 9/2−1 1.056

13/2−1 → 9/2−1 >0.0015 5.770

17/2−1 → 13/2−1 0.55(4) 0.010

21/2−1 → 17/2−1 0.0439(20) 0.071

27/2−1 → 23/2−1 0.001960(4) 4.061

31/2−1 → 27/2−1 1.133(14) 3.260
211Fr expt. calc.

7/2−1 → 9/2−1 15.564

5/2−1 → 7/2−1 3.156

5/2−1 → 9/2−1 11.866

13/2−1 → 9/2−1 >0.063 12.832

17/2−1 → 13/2−1 >0.011 17.934

21/2−1 → 17/2−1 3.9(4) 3.520

29/2+1 → 25/2+1 0.38(8) 0.376
209Fr expt. calc.

13/2−1 → 9/2−1 19.673

11/2−1 → 9/2−1 17.628

23/2−1 → 21/2−1 >1.6 0.478
212Fr expt. calc.

4+1 → 5+1 0.002

7+1 → 5+1 5.369

11+1 → 9+1 0.00095(3) 0.194
210Fr expt. calc.

8+1 → 6+1 5.586

9+1 → 8+1 0.816
208Fr expt. calc.

9+1 → 7+1 18.092
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Table 3.14: Same as table 3.4, but for Fr isotopes. The experimental data are taken from
Refs. [5, 63,72–74,76,77].

µ Q
213Fr expt. calc. expt. calc.

7/2−1 +4.187 −0.283

9/2−1 +4.02(8) +3.780 −0.14(2) −0.024

17/2−1 7.5(14) +7.164 −0.022

21/2−1 9.32(3) +8.819 −0.032

13/2+1 +7.394 −0.440

29/2+1 15.22(3) +14.120 −0.709
211Fr expt. calc. expt. calc.

7/2−1 +3.332 −0.463

9/2−1 +4.00(8) +3.726 −0.19(3) −0.048

13/2+1 +7.277 −1.192

29/2+1 15.37(15) +13.936 −1.1(2) −1.166
209Fr expt. calc. expt. calc.

7/2−1 +3.363 −0.482

9/2−1 +3.95(2) +3.692 −0.24(2) −0.129

13/2+1 +7.261 −1.381
212Fr expt. calc. expt. calc.

4+1 +3.419 −0.028

5+1 4.62(9) +4.079 −0.10(1) −0.032

7+1 +4.678 +0.255

11+1 9.89(4) +9.096 −0.022

22+1 22(4) +14.954 −0.470

15−1 15.64(12) +14.030 0.84(13) −0.906
210Fr expt. calc. expt. calc.

6+1 +4.40(9) +3.948 +0.19(2) +0.291

8+1 +4.638 +0.183

9+1 +4.940 +0.487
208Fr expt. calc. expt. calc.

7+1 4.75(10) +4.318 0.00(4) +0.050

9+1 +4.927 +0.014

10−1 +2.314 +0.726
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Figure 3.14: The convergence of energies for yrast states up to 12+ for 208Rn. The
horizontal axis indicates the number of states taken for the diagonalization in the neutron-
proton system, Lc.

value is not hindered. Examples of these seniority isomers are also seen in mass A ∼ 130
region [8].

The quadrupole moments of the 9/2−1 states for odd-mass nuclei are calculated several
times smaller than experimental values. However, the magnetic moments of the same
states are well reproduced.

3.4 Discussions for nuclei around mass 210

3.4.1 Validity of the truncation

Here the validity of the truncation discussed in Sec. 2.2 is confirmed. Fig. 3.14 shows
the convergence of energies for yrast states up to 12+ for 208Rn, which is a system with
four neutron holes and four proton particles form the doubly-magic core 208Pb. In this
figure, horizontal axis indicates the number of states taken for the diagonalization in the
neutron-proton system, Lc. It is seen that energies rapidly converge from Lc = 10 to
Lc = 50 and Lc = 500 is enough for the convergence.

3.4.2 Magnetic moments and quadrupole moments

As discussed in Sec. 4.3.2, the following observations are found in various cases; the
calculated quadrupole moment of one specific state does not agree with the experimental
data even though the calculated magnetic moment of the same state agrees with the
experimental data. This phenomenon was also frequently seen in nuclei around mass
130 [8]. Here we try to shed light on this issue.

This phenomenon might be explained by the sensitiveness of operators on the mixture
of states. Our assertion is made as follows. If the true state is a mixture of one main state
and another secondary state, the quadrupole moment is largely affected by this admixture
whereas the the magnetic moment is less affected.
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Table 3.15: Magnetic moments and quadrupole moments with and without mixing of the
second excited states for 10−1 states of Bi isotopes in comparison with the experimental
data. Calc1 (ratio1) represents the initial magnetic and quadrupole moments (ratio of
the initial moment to the experimental value) without admixture of states. Calc2 (ratio2)
represents magnetic and quadrupole moments (ratio of the calculated moment after mixing
to the experimental value) with admixture of the second excited states. The mixing
amplitude α = 0.979 is taken for 206Bi and α = 0.940 is taken for 204B.

206Bi (10−1 ) expt. calc1 calc2 ratio1 ratio2

Q 0.049(9) −0.225 −0.098 4.59 2.00

µ 2.644(14) +2.259 +2.030 0.85 0.76

204Bi (10−1 ) expt. calc1 calc2 ratio1 ratio2

Q 0.063(12) −0.298 −0.126 4.74 2.00

µ 2.36(23) +2.269 +1.827 0.96 0.77

Suppose that two states with the same spin and parity are slightly mixed,

|φ⟩ = α |φ1⟩+
√
1− α2 |φ2⟩ , (3.7)

where |φ1⟩ and |φ2⟩ represent the main state and the secondary one, respectively. Here
it is assumed that the mixing amplitude α is real and |α| ≃ 1. Then any electromagnetic
moment is approximately calculated as

⟨φ| Ô |φ⟩ ∼ α2 ⟨φ1| Ô |φ1⟩+ 2α
√
1− α2 ⟨φ1| Ô |φ2⟩ , (3.8)

where Ô is either the magnetic moment operator or the quadrupole moment operator. To
see influences by the admixture of the first (main) and the second (secondary) states, the
mixing ratios of two states for the operator Ô defined by S = ⟨φ1| Ô |φ2⟩ / ⟨φ1| Ô |φ1⟩ are
numerically evaluated for the magnetic moment and the quadrupole moment.

For the 10−1 state of 206Bi, it is calculated as SM = −0.147 for the magnetic moment

and as SQ = −1.295 for the quadrupole moment. Here |φ1⟩ =
∣∣∣10−1 ⟩ and |φ2⟩ =

∣∣∣10−2 ⟩
are assumed. For the 10−1 state of 204Bi, it is calculated as SM = −0.123 for the magnetic
moment and as SQ = −0.719 for the quadrupole moment. It is generally true that the
S values of the quadrupole moments are at least several times larger than those of the
magnetic moments. Namely, the quadrupole moment is more sensitive to the admixture
of states than the magnetic moment.

In order to see the actual effect of admixture of two neighboring states, magnetic
moments and quadrupole moments are calculated with and without admixture of states
assuming appropriate mixing amplitude α’s. Table 3.15 shows calculated magnetic mo-
ments and quadrupole moments in comparison with those by the admixture of states for
the 10−1 states of 206Bi and 204Bi in comparison with the experimental data. α = 0.979
(0.940) is taken for 206Bi (204Bi), which is so determined that each ratio of the calculated
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quadrupole moment after mixing to the experimental one becomes two. Then the ra-
tio of the calculated magnetic moment to the experimental one is reduced from 0.85 to
0.76 for 206Bi. Thus the calculated magnetic moment is slightly deteriorated whereas the
quadrupole moment is largely improved. 204Bi also shows a similar tendency. This analysis
also shows that admixture of neighboring states is insufficient to simultaneously explain
disagreements to experiment for the quadrupole moment and the magnetic moment.

The reason for different sensitivities to the admixture of states for the quadrupole
moment and the magnetic moment might be surmised as follows. The magnetic moment
operator as a one-body operator changes spin up to only one. In contrast the quadrupole
moment one-body operator changes spin up to two. It is inferred that the quadrupole
moment operator more largely mix single-particle orbitals compared to the magnetic mo-
ment operator and consequently the quadrupole moment is more easily affected by the
admixture of states.

The other possibility which explains this phenomenon is the difference of effective
charges of orbitals. In this study, we assume values of effective charge are constant for
all single-particle orbitals. However, it is reasonable that the effective charges of each
orbital are different. The 10−1 states of 206Bi consist of the [ν(p1/2f5/2p3/2)

2i13/2πh9/2]
configuration. The 0i13/2 orbital is the highest-j orbital among six orbitals in this region
and there is a possibility that the effective charge of the 0i13/2 orbital is largely different
from effective charges of other orbitals. It is an interesting challenge to check whether the
quadrupole moment is reproduced by changing the effective charge of the 0i13/2 orbital.
This phenomenon should be further investigated in a future study.

3.4.3 The MP -8 interaction

In this study, a specific interaction with spin 8 between protons in the 0h9/2 and 1f7/2
orbitals (MP -8) given in Eq. (3.3) has been added as part of an effective interaction. In
this section the necessity of this interaction is discussed.

Figure 3.15 shows the theoretical energy spectra for positive parity states in 210Po
with and without the MP -8 interaction in comparison with the experimental data [63,
73]. The theoretical calculation well reproduces the experimental data with the MP -8
interaction. By comparing results with and without the MP -8 interaction, it is concluded
that the influences coming from the MP -8 interaction are not so large on almost all the
states except for the 8+2 state. The calculated energy of the 8+2 state without the MP -8
interaction is 0.490 MeV higher than that with theMP -8 interaction. The 8+1 state mainly
consists of the (πh2

9/2) configuration whereas the 8+2 state mainly consists of the (πh9/2f7/2)

configuration. Therefore the 8+2 state is directly affected by the MP -8 interaction.
Figure 3.16 shows the theoretical energy spectra for negative parity states in 211At

with and without the MP -8 interaction in comparison with the experimental data [63,74].
Low-lying states below 1.5 MeV are not at all affected by the MP -8 interaction. However,
large influences are seen for energy levels over 1.5 MeV. For example, the 23/2−1 state is
not well reproduced without the MP -8 interaction. Since the 23/2−1 state is found to
consist of the [πh9/2(h9/2f7/2)

2
8+ ] configuration, the state is largely affected by the MP -8

interaction.
Figure 3.17 shows the theoretical energy spectra for positive parity states in 212Rn

with and without the MP -8 interaction in comparison with the experimental data [63,76].
There are no influences on the low-lying states below 1.5 MeV. However, the 8+2 , 12

+
2 and
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14+1 states are not well reproduced without the MP -8 interaction. This is due to the fact
that the 8+2 , 12

+
2 and 14+1 states mainly consist of the [π(h2

9/2)I+(h9/2f7/2)8+ ] configuration,

where those states with I = 0, I = 4, and I = 6 correspond to the 8+2 , 12
+
2 and 14+1 states,

respectively.
As a phenomenological study any kind of two-body interactions which act nucleons

in any two orbitals should be introduced for a better fit to the experimental data, but
only the MP -8 interaction is introduced in the present study. This is because both the
0h9/2 and 1f7/2 orbitals are the most low-lying orbitals for protons and influences from
these two low-lying orbitals are dominantly observed in experiment. However, why spin
of this specific interaction must be eight, is not clarified from the present analysis. The
reason might be related with the fact that spin 8 is the maximum spin in both the (πh2

9/2)
and (πh9/2f7/2) configurations. The detailed analysis, however, is necessary in a future
analysis.

3.4.4 The particle number dependence of the i13/2 orbitals

In this study, it has been assumed that single-particle energies of the neutron and the
proton 0i13/2 orbitals change linearly with the numbers of valence neutron holes and proton
particles. These number dependences are introduced for better descriptions of energies
of the 13/2+1 states of odd-mass nuclei. It should be noted, however, that the influences
of these number dependences are not large and rough energies of the 13/2+1 states are

47



3.4. DISCUSSIONS FOR NUCLEI AROUND MASS 210

0

0.5

1

1.5

2

expt. calc. 
with

calc. 
without

205Po
E

(M
eV

)

13+

5−

(11−)

(11+)

1−
3−

(3−)

9−
9−
7−

(5−)
7−

19−

9+
17+
9+

5+

11+21+

5−

19−

3−1−

3−

1−
5−7−9−
7−

9−
11−

11−13−

15−13−17−15−

19−

17−21−

13+

15+

11+

17+

9+

13+
21−

19−

17−

19−

15−

17−

13−

15−

13−

11−

11−

9−

7−

9−

7−

5−

1−

3−

3−

1−

5−

13+

9+17+11+
15+13+
5+15+7+9+21+11+

Figure 3.18: Comparison between the experimental spectra (expt.) and the shell-model
results with (calc. with) and without (calc. without) the particle number dependence of
the i13/2 orbitals for

205Po. The experimental data are taken from Refs. [63,66]. Only the
first and second states for each spin and parity are shown. Spin is denoted by twice the
original value.

reproduced without the number dependences.
Figure 3.18 and 3.19 show the theoretical energy spectra for positive parity states

in 205Po and 207Rn with and without the number dependence of the 0i13/2 orbitals in
comparison with the experimental data [63, 66, 69]. For calculations without the number
dependences, single-particle energies of the 0i13/2 orbitals are taken as 1.633 MeV for
neutrons and 1.609 MeV for protons, which are taken from the experimental excitation
energies of 207Pb (for neutrons) and 209Bi (for protons). With the number dependences,
energies of positive parity states are better reproduced than those without the number
dependences, but differences of these two results are small.

It is known that the single-particle energies are shifted by the effects of the monopole
interactions of the nucleon-nucleon (NN) interaction as protons or neutrons occupy cer-
tain orbitals [81–83]. There are a lot of studies which consider the effects of the monopole
interaction in lighter mass regions (e.g. see Ref. [84]). For example, a mechanism of change
of single-particle energies in the p- and sd-shell regions were studied by analyzing con-
tributions from different components of NN interactions [85]. It was shown that the
neutron-proton monopole interactions play an important role for the change of the single-
particle energies and the triplet-even component due to the central interactions and the
second-order tensor correlations are dominant for the monopole interaction.

Since the present study is carried out from a phenomenological point of view, the shifts
of single-particle energies coming from the monopole interactions are not considered. The
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Figure 3.19: Same as fig. 3.18, but for 207Rn. The experimental data are taken from
Refs. [63, 69].

number dependence of the single-particle energy has been introduced only for the 0i13/2
orbitals. It is because this effect is easily seen since parity of the 0i13/2 orbital is only
positive among all the orbitals. As a phenomenological study we do not pursue this
number-dependence problem of single-particle energies any further, but this issue is so
important that it should be studied in the future from the point of view of the monopole
interactions.

3.4.5 The νi−1
13/2 ⊗ πi13/2 band

In the medium and heavy nuclei, intruder orbitals are important to describe the low-
lying nuclear structure. For example, the intruder orbital between the magic numbers
28 and 50 is the 0g9/2 orbital and this orbital plays an important role for the nuclear
structure. In the region between the magic numbers 50 and 82, the intruder orbital is the
0h11/2 orbital and states with the (νh−1

11/2πh11/2) configuration are observed and analyzed
in doubly-odd nuclei in the mass A ∼ 130 region (e.g. see references in Ref. [86]). In the
mass A ∼ 130 region, states which have the (νh−1

11/2πh11/2) configuration are occasionally
located below those states with the positive-positive configuration, where the positive-
positive configuration means that the state consists of a positive-parity state for the
neutron part and also a positive-parity state for the proton part. Note that only the
0h11/2 orbital has negative parity and other orbitals have positive parity in the mass
A ∼ 130 region. The yrast and yrare bands with the (νh−1

11/2πh11/2) configuration are
experimentally found to be almost degenerate in energy. These bands are called ∆I = 1
doublet bands [87–89].
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Figure 3.20: Theoretical energy levels for positive parity states in 208Fr. The circles
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negative-negative configurations, respectively. Up to four calculated states are shown for
each spin and each configuration.

In the region treated in this study, the intruder orbital is the 0i13/2 orbital. Only
this orbital has positive parity among the six orbitals. Just like the nuclei in the mass
A ∼ 130 region, states with the (νi−1

13/2πi13/2) configuration are expected to be observed
in doubly-odd nuclei.

Figure 3.20 shows the calculated energy levels of the positive parity states for 208Fr,
which are separately shown for the positive-positive configuration and the negative-negative
configurations. Here states of the positive-positive configuration mean those states which
consist of the positive-parity state for the neutron part and the positive-parity state for
the proton part. Namely these states have the (νi−1

13/2πi13/2) configuration. States of the
negative-negative configuration means those states which consist of the negative-parity
state for the neutron part and the negative-parity state for the proton part.

As seen in Fig. 3.20 states of the positive-positive configuration are calculated over
2.0 MeV. It is theoretically found that the lowest 0+, 1+, · · · , 13+ states with the positive-
positive configuration located at 2.0 ∼ 2.5 MeV, consist of the (νi−1

13/2πi13/2) configuration

coupled with the 0+1 state of the corresponding even-even core of 208Rn. States over these
states with the positive-positive configuration consist of the (νi−1

13/2πi13/2) configuration

coupled with the 2+1 , 4
+
1 , · · · states of the 208Rn core. In 208Fr, states with the (νi−1

13/2πi13/2)
configuration are calculated in energy above the negative-negative configuration in low-
spin states. Thus no ∆I = 1 doublet bands are expected in this region at least near 208Pb
as the yrast band.

In the mass A ∼ 130 region, the neutron 0h11/2 orbital is one of the low-lying orbital
and the proton 0h11/2 orbital is located about 2.8 MeV from a doubly-magic core. In
contrast, the 0i13/2 orbitals are located in the middle of the shell for neutrons and protons
in the mass A ∼ 210 region. To make the (νi−1

13/2πi13/2) configuration, both one neutron

and one proton need to be excited to the 0i13/2 orbitals. For the calculation of 208Fr, the
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Figure 3.21: Comparison between the experimental energy levels (expt.) and two kinds of
calculated results for 208Bi using phenomenological neutron-proton two-body interactions
: the shell-model results (SM) with only the QQ interaction and the SM results including
multipole interactions [SM(multipole)].

0i13/2 orbital for neutrons is located at 1.373 MeV and the 0i13/2 orbital for protons is
located at 1.409 MeV in our calculation. In much lighter Fr isotopes one may find those
states with the (νi−1

13/2πi13/2) configuration as the yrast states.

3.4.6 The necessity of other kinds of interactions

In this section 208Bi is discussed. 208Bi is a system of one neutron hole and one proton
particle with the doubly magic core 208Pb. So far this nucleus has been treated using
only the neutron-proton QQ interaction in the present model. As seen fig. 3.5, the 2−1 ,
3−1 , · · ·, 11−1 states with the (νi−1

13/2πh9/2) configuration are seen in low-lying states. On

the other hand, the 10−1 state, which is the neighboring spin state to the 11−1 state is
the lowest negative parity state among members of the (νi−1

13/2πh9/2) configuration. This
feature has not been reproduced in the present interaction. As mentioned before, only
the QQ interaction has been employed for the neutron-proton interaction. New kinds of
interactions besides the QQ interaction should be introduced to reproduce the energy gap
between the 10−1 and 11−1 states.

The experimental 2−1 and 11−1 states are especially higher compared to other spin
states. These states are generally well reproduced. However, theoretical 2−1 and 11−1
states are calculated 0.92 MeV and 0.55 MeV lower than experiment, respectively.

To examine the necessity of the new kind of the interactions, single-j calculations
are phenomenologically performed. In this calculation, new kinds of higher-multipole
interactions between the neutron i−1

13/2 orbital and the proton h9/2 orbital are introduced
in addition to the QQ interaction. The definition of interaction strengths are given in
Appendix A.3.

Fig. 3.21 shows the calculated results using the hexadecapole interaction [χ(4) = +6.0]
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in addition to the quadrupole interaction [χ(2) = +7.0] between neutrons and protons in
each single-j orbital (the neutron i13/2 and proton h9/2 orbitals). Theoretical energy of
the 10− state is adjusted to the experimental one. Using this new interaction the 10−

state becomes the lowest state and the energy gap between the 10− and 11− states and
energy of the 2− states are well reproduced.

This problem was also seen in the previous calculation for 132Sb [8], which is a system
with one neutron hole and one proton particle form the doubly magic core 132Sn.
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Chapter 4

Analysis for nuclei around mass 220

4.1 Nuclei around mass 220

In this Chapter, we analyze structure of 210−212Pb, 210−213Bi, 211−214Po, 212−215At, 213−216Rn,
and 214−217Fr nuclei. Nuclei in this mass region have more than 126 neutrons and more
than 82 protons. These nuclei are mainly α-disintegrated.

Nuclear structure of these nuclei has not been studied enough compared to the nuclei
around mass 210. Recently, 212Bi was studied using 238U beam and two isomers with
long half lives of 25 min and 7.0 min were confirmed [90]. However, only some states
are observed and spin and parity of a few states are assigned in this nucleus. The level
structure of 213Po was studied using the 18O + 208Pb reaction and the γ multidetector
array [91]. The level scheme was built up to about 2.0 MeV excitation energy and spin
was assigned up to 25/2 from the triple γ coincidence data. The constructed level scheme
was compared with the empirical shell-model calculation [91]. 211Pb was studied using
the deep-inelastic reactions between 208Pb ions and a thick 238U target [92]. Spin and
parity of high-lying states were confirmed and three high-spin isomers were identified.
Configurations of several states were assigned by comparing with the shell model calcu-
lation using empirical interactions [92]. High-spin states of 210Pb and 211Bi were studied
using deep-inelastic collisions between a pulsed beam of 208Pb ions and a 238U target [93].
Configurations of isomers were discussed and analyzed.

Theoretically, nuclei with a few valence nucleons were studied using the shell model ap-
proach. 210Bi is a system of one neutron and one proton with the doubly magic 208Pb core
and relatively easy to analyze theoretically [94–98]. It is an important nucleus to reveal
the interaction between a neutron and a proton. The theoretical problem on this nucleus
is that the spin and parity of the experimental ground state is 1− with the (νg9/2πh9/2)
configuration. The 0−, 1−, · · ·, 9− states with the (νg9/2πh9/2) configuration are observed
in this nucleus. From the Nordheim strong coupling rule [98, 99], the 0− state should
be the lowest in energy among states with the (νg9/2πh9/2) configuration. However, the
experimental observation is different from this theoretical prediction. It was concluded
by theoretical studies using empirical two-body studies that tensor-force components are
needed to reproduce the ground state [94–96]. Recently, more precise calculation em-
ployed by the interaction delivered from the NN potential was performed and the good
agreement with the experimental data was obtained [98]. Calculated several low-lying con-
figurations, the (νg9/2πh9/2), (νi11/2πf7/2), (νi11/2πh9/2), (νg9/2πf7/2), and (νj15/2πh9/2)
configurations, for 210Bi, 212Bi, 212At, 216At, and 216Fr were compared with the exper-
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Figure 4.1: The nuclei discussed in this Chapter (nuclei framed by a bold line). The
shaded nuclei are nuclei which have the magic number 82 protons and 126 neutrons.

imental results [100]. The energy levels and transition rates of the low-lying states in
210Pb and 210Bi ware calculated using a conventional shell-model approach with a cen-
tral Gaussian-shaped interaction [56]. Although orders of energies of several states were
reversely predicted, calculations predicted transition rates and M1-E2 branching ratios
well.

As shown in the above, some nuclei in this mass region have been analyzed theoreti-
cally. However, most of studies calculated only a few nuclei and there are no systematic
calculation in this mass region.

In this Chapter, even-even, odd-mass, and doubly-odd nuclei for of Pb, Bi, Po, At
Rn, and Fr isotopes with up to four neutron-particles and five proton-particles systems
are treated assuming 208Pb as a doubly magic core. The nuclei discussed in this Chapter
are figured in Fig. 4.1. The energy spectra and electromagnetic properties are calculated
and compared with the experimental data. Isomeric states are analyzed in terms of the
shell-model configurations. Furthermore, several nuclei are analyzed in detail at the end
of this Chapter.

4.2 Theoretical framework for nuclei around mass

220

For single-particle levels, seven orbitals above the magic number 126, 1g9/2, 0i11/2, 0j15/2,
2d5/2, 3s1/2, 2g7/2, and 2d3/2 are taken for neutrons. For protons, all the six 0h9/2, 1f7/2,
0i13/2, 2p3/2, 1f5/2, and 2p1/2 orbitals in the major shell between the magic numbers 82 and
126 are taken. Both neutrons and protons are treated as particles. The single-particle
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Table 4.1: Adopted single-particle energies ετ (τ = ν or π) for neutrons and protons (in
units of MeV). The energies for the neutron 0j15/2 orbital and the proton 0i13/2 and 1f7/2
orbitals are changed linearly with numbers of valence neutrons (Nν) and protons (Nπ).
Definitions of ϵν(0j15/2), ϵπ(i13/2), and ϵπ(f7/2) are given in the text.

j 1g9/2 0i11/2 0j15/2 2d5/2 3s1/2 2g7/2 2d3/2

εν 0.000 0.779 ϵν(j15/2) 1.567 2.032 2.491 2.538

j 2p1/2 1f5/2 2p3/2 0i13/2 1f7/2 0h9/2

επ 3.634 2.826 3.119 ϵπ(i13/2) ϵπ(f7/2) 0.000

energies ετ (τ = ν or π) employed in the present calculations are listed in Table 4.1.
The single-particle energies for protons are the same as used in the calculation for nuclei
around mass 210. Single-particle energies of neutrons are adopted from the experimental
energy levels of 209Pb. The particle number dependences on single-particle energies are
assumed for the neutron 0j15/2 orbital and the proton 0i13/2 and 1f7/2 orbitals as follows
in units of MeV:

ϵν(0j15/2) = 0.20Nν − 0.150Nπ + 1.223, (4.1)

ϵπ(0i13/2) = −0.050Nπ + 1.659, (4.2)

ϵπ(1f7/2) = 0.031Nν + 0.869, (4.3)

where Nν and Nπ represent the number of valence neutrons and valence protons, respec-
tively. Here, the adopted number dependence for the proton 0i13/2 orbital is the same as
used for the calculation of nuclei around mass 210.

The adopted Hamiltonian is the same as described in Sec. 2.3. The adopted two-body
interaction strengths are listed in Table 4.2. Here adopted strengths for protons are the
same as ones used in nuclei around mass 210. The MP -8 interaction is also used with the
same strength of G

(8)
πh9/2f7/2

= 0.50. Only one set of strengths is adopted for all the nuclei

for this mass region.
For E2 transition rates and quadrupole moments, the effective charges are taken as

eν = 1.0e for neutrons and eπ = 1.50e for protons. For magnetic moments, the adopted
gyromagnetic ratios for orbital angular momenta are gℓν = 0.00, gℓπ = 1.00, and those for
spin are gsν = −2.87 and gsπ = 2.79. These effective charges and gyromagnetic ratios are
adjusted to reproduce the experimental data in single-closed nuclei.

4.3 Theoretical results for nuclei around mass 220

In this section, the theoretical results are given for each nucleus. The energy spectra,
E2 transition rates, magnetic moments, and quadrupole moments are calculated. For
energy spectra, up to four observed energy levels are shown from the yrast state for each
spin and parity in experiment. As for the theoretical states, two levels for each spin and
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Table 4.2: Strengths of adopted two-body interactions between neutrons (ν-ν) and those
between protons (π-π). G0 and G2 indicate the strengths of the monopole (MP ) and
quadrupole-pairing (QP ) interactions between like nucleons. GL (L = 4, 6, 8, 10) denote
the strengths for higher multipole-pairing (HMP ) interactions between like nucleons. The
strength of the proton two-body interaction between the 0h9/2 and 1f7/2 orbitals (MP -8)

is taken as G
(8)
πh9/2f7/2

= 0.50. The strength of the QνQπ interaction between neutrons and

protons is taken as κνπ = 0.080. The strengths of the MP , HMP , and MP -8 interactions
are given in units of MeV. The strengths of the QP and QQ interactions are given in units

of MeV/b4 using the oscillator parameter b =
√
h̄/Mω.

G0 G2 G4 G6 G8 G10

ν-ν 0.102 0.008 0.400 0.300 0.000 0.450

π-π 0.145 0.013 0.400 0.400 −0.600 0.000

parity from the lowest level are shown in general. If third or fourth states are observed
in experiment, third or fourth energy levels are shown in theory.

4.3.1 Pb isotopes

Here 210−212Pb isotopes are discussed. Figure 4.2 shows the theoretical energy spectra for
even-even Pb isotopes in comparison with the experimental data [63, 73, 76]. 210Pb is a
system of two neutron particles outside the doubly magic core 208Pb. This nucleus gives
us information about the interaction between two neutrons. The calculation reproduces
energy levels of the yrast 0+1 , 2

+
1 , · · ·, 10+1 states well. The narrow energy gaps between

the 4+1 and 6+1 states and the 6+1 and 8+1 states are well reproduced. This indicates that
the adjustment of strengths of the interaction is appropriate. The 6+1 and 8+1 states are
isomers with half lives of 49 ns and 201 ns, respectively [63]. As shown later, the transition
rates from these isomeric states, namely the B(E2; 8+1 → 6+1 ) and B(E2; 6+1 → 4+1 )
values, are not small. These two states become isomers due to the narrow energy gaps of
0.097 MeV (between the 4+1 and 6+1 states) and 0.083 MeV (between the 4+1 and 6+1 states),
respectively. The experimentally unobserved 12+1 state is calculated at 4.484 MeV. The
degenerate negative parity states, the 3−1 , 4

−
1 , · · ·, 12−1 states at around 2.9 MeV consist of

the (νg9/2j15/2) configuration. The degenerate 2−1 , 3
−
2 , · · ·, 13−1 states at around 3.7 MeV

consist of the (νi11/2j15/2) configuration. The degenerate 5
−
3 , 6

−
3 , · · ·, 10−3 states at around

4.5 MeV consist of the (νj15/2d5/2) configuration.
In 212Pb, spins of only several positive parity states are assigned in experiment. The

yrast band is well reproduced in this calculation. The unobserved 10+1 state is calculated
at 1.642 MeV. The experimental 3−1 states are located at 1.870 MeV and 1.820 MeV in
210Pb and 212Pb, respectively. The 3−1 state in 210Pb has a large component of the two-
phonon state |3−1 (208Pb)⊗g.s.(210Pb)⟩ [101], which is beyond the present framework. The
low-lying 3− states associated with the 3−1 state in 208Pb are also seen in Pb isotopes in

56



4.3. THEORETICAL RESULTS FOR NUCLEI AROUND MASS 220

0 2 4 6 8 10 12 14 16
0

1

2

3

4

5

212Pb

I

(M
eV

)
E

(  )(  )(  )
(  )

(  )

0 2 4 6 8 10 12 14 16
0

1

2

3

4

5

210Pb

I

(M
eV

)
E

(  )
(  )

(  )

(  )

(  )
(  )

(  ) (  )

(  ) (  )

(  )

(  )

(  )

(  )

(  )

(  )

expt. (positive)
expt. (neagtive)

calc. (neagtive)
calc. (positive)

Figure 4.2: Theoretical energy spectra for
even-even Pb isotopes in comparison with
the experimental data [63, 73, 76]. The
squares and diamonds represent experi-
mental positive and negative parity states,
respectively. Ambiguous states are shown
with parentheses. The asterisks and crosses
represent theoretical positive and negative
parity states, respectively.
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Table 4.3: Comparison between the experimental B(E2) values (expt.) and the theoretical
results (calc.) for Pb isotopes (in W.u.). The experimental data are taken from Refs. [63,
73,74,76,92].

B(E2)
210Pb expt. calc.

2+1 → 0+1 1.4(4) 3.113

4+1 → 2+1 4.8(9) 3.307

6+1 → 4+1 2.1(8) 2.109

8+1 → 6+1 0.7(3) 0.759

10+1 → 8+1 0.018
212Pb expt. calc.

2+1 → 0+1 4.961

4+1 → 2+1 0.565

6+1 → 4+1 0.339

8+1 → 6+1 0.119

10+1 → 8+1 0.082
211Pb expt. calc.

5/2+1 → 9/2+1 2.355

7/2+1 → 9/2+1 5.130

11/2+1 → 9/2+1 0.529

13/2+1 → 9/2+1 2.994

21/2+1 → 17/2+1 1.36(23) 1.724

27/2+1 → 23/2+1 1.0+2
−3

∗
0.859

∗Using theoretical transition energy of 29 keV [92].

the mass region 210 as discussed in Sec. 3.3.1.
Figure 4.2 shows the theoretical energy spectra for 211Pb in comparison with the ex-

perimental data [63, 74]. The energy levels of low-lying positive parity states are well
reproduced. The (27/2+1 ) state with a half life of 159 ns is observed at least above
1.679 MeV [63]. The 27/2+1 state is calculated at 1.549 MeV and consists of the (νg29/2i11/2)
configuration. This assignment of the configuration is consistent with the results in
Ref. [92]. The (21/2+1 ) state with a half life of 42(7) ns decays to the (17/2+1 ) state [63].
These two states consist of the (νg39/2) configuration. As shown in Table 4.3, the measured

B(E2; 21/2+1 → 17/2+1 ) value is 1.36(23) W.u. [63], which is not so small. This state be-
comes an isomer due to the small energy gap (0.137 MeV) between the 21/2+1 and 17/2+1
states.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
for Pb isotopes are given in Tables 4.3 and 4.4 in comparison with the experimental
data [63,73,74,76,92]. Most of experimental values are well reproduced in the calculation.
The largest discrepancy between the experimental value and the theoretical one is seen
in the B(E2; 2+1 → 0+1 ) value of 210Pb. The calculated result is 2.2 times larger than the
experimental one. The calculated B(E2; 10+1 → 8+1 ) values of

210Pb and 212Pb are much
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Table 4.4: Comparison of the magnetic dipole moments µ (in µN) and the electric
quadrupole moments Q (in eb) obtained by the shell model (calc.) to the experimental
data (expt.) for Pb isotopes. The experimental data are taken from Refs. [63,73,74,76].

µ Q
210Pb expt. calc. expt. calc.

2+1 −0.360 +0.021

4+1 −1.026 +0.035

6+1 −1.872(90) −1.811 −0.104

8+1 −2.496(64) −2.551 −0.436

10+1 −0.208 −0.678
212Pb expt. calc. expt. calc.

2+1 −0.425 +0.068

4+1 −1.067 +0.071

6+1 −1.785 +0.066

8+1 −2.469 +0.130

10+1 −0.211 +0.505
211Pb expt. calc. expt. calc.

5/2+1 −0.910 +0.034

7/2+1 −1.130 +0.023

9/2+1 −1.4037(8) −1.406 +0.087(62) +0.161

11/2+1 +0.794 +0.310

13/2+1 −1.786 +0.211

smaller than other transition rates among yrast states. The 0+1 , 2
+
1 , · · ·, 8+1 states consist of

neutrons in the 1g9/2 orbital. However, one neutron in the 1g9/2 orbital needs to be excited
to the 0i11/2 orbital to make the 10+1 state. Namely, configurations are changed between
the 8+1 and 10+1 states. Thus theB(E2; 10+1 → 8+1 ) values become small. The E2 transition
rate from the isomeric 21/2+1 state to the 17/2+1 state in 211Pb, the B(E2; 21/2+1 → 17/2+1 )
value, is well reproduced. As for the magnetic moments, the calculation successfully
reproduces the experimental data. As for the quadrupole moments, only that of the 9/2+1
state in 211Pb is measured. The experimental and calculated values are +0.87(62) eb and
+0.161 eb, respectively. Here the experimental error bar is large.

4.3.2 Bi isotopes

Here 210−213Bi isotopes are discussed. Figure 4.4 shows the theoretical energy spectra for
odd-mass Bi isotopes in comparison with the experimental data [63, 74, 77]. In 211Bi,
energy levels of low-lying states are well reproduced. The isomeric (25/2−1 ) state at
1.257 MeV with a half life of 1.4 µs decays to the (21/2−) state at 1.227 MeV by the E2
transition [63]. Both the 25/2−1 and 21/2−1 states consist of the (νg29/2πh9/2) configuration.

Here in the 25/2−1 state, spin of two neutrons in the 1g9/2 orbital is stretched to spin 8.
Spin and parity of the experimental state at 0.767 MeV is most likely either 9/2− or
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mass Bi isotopes. The experimental data
are taken from Refs. [63,74,77].
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Figure 4.5: Same as fig. 4.2, but for doubly-
odd Bi isotopes. The experimental data are
taken from Refs. [63, 73,76].

11/2− [63]. Spin and parity of the state at 0.767 MeV is inferred as 11/2− since the 11/2−1
state is calculated at 0.751 MeV. The 9/2−2 state, which corresponds to the experimental
9/2−2 state at 0.832 MeV, is calculated at 0.906 MeV. Spin of the negative parity state at
0.793 MeV is not assigned. The 5/2−1 and 7/2−2 states are calculated at 0.793 MeV and
0.905 MeV, respectively. Thus spin of the state at 0.793 MeV is 5/2 in our prediction,
although we can not denied a possibility that the spin of this state is 7/2. In 213Bi,
spin and parity of only the 9/2−1 and 7/2−1 states is assigned in experiment. The states
at 0.593 MeV (possible spin and parity is either 5/2−, 7/2−, or 9/2−) and 0.759 MeV
(possible spin and parity is either 5/2− or 13/2−) are observed in addition to two assigned
states. The 5/2−1 and 13/2−1 states are calculated at 0.618 and 0.733 MeV, respectively.
Thus spin and parity of the states at 0.593 MeV and 0.759 MeV are inferred as 5/2− and
13/2−, respectively.

Figure 4.5 shows the theoretical energy spectra for doubly-odd Bi isotopes in compar-
ison with the experimental data [63,73,76]. 210Bi is a system of one neutron particle and
one proton particle with the doubly magic nucleus 208Pb. This nucleus gives us informa-
tion of the interaction between the neutron and proton. Experimental 15+1 , 16

+
1 , 14

−
2 , 15

−
1 ,

and 16−1 states cannot be made one neutron in the 1g9/2, 0i11/2, 0j15/2, 2d5/2, 3s1/2, 2g7/2,
or 2d3/2 orbitals and one proton in the 0h9/2, 1f7/2, 0i13/2, 2p3/2, 1f5/2, or 2p1/2 orbitals.
Thus these states are beyond the present framework. These states are supposed to be
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Table 4.5: Same as table 4.3, but for Bi isotopes. The experimental data are taken from
Refs. [63, 73,74,76,77].

B(E2)
211Bi expt. calc.

7/2−1 → 9/2−1 1.07(10) 0.602

9/2−2 → 7/2−1 >0.00015 0.438

9/2−2 → 9/2−1 >0.0031 1.982

11/2−1 → 9/2−1 3.516

13/2−1 → 9/2−1 4.030

21/2−1 → 17/2−1 1.44(11) 3.824

25/2−1 → 21/2−1 1.984
213Bi expt. calc.

7/2−1 → 9/2−1 0.862

9/2−2 → 7/2−1 1.722

9/2−2 → 9/2−1 1.893

11/2−1 → 9/2−1 5.601

13/2−1 → 9/2−1 7.775
210Bi expt. calc.

3−1 → 1−1 3.487

3−1 → 2−1 0.014

0−1 → 2−1 14.393
212Bi expt. calc.

3−1 → 2−1 2.698

0−1 → 2−1 5.178

made by particle-hole excitations across the shell gap. In 212Bi, negative parity states are
degenerately observed below 0.5 MeV, which are well reproduced. The lowest members
of the 0−1 , 1

−
1 , · · ·, 9−1 states consist of the (νg39/2πh9/2) configuration. The second lowest

members of the 1−2 , 2
−
2 , · · ·, 8−2 states consist of the (νg39/2πf7/2) configuration. Positive

parity states are calculated above 1.5 MeV.
Calculated results of the B(E2) values, magnetic moments, and quadrupole moments

for Bi isotopes are given in Tables 4.5 and 4.6 in comparison with the experimental
data [63, 73, 74, 76, 77]. As for B(E2) transition rates, they are measured only in 211Bi.
The calculated B(E2) value from the isomeric 25/2−1 state to the 21/2−1 state in 211Bi, the
B(E2; 25/2−1 → 21/2−1 ) value, is 1.984 W.u. As for magnetic moments, most of experi-
mental values are well reproduced. However, the small experimental magnetic moment of
the 1−1 state in 210Bi is not reproduced. In the nuclei around jj-closed shell, it is known
that the core polarization and the pion exchange are important to explain the experi-
mental magnetic moments (e.g. see Refs. [102, 103]). Here, nuclei in which one of the
spin-orbit partner j = ℓ + 1

2
is opened are called jj-closed shell nuclei, whereas nuclei

in which the spin-orbit partners j = ℓ ± 1
2
are completely occupied are called LS-closed

shell nuclei. The 1−1 state in 208Bi consists of the (νg9/2πh9/2) configuration. The 0h11/2
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Table 4.6: Same as table 4.3, but for Bi isotopes. The experimental data are taken from
Refs. [63, 73,74,76,77].

µ Q
211Bi expt. calc. expt. calc.

7/2−1 +4.5(7) +4.142 −0.630

9/2−1 (+)3.79(7) +3.635 −0.695

11/2−1 +2.721 −0.459

13/2−1 +2.985 −0.552
213Bi expt. calc. expt. calc.

7/2−1 +4.044 −0.778

9/2−1 +3.717(13) +3.560 −0.60(5) −0.856

11/2−1 +2.803 −0.584

13/2−1 +3.035 −0.841
210Bi expt. calc. expt. calc.

1−1 −0.04451(6) +0.217 +0.136(1) +0.198

5−1 +1.530(45) +1.285 −0.034

7−1 +2.114(49) +1.834 −0.349

9−1 2.728(42) +2.336 −0.471(59) −0.754
212Bi expt. calc. expt. calc.

1−1 0.41(5) +0.648 0.1(3) +0.103

2−1 +0.894 +0.238

3−1 +0.961 +0.280

5−1 +1.256 +0.011

7−1 +1.769 −0.464

9−1 +2.246 −0.771

orbital, the spin-orbit partner of the 0h9/2 orbital, is located under the shell gap of the
magic number 82, where this orbital is not introduced in the present calculation. One
might need to consider the effect of the spin-orbit partner for the explanation of the small
experimental magnetic moment of the 1−1 state in 210Bi.

4.3.3 Po isotopes

Here 211−214Po isotopes are discussed. Figure 4.6 shows the theoretical energy spectra
for even-even Po isotopes in comparison with the experimental data [63, 76, 104–106].
212Po is a system with two valence neutrons and two valence protons. The narrow energy
gap between the 6+1 and 8+1 states is well reproduced. The I+1 (I = 0, 2, · · · , 8) states
mainly consist of the [ν(g29/2)I+π(h9/2)

2
0+ ] configuration, whereas the 10

+
1 state consists of

the [ν(g9/2h11/2)10+π(h9/2)
2
0+ ] configuration. As will be discussed in Sec. 4.4, these states

mainly consist of the configuration mixing of neutrons. This is because the strength of
the neutron monopole pairing interaction is weaker than that of protons. In recent years,
negative parity states were observed below 2.5 MeV in 212Po [105,106]. It was found that
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Figure 4.6: Same as fig. 4.2, but for even-
even Po isotopes. The experimental data
are taken from Refs. [63,76,104].
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Figure 4.7: Same as fig. 4.2, but for odd-
mass Po isotopes. The experimental data
are taken from Refs. [63,74,77].

the observed 4−1 , 6
−
1 , and 8−1 states are strongly connected to the corresponding 4+1 , 6

+
1 , and

8+1 states by the E1 transitions. In Ref. [107], it was suggested that these negative parity
states are constructed by the α-particle coupled to the 3−1 state of 208Pb (the coupled-
channels of α + 3−1 (

208Pb). The other description of these negative parity states was
suggested in Ref. [108], and they showed a possibility that these negative parity states
consist of two-neutron excitations in 210Pb coupled to the collective 3− state in 208Pb
times the ground state in 210Po (|[J+(210Pb)⊗ 3−1 (

208Pb)]I− ⊗ g.s.(210Po)⟩), where J and
I indicate angular momenta of states in 210Pb and 212Po, respectively. In our calculation,
these negative parity states are not reproduced, thus it is inferred that these states are
not constructed by the normal configuration mixing. The negative parity states which
are predicted at around 2.5 MeV in our calculation are members of the (νh2

9/2πg9/2i13/2)
configuration.

In 214Po, only the 0+1 , 2
+
1 , and 4+1 states are observed in yrast states. The 6+1 , 8

+
1 ,

and 10+1 states are calculated at 1.395, 1.505, and 1.806 MeV, respectively. The state
at 1.275 MeV is assigned as (3−) [110]. This (3−) state is supposed to be an octupole
state [110]. The state at 1.995 MeV which is assigned as (2−) is also considered to
be the coupling state of the octupole state and the quadrupole phonon state since the
E2 transition rate from the (3−) state to the (2−) state is large [110]. In our calculation,
negative parity states are calculated above 3.0 MeV. The 3−1 state calculated at 3.036 MeV

63



4.3. THEORETICAL RESULTS FOR NUCLEI AROUND MASS 220

Table 4.7: Same as table 4.3, but for Po isotopes. The experimental data are taken from
Refs. [63, 74,76,77,104].

B(E2)
212Po expt. calc.

2+1 → 0+1 10.806

4+1 → 2+1 12.966

6+1 → 4+1 3.9(11) 9.689

8+1 → 6+1 2.30(9) 3.895

10+1 → 8+1 2.2(6) 0.138

10+2 → 8+1 1.218
214Po expt. calc.

2+1 → 0+1 17.583

4+1 → 2+1 23.208

6+1 → 4+1 18.290

8+1 → 6+1 7.825

10+1 → 8+1 0.560

0+2 → 2+1 0.159(10) 0.714
211Po expt. calc.

5/2+1 → 9/2+1 10.390

7/2+1 → 9/2+1 2.401

9/2+2 → 9/2+1 3.308

11/2+1 → 9/2+1 0.517

13/2+1 → 9/2+1 3.882
213Po expt. calc.

5/2+1 → 9/2+1 13.181

7/2+1 → 9/2+1 14.392

7/2+1 → 11/2+1 0.333

11/2+1 → 9/2+1 0.544

13/2+1 → 9/2+1 12.665
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Table 4.8: Same as table 4.4, but for Po isotopes. The experimental data are taken from
Refs. [63, 74,76,77,104,111].

µ Q
212Po expt. calc. expt. calc.

2+1 +0.246 −0.085

4+1 −0.096 −0.157

6+1 −1.092 −0.326

8+1 −2.299 −0.765

10+1 −0.080 −1.144
214Po expt. calc. expt. calc.

2+1 +0.273 −0.405

4+1 +0.268 −0.703

6+1 −0.513 −0.983

8+1 −1.939 −0.422

10+1 −0.059 −0.988
211Po expt. calc. expt. calc.

7/2+1 −0.944 −0.497

9/2+1 −1.197(85) −1.344 −0.77(8) −0.587

11/2+1 +1.235 −0.616

13/2+1 +0.893 −0.362

15/2−1 −0.38(15) −1.384 −0.759
213Po expt. calc. expt. calc.

7/2+1 −0.997 −0.523

9/2+1 −1.268 −0.394

11/2+1 +1.152 −0.838

13/2+1 −1.055 −0.486

is not an octupole state which is associated with the 3−1 state in 208Pb, and mainly consists
of the (νg9/2j15/2πh

2
9/2) configuration.

Figure 4.7 shows the theoretical energy spectra for odd-mass Po isotopes in comparison
with the experimental data [63, 74, 77, 91]. Low-lying states are well reproduced in both
211Po and 213Po. The 25/2+1 state at 1.462 MeV in 211Po is an isomer with a half life
of 25.2(6) s [74]. This state decays by the α-decay or decays to the 17/2+1 state at
1.428 MeV by the E4 transition [74]. The 19/2+1 , 21/2

+
1 , and 23/2+1 states, which are

easily connected to the 25/2+ state by the E2 or M1 transitions, are not observed. These
states are calculated higher in energy than the 25/2+1 state. This isomer is classified as the
spin-gap isomer. In 213Po, only positive parity states are observed. The lowest negative
parity state, the 15/2−1 state is calculated at 1.464 MeV.

The calculated B(E2) values, magnetic moments, and quadrupole moments for Po
isotopes are given in Tables 4.7 and 4.8 in comparison with the experimental data [63,
74, 76, 77, 104, 111]. In 212Po, the calculated B(E2; 10+1 → 8+1 ) value (0.138 W.u.) is
much smaller than the experimental value (2.2(6) W.u.). The B(E2; 10+1 → 8+1 ) value
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was also calculated using a shell model [109]. Their result was 0.002 W.u., which is also
quite smaller than the experimental value. The experimental B(E2; 10+1 → 8+1 ) value is
of the same order with other transitions among the yrast states. In 213Po, the theoretical
calculation predicts large transition rates to the ground (9/2+1 ) state from the 5/2+1 , 7/2

+
1

and 13/2+1 states. The magnetic moment and the quadrupole moment of the 9/2+1 state
in 211Po are well reproduced. The measured magnetic moment of the 15/2−1 state in 211Po
is −0.38(15) µN , whereas that of the calculated value is −1.384 µN . In the neighboring
nucleus 209Pb, it was suggested that the 15/2−1 state consists of not only the pure (νj15/2)
configuration, but also the [3−1 (

208Pb)⊗νg9/2]15/2− configuration [112,113]. Similar to the
15/2−1 state in 209Pb, it is supposed that the 15/2−1 state in 211Po consists of the coupling
of the [νj15/2π(h

2
9/2)0+ ] and the [3−(208Pb)⊗νg9/2]15/2− configurations. In our calculation,

however, the 15/2−1 state in 211Po consists only of the [νj15/2π(h
2
9/2)0+ ] configuration.

The admixture of the [3−1 (
208Pb) ⊗ νg9/2]15/2− configuration might be necessary for the

explanation of the experimental magnetic moment. To study the effect of the [3−1 (
208Pb)⊗

νg9/2]15/2− configuration to the magnetic moment, the magnetic moment of the 15/2−1 state
in 209Pb should be measured.

4.3.4 At isotopes

Here 212−215At isotopes are discussed. Figure 4.8 shows the theoretical energy spectra for
odd-mass At isotopes in comparison with the experimental data [63, 77, 114]. The spin
and parity of the state at 0.341 MeV in 213At is most likely either 7/2− or 9/2− [115]. The
7/2−1 , 7/2

−
2 , and 9/2−2 states are calculated at 0.239, 0.440, and 0.883 MeV, respectively.

Thus our calculation suggests that the spin and parity of the state at 0.341 MeV is 7/2−.
The spin and parity of the state at 0.364 MeV in 215At is assigned as (13/2+1 ) [116],

whereas the 13/2+1 state is predicted at 1.345 MeV in our calculation. This state mainly
consists of the (νg39/2h

2
9/2i13/2) configuration and the feature of this state is mainly deter-

mined by one proton in the 0i13/2 orbital. The excitation energy of the 13/2+1 state in
209Bi, which indicates the single-particle energy of the proton 0i13/2 orbital, is 1.609 MeV.
The excitation energy of the 13/2+1 state in 215At of 0.364 MeV is quite lower than that
in 209Bi. In odd-mass nuclei in this mass region, the effect of the octupole 3− state for
the low-lying single-particle states has been studied [112,113,117,118]. For example, it is
suggested the 13/2+1 state in 209Bi consists of the admixture of the pure (πi13/2) configu-
ration and the [3−1 (

208Pb)⊗πf7/2]13/2+ configuration [117]. The coupling of the 3−1 (
208Pb)

state might explain the small excitation energy of the 13/2+1 state in 215At. The coupling
of the 3−1 (

208Pb) state to the normal configuration mixing state should be investigated
much more in a future work.

In 215At, configurations of low-lying states were studied using a shell model [116]. It
was suggested that the observed 9/2−1 , 5/2

−
1 , 7/2

−
2 , 13/2

−
1 , and 3/2−1 states consist of the

[ν(g9/2)
4
0+πh

3
9/2] configuration. In that study, only the 1g9/2 orbital was considered for

neutrons. However, our calculation predicts that these states consist of not only neutrons
in the 1g9/2 orbital and protons in the 0h9/2 orbital, but also nucleons in other high-lying
single-particle orbitals. The occupation numbers of the ground state (9/2−1 ) in

215At are
calculated as 2.80 and 0.61 for the neutron 1g9/2 and 0i11/2 orbitals, respectively, and 2.11
and 0.58 for the proton 0h9/2 and 1f7/2 orbitals, respectively.

Figure 4.9 shows the theoretical energy spectra for doubly-odd At isotopes in compar-
ison with the experimental data [63, 76, 104]. The (9−1 ) state in 212At is an isomer with
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Figure 4.8: Same as fig. 4.2, but for odd-
mass At isotopes. The experimental data
are taken from Refs. [63,77,114].
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Figure 4.9: Same as fig. 4.2, but for doubly-
odd At isotopes. The experimental data
are taken from Refs. [63,76,104].

a half life of 0.119(3) s [63]. The 0−1 , 1
−
1 , · · ·, 9−1 states are members of the (νg9/2πh

3
9/2)

configuration, where two protons in the 0h9/2 orbital are coupled to 0+. The calculation
represents the situation such that the energy of the 9−1 state is lower than that of the
8−1 state. The members of the second negative parity band, the 1−1 , 2

−
1 , · · ·, 8−1 states,

consist of the [νg9/2π(h9/2)
2
0+f7/2] configuration. The 11+1 state is an isomer with a half

life of 18.7(7) ns and decays to the 10−1 state by the E1 transition [63]. The 11+1 state
mainly consists of the [νg9/2π(h9/2)

2
0+i13/2] configuration. Our calculation shows that the

10+, 9+, · · · states with the same configuration are located higher than the 11+1 state. In
214At, only negative parity states are observed and densely located below 0.5 MeV. These
states consist of the [ν(g9/2i11/2)

3π(h9/2f7/2)
3] configuration.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
for At isotopes are given in Tables 4.9 and 4.10 in comparison with the experimental
data [63, 76, 77, 104, 114]. As for the E2 transitions, only two transition rates are mea-
sured in these nuclei. The B(E2; 5−1 → 3−1 ) value (3.3(3) W.u. in experiment) and the
B(E2; 15−1 → 13−1 ) value (3.1(3) W.u. in experiment) in 212At are calculated as 4.691 and
4.046 W.u., respectively. The calculation predicts large E2 transition rates to the ground
9/2−1 state in odd-mass At isotopes (e.g. the B(E2; 5/2−1 → 9/2−1 ) value is calculated as
17.896 W.u. in 213At). As for electromagnetic moments, only magnetic moments of the
15−1 and 11+1 states in 214At are measured. The measured magnetic moment of the 15−1
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Table 4.9: Same as table 4.3, but for At isotopes. The experimental data are taken from
Refs. [63, 76,77,104,114].

B(E2)
213At expt. calc.

5/2−1 → 9/2−1 17.896

7/2−1 → 9/2−1 0.474

7/2−2 → 9/2−1 14.204

13/2−1 → 9/2−1 14.706

15/2−1 → 13/2−1 3.085

17/2−1 → 13/2−1 18.022

19/2−1 → 17/2−1 0.684
215At expt. calc.

5/2−1 → 9/2−1 34.399

7/2−1 → 9/2−1 0.001

7/2−2 → 9/2−1 17.623

13/2−1 → 9/2−1 26.698
212At expt. calc.

5−1 → 3−1 3.3(3) 4.691

8−1 → 9−1 1.895

15−1 → 13−1 3.1(3) 4.046
214At expt. calc.

3−1 → 1−1 1.916

5−1 → 3−1 9.258

state is 9.46(8) µN and the theoretical result is +7.371 µN . The measured magnetic mo-
ment of the 11+1 state is 5.94(11) µN and the theoretical result is +1.886 µN , which is 3.1
times smaller than the experimental one. The 11+2 state is calculated 0.312 MeV higher
than the 11+1 state. The magnetic moment of the 11+2 state is calculated as +6.069 µN .
Thus the 11+1 and 11+2 states might be reversely calculated compared to the experimental
states. In our calculation, the 11+1 and 11+2 states consist of the [νj15/2π(h9/2f7/2)

3] and
the [νg9/2π(h9/2f7/2i13/2)

3] configurations, respectively.

4.3.5 Rn isotopes

Here 213−216Rn isotopes are discussed. Figure 4.10 shows the theoretical energy spectra
for even-even Rn isotopes in comparison with the experimental data [63, 104, 119]. The
yrast states are well reproduced for both 214Rn and 216Rn. Spin and parity of the state
at 1.332 MeV in 214Rn is not assigned. This state decays to the 2+1 state at 0.695 MeV.
The 2+2 state is calculated at 1.563 MeV. Through our calculation and in comparison with
neighboring nuclei, the spin and parity of the state at 1.332 MeV is inferred as 2+. Spin
and parity of the state at 1.838 MeV in 214Rn is most likely either 8+, 9+, or 10+. The 8+2 ,
9+1 , and 10+2 states are calculated at 1.820, 2.072, and 2.283 MeV, respectively. Thus our
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Table 4.10: Same as table 4.4, but for At isotopes. The experimental data are taken from
Refs. [63, 76,77,104,114].

µ Q
213At expt. calc. expt. calc.

5/2−1 +2.681 −0.184

7/2−1 +4.090 −0.793

9/2−1 +3.662 −0.528

11/2−1 +3.378 −0.399

13/2−1 +4.007 −0.573

15/2−1 +2.642 −0.483

17/2−1 +3.873 −0.615

19/2−1 +4.278 −0.821
215At expt. calc. expt. calc.

5/2−1 +2.569 −0.421

7/2−1 +3.961 −1.028

9/2−1 +3.518 −0.860

11/2−1 +4.238 −1.069

13/2−1 +3.831 −1.023
212At expt. calc. expt. calc.

1−1 +0.134 +0.131

2−1 +0.394 +0.227

3−1 +0.733 +0.192

15−1 9.46(8) +7.371 −0.833

11+1 5.94(11) +1.886 −0.959

11+2 +6.069 −1.075
214At expt. calc. expt. calc.

1−1 +0.233 +0.094

2−1 +0.565 +0.264

3−1 +0.959 +0.431
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Figure 4.10: Same as fig. 4.2, but for even-
even Rn isotopes. The experimental data
are taken from Refs. [63,104,119].
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Figure 4.11: Same as fig. 4.2, but for odd-
mass Rn isotopes. The experimental data
are taken from Refs. [63,77,114].

calculation suggests that the spin and parity of the state at 1.838 MeV is 8+. A specific
feature of even-even nuclei in this region is the narrow energy gap between the 6+1 and
8+1 state. In 216Rn, however, the narrow energy gap between the 6+1 and 8+1 state is not
seen in experiment anymore and the calculation reproduces this feature. As the number
of neutrons increases, the narrow energy gap between the 6+1 and 8+1 states disappears.
This feature is discussed later in Sec. 4.4.

Figure 4.11 shows the theoretical energy spectra for odd-mass Rn isotopes in compar-
ison with the experimental data [63, 77, 114]. The yrast states with positive parity are
well reproduced. In 213Rn, the (25/2+) state is observed at least above 1.664 MeV from
the ground state. The 25/2+1 state is calculated at 1.729 MeV. The occupation numbers
in the main orbitals for the ground state (9/2+1 ) is as follows: for neutrons ν1g9/2: 0.96,
for protons π0h9/2: 2.73, π1f7/2: 0.72, π0i13/2: 0.42. The result suggests that the ground
state is not just constructed by protons in the lowest orbital (0h9/2) for the proton part.
In 215Rn, spin of the positive parity state at 0.214 MeV is most likely either 7/2 or 9/2.
Spin of this state is suggested as 7/2 since the 7/2+1 state is calculated at 0.169 MeV. Spin
of the negative parity state at 0.291 MeV is most likely either 7/2, 9/2, or 11/2. However,
the calculation predicts no negative parity states below 1.0 MeV. The 15/2−1 state, which
is not observed in experiment, is calculated at 1.175 MeV.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
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Table 4.11: Same as table 4.3, but for Rn isotopes. The experimental data are taken from
Refs. [63, 77,104,114,119].

B(E2)
214Rn expt. calc.

2+1 → 0+1 >0.032 18.023

4+1 → 2+1 >0.28 23.924

6+1 → 4+1 3.8+17
−9 20.273

8+1 → 6+1 3.3+3
−1 10.148

10+1 → 8+1 2.9(7) 0.602

12+1 → 10+1 >0.0064 0.008

14+1 → 12+1 18.93

16+1 → 14+1 ≤4.4(3) 7.412

18+1 → 16+1 0.71(5) 0.530

13−1 → 11−1 0.93(8) 0.126
216Rn expt. calc.

2+1 → 0+1 27.982

4+1 → 2+1 39.596

6+1 → 4+1 38.507

8+1 → 6+1 20.939

10+1 → 8+1 2.137
213Rn expt. calc.

7/2+1 → 9/2+1 3.963

11/2+1 → 9/2+1 0.562

13/2+1 → 9/2+1 9.081

17/2+1 → 13/2+1 4.157

21/2+1 → 17/2+1 1.68(16) 2.155
215Rn expt. calc.

7/2+1 → 9/2+1 22.017

11/2+1 → 9/2+1 0.271

13/2+1 → 9/2+1 24.570
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Table 4.12: Same as table 4.4, but for Rn isotopes. The experimental data are taken from
Refs. [63, 77,104,114,119].

µ Q
214Rn expt. calc. expt. calc.

2+1 +0.421 −0.395

4+1 +0.294 −0.561

6+1 −0.684 −0.663

8+1 −2.018 −0.960

10+1 +0.021 −1.391
216Rn expt. calc. expt. calc.

2+1 +0.443 −0.721

4+1 +0.616 −1.022

6+1 +0.256 −1.194

8+1 −1.295 −0.800

10+1 +0.089 −1.289
213Rn expt. calc. expt. calc.

5/2+1 −1.944 −0.531

7/2+1 −0.945 −0.438

9/2+1 −1.293 −0.722

11/2+1 +0.451 −0.756

21/2+1 4.73(11) +3.702 −0.833

25/2+1 7.63(25) +5.401 −0.697

15/2−1 −1.373 −0.833

31/2−1 9.90(8) +5.373 −0.847
215Rn expt. calc. expt. calc.

7/2+1 −0.803 −0.803

9/2+1 −1.109 −1.109

11/2+1 +1.237 +1.237

13/2+1 −0.681 −0.681
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Figure 4.12: Same as fig. 4.2, but for odd-
mass Fr isotopes. The experimental data
are taken from Refs. [63,114,120].
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Figure 4.13: Same as fig. 4.2, but for
doubly-odd Fr isotopes. The experimental
data are taken from Refs. [63,104,119].

for Rn isotopes are given in Tables 4.11 and 4.12 in comparison with the experimental
data [63,77,104,114,119]. The calculation predicts large B(E2) values between the yrast
states in even-even Rn isotopes. However, the measured B(E2; 6+1 → 4+1 ) and B(E2; 8+1 →
6+1 ) values are much smaller than the experimental values. In 214Rn, the calculated results
are 5.5 and 3.1 times larger than the experimental ones, respectively. The theoretical
calculation reproduces the magnetic moments well in 213Rn.

4.3.6 Fr isotopes

Here 214−217Fr isotopes are discussed. Figure 4.12 shows the theoretical energy spectra for
odd-mass Fr isotopes in comparison with the experimental data [63, 114, 120]. In 215Fr,
energy levels of low-lying negative parity states are well reproduced. The (13/2+1 ) state
is observed at 0.835 MeV in experiment. The 13/2+1 state is calculated at 1.224 MeV,
which is 0.409 MeV higher than the experimental one.

In 217Fr, spin and parity of the states at 0.209 and 0.275 MeV are not assigned. The
7/2−1 , 7/2

−
2 , and 5/2−1 states are calculated at 0.115, 0.310, and 0.369 MeV, respectively.

Two of them might correspond to the experimental states at 0.209 and 0.275 MeV. En-
ergies of high-spin states with negative parity are calculated slightly higher than the
experimental data. However, the one-to-one correspondence between all calculated states
and the experimental data is seen. The 23/2+, 27/2+, and 31/2+ states are observed at
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Table 4.13: Same as table 4.3, but for Fr isotopes. The experimental data are taken from
Refs. [63, 104,114].

B(E2)
215Fr expt. calc.

5/2−1 → 9/2−1 18.941

7/2−1 → 9/2−1 0.475

7/2−2 → 9/2−1 22.717

13/2−1 → 9/2−1 18.096

19/2−1 → 15/2−1 0.6(4) 13.691

19/2−1 → 15/2−2 0.018

23/2−1 → 19/2−1 12(5) 8.893

27/2−1 → 23/2−1 1.1(8) 0.392
217Fr expt. calc.

5/2−1 → 9/2−1 29.589

7/2−1 → 9/2−1 1.278

7/2−2 → 9/2−1 31.463

13/2−1 → 9/2−1 28.778
214Fr expt. calc.

5−1 → 3−1 3.519

8−1 → 9−1 3.978

15−1 → 13−1 0.68(24) 0.073
216Fr expt. calc.

3−1 → 1−1 0.467

5−1 → 3−1 6.835

1.355, 1.714, and 2.111 MeV, respectively [121]. In our calculation, 23/2+1 , 27/2
+
1 , and

31/2+1 states are calculated at 2.795, 2.832, and 2.845 MeV, respectively, which are much
higher than the experimental data. These states might be reproduced by introducing the
octupole interaction. Otherwise, parity of these states might be negative. In the neigh-
boring nucleus 215Fr, the 23/2−1 , 27/2

−
1 , and 31/2−1 states are observed at energies close

to the 21/2−1 , 25/2
−
1 , and 29/2−1 states. The 23/2−1 , 27/2

−
1 , and 31/2−1 states in 217Fr are

calculated at 1.755, 1.923, and 2.675 MeV, respectively.
Figure 4.13 shows the theoretical energy spectra for doubly-odd Fr isotopes in com-

parison with the experimental data [63,104,119]. In 214Fr, low-lying negative parity states
are well reproduced. The (8−1 ) state at 0.122 MeV is a spin-gap isomer with a half life of
3.35(5) ms [63]. The 6−1 , 7

−
1 , and 9−1 states, which are easily connected to the 8− state by

the E2 or M1 transitions, are calculated higher in energy than the 8−1 state. Thus the 8−1
state disintegrates only by α-decay. In 216Fr, many states are observed below 0.6 MeV.
However, spin and parity of these states are not assigned. Spin and parity of only 1−1 , 3

−
1

and 5−1 states are assigned, which are well reproduced in this calculation. The excitation
energy of the (9−1 ) state is unknown. The 9−1 state is calculated at 0.170 MeV.

Calculated results of the B(E2) values, magnetic moments, and quadrupole moments
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4.3. THEORETICAL RESULTS FOR NUCLEI AROUND MASS 220

Table 4.14: Same as table 4.4, but for Fr isotopes. The experimental data are taken from
Refs. [63, 104,114].

µ Q
215Fr expt. calc. expt. calc.

7/2−1 +4.205 −0.652

9/2−1 +3.694 −0.289

11/2−1 +3.521 −0.369

13/2−1 +4.031 −0.446

19/2−1 3.1(9) +1.922 −0.692

23/2−1 3.8(12) +1.196 −0.969
217Fr expt. calc. expt. calc.

7/2−1 +4.066 −0.856

9/2−1 +3.621 −0.537

11/2−1 +4.168 −0.956

13/2−1 +4.057 −0.729
214Fr expt. calc. expt. calc.

1−1 +0.200 +0.130

8−1 +2.157 −0.627

9−1 +2.474 −0.653

14−1 +8.5(4) +8.091 −1.286

11+1 +5.62(7) +1.917 0.82(22) −0.902
216Fr expt. calc. expt. calc.

1−1 +0.270 +0.151

3−1 +0.873 +0.340

5−1 +1.471 −0.059

for Fr isotopes are given in Tables 4.13 and 4.14 in comparison with the experimental
data [63, 104, 114]. The experimental B(E2; 19/2−1 → 15/2−1 ) value in 215Fr is 0.6(4)
W.u. [114]. The calculated B(E2) value of the same transition is 13.691 W.u., which is
23 times larger than the experimental one. The second 15/2− state is calculated slightly
(0.115 MeV) higher than the first 15/2− state. The B(E2) value from the 19/2−1 state
to the 15/2−2 state, the B(E2; 19/2−1 → 15/2−2 ) value, is calculated as 0.018 W.u. There-
fore, the calculated 15/2−1 and 15/2−2 states might be largely admixed. The measured
magnetic moments of the 19/2−1 and 23/2−1 states in 215Fr are 3.1(9) and 3.8(12) µN ,
respectively [114]. The calculated values of the same states are +1.922 and +1.196 µN ,
which are 1.6 and 3.2 times smaller than the experimental values, respectively. The ab-
solute value of the quadrupole moment of the 11+1 state in 214Fr is well reproduced. Our
calculation suggests that the sign of this value is negative.

75



4.4. DISCUSSIONS FOR NUCLEI AROUND MASS 220

4.4 Discussions for nuclei around mass 220

In this section, structure of even-even nuclei is investigated. The expectation numbers
of pairs for the yrast states are calculated using the pair-truncated shell model (PTSM)
introduced in Sec. 2.4. In this calculation, following two types of noncollective neutron
pairs are introduced in addition to the collective S-, D-, and G-pairs:
1. noncollective pair of two neutrons in the 1g9/2 orbital
2. noncollective pair of one neutron in the 1g9/2 orbital and one neutron in the 0i11/2
orbital

Figure 4.14 shows expectation numbers of pairs for the yrast states in 212Po. This
nucleus is a system with two neutrons and two protons outside 208Pb. It is seen that
the proton part mainly consists of the S-pair for all spins. There are small contributions
of the D-pair for all spins, but even the maximum contribution of the D-pair is 0.31
(the 4+1 state). The total spin is mainly determined by the neutron part. Up to the
8+1 state, the state consists of the (νg9/2)

2
I+ (I = 0, 2, · · · , 8) configuration. One neutron

needs to be excited to the 0i11/2 orbital to make the 10+ state since the maximum spin
of two neutrons in the 1g9/2 orbital is eight. Therefore, the 10+1 state consists of the
(νg9/2i11/2)10+ configuration. In this mass region, the strength of the neutron monopole-
pairing is smaller than that of protons. Thus the configuration mixing of neutrons is
preferred.

Figure 4.15 shows expectation numbers of pairs for the yrast states in 214Po. This
nucleus is a system with four neutrons and two protons outside 208Pb. Similar to 212Po,
the proton part mainly consists of the S-pair for all spins. For the neutron part, the 0+1
state consists of two neutron S-pairs. For the 2+1 , 6

+
1 , 8

+
1 , and 10+1 states, two neutrons

are coupled to the S-pair and two neutrons are coupled to the state with spin I. For
the 2+1 state, the expectation numbers of the neutron D-pair and the proton D-pair are
0.825 and 0.318, respectively, which means that the state with spin two mainly consists
of the neutron D-pair. For the 4+1 state, the expectation numbers of the neutron D-
pair, the neutron D-pair, and the proton D-pair are 0.788, 0.425, and 0.318, respectively.
Namely, it is inferred that the state with spin four consists of mixture of two types of pair
structures. The first one is the pair structure which consists of one neutron S-pair, one
neutron D-pair, and one proton D-pair which coupled to spin four [Sν(DνDπ)4+ ]. The
second one is the pair structure which consists of one neutron S-pair, one neutron G-pair,
two proton S-pairs (SνGνSπ).

Figure 4.16 shows expectation numbers of pairs for the yrast states in 214Rn. This
nucleus is a system with two neutrons and four protons outside 208Pb. For all spins, four
protons are coupled to the S-pairs and spins are mainly determined by the neutron part.
Similar to 212Po, yrast states consist of the (νg9/2)

2
I+ configuration up to the 8+1 state and

the 10+1 state consists of the (νg9/2i11/2)10+ configuration.
Figure 4.17 shows expectation numbers of pairs for the yrast states in 216Rn. This

nucleus is a system with for neutrons and four protons outside 208Pb. Similar to other
even-even nuclei in this mass region, the 0+1 state consists of two neutron S-pairs and two
proton S-pairs and the 2+1 state mainly consists of one neutron S-pair, one neutronD-pair,
and two proton S-pairs. For the 4+1 state, the expectation numbers of the neutron D-pair,
the neutron D-pair, and the proton D-pair are 0.881, 0.303, and 0.551, respectively. The
4+1 state has a similar structure with the 4+1 state in 214Po. The structure of the 6+1 state,
however, is different from even-even nuclei in this mass region. The expectation numbers
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Figure 4.14: The upper panel shows the neutron expectation number of pairs for 212Po.
The S, D, and G indicate S-pair, D-pair, and G-pair, respectively. As for noncollective
pairs, (g9/2)

2-pair [(g9/2)
2] and g9/2i11/2-pair (g9/2i11/2) are introduced. The detailed of

noncollective pairs are written in the text. The lower panel shows the proton expectation
number of pairs for 212Po.
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Figure 4.15: The same as Fig. 4.14, but for 214Po.
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Figure 4.16: The same as Fig. 4.14, but for 214Rn.
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Figure 4.17: The same as Fig. 4.14, but for 216Rn.
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of the neutron D-pair, the neutron G-pair, and the neutron (g9/2)
2
6+-pair are 0.874, 0.516,

and 0.320, respectively. The expectation number of the neutron (g9/2)
2
6+-pair is small and

that of the neutron D-pair is large compared to other even-even nuclei in this mass region.
This indicates that the nucleus shows an aspect of a collective feature. The low-lying
nuclear structure of nuclei with few nucleons outside a doubly magic nucleus is generally
determined by independent motions of several nucleons outside a doubly magic nucleus.
However, as the number of valence nucleons increases, a collective feature appears. The
collectivity of 216Rn is also seen in the energy spectrum as discussed in Sec. 4.3.5. The
specific feature of even-even nuclei in this mass region is the narrow energy gap between
the 6+1 and 8+1 states (e.g. see 210Pb in Fig. 4.2). This small energy gap occurs due to
the alignment of two neutrons in the 1g9/2 orbital. In this mass region, the yrast states
up to the 8+1 state consist of the two neutrons in the 1g9/2 orbital. In the 8+1 state,
spin of two neutrons in the 1g9/2 orbital is stretched and the energy of the 8+1 state is
lowered. However, the narrow energy gap between the 6+1 and 8+1 states is not seen in
216Rn anymore (see Fig. 4.10).
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Chapter 5

Summary

In this thesis, the systematic study has been performed for even-even, odd-mass, and
doubly-odd nuclei which have more than 82 protons around 208Pb using the large-scale
shell-model. Nuclei which have less than 126 neutrons (nuclei around mass 210) and nuclei
which have more than 126 neutrons (nuclei around mass 220) have been studied. For
nuclei around mass 210, structure of 203−206Pb, 204−208Bi, 205−210Po, 206−211At, 207−212Rn,
and 208−213Fr nuclei has been studied. For nuclei around mass 220, structure of 210−212Pb,
210−213Bi, 211−214Po, 212−215At, 213−216Rn, and 214−217Fr nuclei has been studied.

In the shell-model framework, we have adopted a method of diagonalization where
firstly the neutron and the proton systems are separately diagonalized and secondly the
neutron-proton system is diagonalized. By cutting off dimensions of the neutron and
proton systems, it is now possible to treat nuclei which are far from the doubly-magic
core by the shell-model approach. The validity of this method has been checked to be
confirmed that this method is efficient and useful.

As for the model space of the shell-model calculations, for nuclei around mass 210, all
the six orbitals in the major shell between the magic numbers 82 and 126 (0h9/2, 1f7/2,
0i13/2, 2p3/2, 1f5/2, and 2p1/2) have been taken for both neutrons and protons. For nuclei
around mass 220, seven single-particle orbitals above the magic number 126 (1g9/2, 0i11/2,
0j15/2, 2d5/2, 3s1/2, 2g7/2, and 2d3/2) have been taken for neutrons and six orbitals in
the major shell between the magic numbers 82 and 126 (0h9/2, 1f7/2, 0i13/2, 2p3/2, 1f5/2,
and 2p1/2) have been taken for protons. The linear particle number dependences on the
ν0j15/2, ν0i13/2, π1f7/2, and π0i13/2 single-particle energies have been assumed. These
particle number dependences have been introduced for a better description of energy
levels. As for the effective two-body interaction, the phenomenological interaction which
consists of the pairing plus quadrupole-quadrupole and multipole interactions has been
employed. Only one set of the strengths has been assumed for each mass region. The
additional interaction with spin 8 (the MP -8 interaction) has been introduced between
the proton 0h9/2 and 0f7/2 orbitals for the proton part.

The energy spectra, E2 transition rates, magnetic moments, and quadrupole moments
have been calculated and compared with the experimental data. Good agreements with
the experimental data have been obtained not only for even-even nuclei, but also for
odd-mass and doubly-odd nuclei.

The systematic feature of each mass region and specific features of each nucleus have
been investigated. In particular, structure and configurations of isomeric states have
been analyzed in detail. The effects of the particle number dependence for single-particle
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energies on energy spectra have been discussed. It has been found that the nuclear
structure is well reproduced by introducing the particle number dependence on the single-
particle energies. It is known that the single-particle energies are shifted by the monopole
and tensor interactions in nuclei in light mass regions. In this thesis we have not introduced
monopole and tensor interactions and phenomenologically varied single-particle energies.
As for a future study, it is necessary to introduce the monopole and/or tensor interactions
in nuclei with medium and heavy mass region. Also the effect of the MP -8 interaction
has been investigated. It has been found that the introduction of the MP -8 interaction
is meaningful. However, the origin of the MP -8 interaction has not been revealed. The
necessity of other kinds of interactions for low-lying states has been discussed. It has been
found that the hexadecapole interaction between neutrons and protons is necessary for a
better description of low-lying negative parity states in 208Bi.

In this thesis, we have found the following phenomenon; the calculated magnetic
moment of a state agrees with the experimental data, but the quadrupole moment of the
same state does not agree with the experimental data. The reason why this phenomenon
occurs has been studied and two possibilities of explaining this phenomenon have been
presented; the mixing of two wavefunctions and a difference in the effective charge of each
orbital. This phenomenon should be investigated more in future.
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Appendix A

Hamiltonian

A.1 Matrix elements of two-body shell-model inter-

actions

Here we explicitly give the two-body matrix elements ⟨i1i2; J |Ĥ|i3i4; J⟩ for two-body in-
teractions between like nucleons in terms of their interaction strengths. Here in generic
ik, (k = 1, 2, 3, 4) represents isotropic harmonic oscillator quantum numbers (n, ℓ, j) with
spin degrees of freedom. The matrix element ⟨i1i2; J |Ĥ|i3i4; J⟩ is evaluated between the
normalized, but not antisymmetrized wavefunctions |i1i2; J⟩ and |i3i4; J⟩. The antisym-
metrized matrix element should be calculated as

⟨i1i2; J |Ĥ|i3i4; J⟩A =
1

4

[
⟨i1i2; J |Ĥ|i3i4; J⟩

−(−1)i1+i2−J⟨i2i1; J |Ĥ|i3i4; J⟩
−(−1)i3+i4−J⟨i1i2; J |Ĥ|i4i3; J⟩
+(−1)i1+i2+i3+i4⟨i2i1; J |Ĥ|i4i3; J⟩

]
. (A.1)

In the following two-body matrix elements are given term by term:
The monopole pairing interaction, Ĥ = −G0P̂

†(0)P̂ (0), becomes

⟨i1i2; J |Ĥ|i3i4; J⟩ = −G0δJ0

√(
j1 +

1

2

)(
j3 +

1

2

)
δi1i2δi3i4 . (A.2)

The quadrupole-pairing interaction, Ĥ = −G2P̂
†(2) · ˆ̃P

(2)

, becomes

⟨i1i2; J |Ĥ|i3i4; J⟩ = −4G2δJ2
1√

(1 + δi1i2) (1 + δi3i4)
Q

(2)
i1i2 ·Q

(2)
i3i4 . (A.3)

Here the matrix element Q
(2)
i1i2 is given by

Q
(2)
i1i2 = ⟨n1ℓ1|r2|n2ℓ2⟩T, (A.4)

with

T = −
√
2j2 + 1

4π
(j2 1

2
20|j1 1

2
)(−1)j2−j1

(−1)ℓ1+ℓ2 + 1

2
.

(A.5)
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A.2. DERIVATION OF THE SHELL MODEL HAMILTONIAN

Here the phase convention (−1)n1+n2 is adopted for the calculation of ⟨n1ℓ1|r2|n2ℓ2⟩.
The quadrupole-quadrupole interaction, Ĥ = −κQ̂ · Q̂, becomes

⟨i1i2; J |Ĥ|i3i4; J⟩ =
−20κ(−1)j2+j3√

(1 + δi1i2) (1 + δi3i4)

{
j1 j4 2
j3 j2 J

}
Q

(2)
i1i4 ·Q

(2)
i2i3 , (A.6)

where

{
j1 j4 2
j3 j2 J

}
represents a six-j coefficient.

The multipole-pairing interaction, Ĥ = −GKP̂
†(K) · ˆ̃P

(K)

(K = 4, 6, 8, 10), becomes

⟨i1i2; J |Ĥ|i3i4; J⟩ = −4GKδJK
1√

(1 + δi1i2) (1 + δi3i4)
Q

(K)
i1i2 ·Q

(K)
i3i4 . (A.7)

The matrix element Q
(K)
i1i2 (K = 4, 6, 8, 10) is given by

Q
(K)
i1i2 = −

√
2j2 + 1

4π
(−1)n1+n2+j2−j1(j2 1

2
K0|j1 1

2
)
(−1)ℓ1+ℓ2 + 1

2
. (A.8)

Here ⟨n1ℓ1|rK |n2ℓ2⟩ = (−1)n1+n2 is employed for simplicity. Namely, no radial dependence
is considered except for the phase dependence. Detailed derivations of two-body matrix
elements are given in the following Section.

A.2 Derivation of the shell model Hamiltonian

A.2.1 Quadrupole-pairing interaction

We define the creation operator of the quadrupole pairing interaction as P̂
†(2)
M =

∑
ij
Qij

[
c†ic

†
j

](2)
M
.

The annihilation operator of the quadrupole pairing interaction is given as follows,

P̂
(2)
M =

(
P̂

†(2)
M

)†
=

∑
ij

Qij

[
c†ic

†
j

](2)
M

†

=
∑
iµjν

Qij(iµjν|2M)cjνcµ

=
∑
iµjν

Qij(iµjν|2M)(−1)j+ν c̃j−ν(−1)i+µc̃j−µ

=
∑
iµjν

Qij(i− µj − ν|2M)(−1)j−ν c̃jν(−1)i−µc̃jµ

=
∑
iµjν

Qij(iµjν|2−M)(−1)i+j−M c̃jν c̃jµ

=
∑
iµjν

Qij(−1)i+j−M [c̃j c̃j]
(2)
−M

= −
∑
iµjν

Qij(−1)M [c̃j c̃j]
(2)
−M . (A.9)
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The quadrupole pairing interaction,
∑

M P̂
†(2)
M P̂

(2)
M , is written as

∑
M

P̂
†(2)
M P̂

(2)
M =

∑
M

P̂
†(2)
M (−1) ˆ̃P

(2)

M

=

(
P̂

†(2)
M · ˆ̃P

(2)

M

)

= −
∑
ijkℓ

QijQkℓ

([
c†ic

†
j

](2)
· [c̃kc̃ℓ](2)

)
, (A.10)

where
ˆ̃P
(2)

M ≡ (−1)M
(
P

†(2)
−M

)†
= −

∑
ij

Qij [c̃ic̃j]
(2)
M . (A.11)

The matrix element of the wavefunction |i3i4; JM⟩ = A
†(J)
M (i3i4) |0⟩ is given as⟨

i1i2; JM

∣∣∣∣∣∑
M

P̂
†(2)
M P̂

(2)
M

∣∣∣∣∣ i3i4; JM
⟩

= 2 · 2
∑

i1i2i3i4

Qi1i2Qi3i4√
(1 + δi1i2) (2 + δi3i4)

δJ2

= 4
∑

i1i2i3i4

Qi1i2Qi3i4√
(1 + δi1i2) (2 + δi3i4)

δJ2. (A.12)

A.2.2 Quadrupole-quadrupole interaction

The two-body part of the quadrupole-quadrupole interaction, :
(
Q̂

(2)
M · Q̂(2)

M

)
:, is written

as

:
(
Q̂

(2)
M · Q̂(2)

M

)
: =

∑
ijkℓ

QijQkℓ :
([

c†i c̃j
](2)

·
[
c†kc̃ℓ

](2))
:

=
∑
ijkℓ

QijQkℓ(−1)2
√
5 :
[[
c†i c̃j

](2) [
c†kc̃ℓ

](2)](0)
:

=
∑
ijkℓ

QijQkℓ

√
5
∑
K

(−1)
√
5
√
5K̂K̂


i j 2
k ℓ 2
K K 0


[[
c†ic

†
k

](K)
[c̃j c̃ℓ]

(K)
](0)

.

(A.13)

Here, using 
i j 2
k ℓ 2
K K 0

 =
(−1)2+K+j+k

√
5K̂

{
i j 2
ℓ k K

}
, (A.14)

the above equation is written as

:
(
Q̂

(2)
M · Q̂(2)

M

)
: =

∑
ijkℓ

QijQkℓ

√
5
∑
K

(−1)5K̂K̂
(−1)K+j+k

√
5K̂

×
{

i j 2
ℓ k K

} [[
c†ic

†
k

](K)
[c̃j c̃ℓ]

(K)
](0)

=
∑
ijkℓ

QijQkℓ

∑
K

5(−1)K+j+k+1K̂
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×
{

i j 2
ℓ k K

}
(−1)j+ℓ−K+1

[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

=
∑
ijkℓ

QijQkℓ

∑
K

5(−1)k+ℓ+1K̂

×
{

i j 2
ℓ k K

} [[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

. (A.15)

Considering the orthogonalized and symmetrized wavefunction, |i3i4; JM⟩ = A†
M(i3, i4) |0⟩

with A†
M(i3, i4) =

1√
1+δi3i4

[
c†i3c

†
i4

](J)
M

,

[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

|i3i4; JM⟩ =
[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0) 1√

1 + δi3i4

[
c†i3c

†
i4

](J)
M

|0⟩

=
1√

1 + δi3i4

[[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0) [

c†i3c
†
i4

](J)](J)
|0⟩

=
1√

1 + δi3i4

√
1Ĵ Ĵ


K K 0
0 J J
J 0 J


[[[

c†ic
†
k

](K)
× 1

](J) [
[c̃ℓc̃j]

(K)
[
c†i3c

†
i4

](J)](0)](J)
|0⟩ .

(A.16)

Here we have assumed contraction of [c̃ℓc̃j]
(K) and

[
c†i3c

†
i4

](J)
. Here, using


J J 0
0 J J
J 0 J

 =


0 J J
J 0 J
J J 0

 =
(−1)4J

Ĵ Ĵ

{
0 J J
0 J J

}
=

1

Ĵ Ĵ

(−1)2J

Ĵ Ĵ
, (A.17)

the above equation is written as[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

|i3i4; JM⟩

=
1√

1 + δi3i4
Ĵ Ĵ

1

Ĵ Ĵ

1

Ĵ Ĵ

[[
c†ic

†
k

](J) [
[c̃ℓc̃j]

(J)
[
c†i3c

†
i4

](J)](0)](J)
|0⟩

=
1√

1 + δi3i4

1

Ĵ Ĵ
(−1)Ĵ Ĵ


ℓ j J
i3 i4 J
0 0 0


[[
c†ic

†
k

](J) [[
c̃ℓc

†
i3

](0) [
c̃jc

†
i4

](0)](0)](J)
|0⟩ .

(A.18)

Here we have assumed contractions between ℓ and i3, and j and i4. Using
i3 i4 J
i3 i4 J
0 0 0

 =
(−1)J+0+i4+i3

Ĵ

{
i3 i4 J
i4 i3 0

}
=

(−1)J+i4+i3

Ĵ

{
J i3 i4
0 i4 i3

}

=
(−1)J+i4+i3

Ĵ

(−1)J+i3+i4

î3î4
, (A.19)
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[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

|i3i4; JM⟩

=
1√

1 + δi3i4

1

Ĵ Ĵ
(−1)Ĵ Ĵ

(−1)J+i4+i3

Ĵ

(−1)J+i3+i4

î3î4
î3î4

[
c†ic

†
k

](J)
δℓi3δji4 |0⟩

=
−1√

1 + δi3i4

1

Ĵ

[
c†ic

†
k

](J)
δℓi3δji4 |0⟩ . (A.20)

Considering contractions between ℓ and i4, and j and i3, the result become 2 times of
Eq. (A.20)1,

[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

|i3i4; JM⟩ = −2√
1 + δi3i4

1

Ĵ

[
c†ic

†
k

](J)
δℓi3δji4 |0⟩ . (A.21)

Then the matrix element of the quadrupole-quadrupole moment is given as⟨
i1i2; JM

∣∣∣: (Q̂(2)
M · Q̂(2)

M

)
:
∣∣∣ i3i4; JM⟩

=
∑
ijkℓ

QijQkℓ5(−1)k+ℓ+1Ĵ

×
{

i j 2
ℓ k J

}⟨
i1i2; JM

∣∣∣∣∣
[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)∣∣∣∣∣ i3i4; JM

⟩
=
∑
ijkℓ

QijQkℓ5(−1)k+ℓ+1Ĵ

×
{

i j 2
ℓ k J

}
−2√

1 + δi3i4

−2√
1 + δi1i2

1

Ĵ
δii1δki2δℓi3δji4

= 20Qi1i4Qi2i3

1√
1 + δi3i4

1√
1 + δi1i2

(−1)i2+i3

{
i1 i4 2
i3 i2 J

}
. (A.22)

A.2.3 Octupole-pairing interaction

In this study, we have not introduced any octpole interactions. However, the importance
of the octupole interaction is suggested in experiments as discussed in the text, so as for
a future study we need to introduce octupole interactions. In the following, we note the
definition of the octupole interaction between like nucleons.

We define the creation operator of the octupole interaction as P̂
†(3)
M =

∑
ij Oij[c

†
ic

†
j]
(3)
M .

The annihilation operator of the octupole pairing interaction is given as follows,

P̂
(3)
M =

(
P̂

†(3)
M

)†
=

∑
ij

Oij

[
c†ic

†
j

](3)
M

†

=
∑
iµjν

Oij(iµjν|3M)cjνcµ

=
∑
iµjν

Oij(iµjν|3M)(−1)j+ν c̃j−ν(−1)i+µc̃j−µ

1The result does not become 2 times of Eq. (A.20) to be precise. Here it is assumed that the antisym-
metrization is carried out in the shell model program.
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=
∑
iµjν

Oij(i− µj − ν|3M)(−1)j−ν c̃jν(−1)i−µc̃jµ

=
∑
iµjν

Oij(iµjν|3−M)(−1)i+j−M c̃jν c̃jµ

=
∑
iµjν

Oij(−1)i+j−M [c̃j c̃j]
(3)
−M

= −
∑
iµjν

Oij(−1)M [c̃j c̃j]
(3)
−M . (A.23)

Defining ˆ̃P
(3)

M ≡ (−1)M
(
P

†(3)
−M

)†
= −∑ij Oij[c̃ic̃j]

(3)
M , the octupole pairing interaction,∑

M P̂
†(3)
M P̂

(3)
M , is written as

∑
M

P̂
†(3)
M P̂

(3)
M =

∑
M

P̂
†(3)
M (−1) ˆ̃P

(3)

M

=

(
P̂

†(3)
M · ˆ̃P

(3)

M

)

= −
∑
ijkℓ

OijOkℓ

([
c†ic

†
j

](3)
· [c̃kc̃ℓ](3)

)
, (A.24)

The matrix element of the wavefunction |i3i4; JM⟩ = A
†(J)
M (i3i4) |0⟩ is given as2⟨

i1i2; JM

∣∣∣∣∣∑
M

P̂
†(3)
M P̂

(3)
M

∣∣∣∣∣ i3i4; JM
⟩

= 2 · 2
∑

i1i2i3i4

Oi1i2Oi3i4√
(1 + δi1i2) (2 + δi3i4)

δJ3

= 4
∑

i1i2i3i4

Oi1i2Oi3i4√
(1 + δi1i2) (2 + δi3i4)

δJ3. (A.25)

A.2.4 Octupole-octupole interaction

The two-body part of the octupole-octupole interaction, :
(
Ô

(2)
M · Ô(2)

M

)
:, is written as

:
(
Ô

(3)
M · Ô(3)

M

)
: =

∑
ijkℓ

OijOkℓ :
([

c†i c̃j
](3)

·
[
c†kc̃ℓ

](3))
:

=
∑
ijkℓ

OijOkℓ(−1)3
√
7 :
[[
c†i c̃j

](3) [
c†kc̃ℓ

](3)](0)
:

= −
∑
ijkℓ

OijOkℓ

√
7
∑
K

(−1)
√
7
√
7K̂K̂

×


i j 3
k ℓ 3
K K 0


[[
c†ic

†
k

](K)
[c̃j c̃ℓ]

(K)
](0)

. (A.26)

Here, using 
i j 3
k ℓ 3
K K 0

 =
(−1)3+K+j+k

√
7K̂

{
i j 3
ℓ k K

}
, (A.27)

2This equation is not correctly antisymmetrized. The antisymmetrization is carried out in the shell
model program.

94



A.3. NEUTRON-PROTON INTERACTIONS FOR SINGLE-J SHELLS

the above equation is written as

:
(
Ô

(3)
M · Ô(3)

M

)
: = −

∑
ijkℓ

OijOkℓ

√
7
∑
K

(−1)7K̂K̂
(−1)K+j+k+1

√
7K̂

×
{

i j 3
ℓ k K

} [[
c†ic

†
k

](K)
[c̃j c̃ℓ]

(K)
](0)

=
∑
ijkℓ

OijOkℓ

∑
K

7(−1)K+j+k+1K̂

×
{

i j 3
ℓ k K

}
(−1)j+ℓ−K+1

[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

= −
∑
ijkℓ

OijOkℓ

∑
K

7(−1)k+ℓK̂

×
{

i j 3
ℓ k K

} [[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)

. (A.28)

Using the same relation of Eq. (A.21), the matrix element of the wavefunction |i3i4; JM⟩ =
A

†(J)
M (i3i4) |0⟩ is given as3⟨

i1i2; JM
∣∣∣: (Ô(3)

M · Ô(3)
M

)
:
∣∣∣ i3i4; JM⟩

= −
∑
ijkℓ

OijOkℓ7(−1)k+ℓĴ

×
{

i j 3
ℓ k J

}⟨
i1i2; JM

∣∣∣∣∣
[[
c†ic

†
k

](K)
[c̃ℓc̃j]

(K)
](0)∣∣∣∣∣ i3i4; JM

⟩
= −7

∑
ijkℓ

OijOkℓ(−1)k+ℓĴ

×
{

i j 3
ℓ k J

}
−2√

1 + δi3i4

−2√
1 + δi1i2

1

Ĵ
δii1δki2δℓi3δji4

= −28Qi1i4Qi2i3

1√
1 + δi3i4

1√
1 + δi1i2

(−1)i2+i3

{
i1 i4 3
i3 i2 J

}
. (A.29)

A.3 Neutron-proton interactions for single-j shells

We define the effective interactions between one neutron in the single jν shell and one
proton in the single jπ shell. They are given as

Ĥνπ =
Jmax∑
J=0

χ(J)Û (J)(jν) · Û (J)(jπ), (A.30)

where Jmax is the highest spin and the χ(J)’s indicate strengths of interactions to be
determined. The multipole particle-hole operator Û

(J)
M (j) with the total spin J and its

3This equation is not correctly antisymmetrized. The antisymmetrization is carried out in the shell
model program.
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projection M is defined as

Û
(J)
M (j) =

1√
2j + 1

∑
m1m2

(jm1jm2|JM)c†jm1
c̃jm2

=
1√

2j + 1

[
c†j c̃j

](J)
M

. (A.31)

The two-body matrix element for the state |jνjπ;L⟩ is given as

⟨jνjπ;L |Hνπ| jνjπ;L⟩

= (−1)L+jν+jπ
Jmax∑
J=0

χ(J)

{
jν jπ L
jπ jν J

}
. (A.32)

96



Appendix B

Operators

B.1 The E2 transition rate

The E2 transition rate is calculated as

B(E2; Ii → If ) =
1

2Ii + 1
|⟨Φ(If ; f)||T̂ (E2)||Φ(Ii; i)⟩|2, (B.1)

where |Φ(Ii; i)⟩ and |Φ(If ; f)⟩ represent eigen-wavefunctions of the initial and final states,
respectively. Here, the E2 transition operator is defined as

T̂ (E2) = eνQ̂ν + eπQ̂π, (B.2)

where eτ (τ = ν or π) represents the effective charge of the nucleon, and the operator Q̂τ

is the quadrupole operator defined as

Q̂Mτ =
∑
j1j2

Qj1j2 [c
†
j1τ c̃j2τ ]

(2)
M , (B.3)

where the matrix element Qj1j2 is given in Eq. (A.4). Effective charges are adjusted to
reproduce experimental B(E2) values in single-closed nuclei.

B.2 The M1 transition rate

The M1 transition rate is calculated as

B(M1, Ii → If ) =
1

2Ii + 1
|⟨Φ(If ; f)||T̂ (M1)||Φ(Ii; i)⟩|2. (B.4)

Here, the M1 transition operator is defined as

T̂ (M1) = µN

√
3

4π

∑
τ

[gℓτ ĵτ + (gsτ − gℓτ )ŝτ ], (B.5)

where µN is the nuclear magneton. The gℓν and gℓπ (gsν and gsπ) represent the gyromag-
netic ratios for orbital angular momenta (spins) for neutrons and protons, respectively.
The operators ĵτ and ŝτ stand for the angular momentum and spin operators, respectively.
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B.3 The magnetic dipole moment

The magnetic dipole moment is calculated as

µ(Ii) = ⟨Φ(Ii,M = Ii; i)|µ̂0|Φ(Ii,M = Ii; i)⟩. (B.6)

The µ̂0 represents the third-component of the magnetic dipole operator, which is written
as

µ̂M = µN

∑
τ

[gℓτ ĵMτ + (gsτ − gℓτ )ŝMτ ], (B.7)

where the operators ĵτ and ŝτ , and the gyromagnetic ratios are taken to be the same as
used in the M1 transition rates.

B.4 The electric quadrupole moment

The electric quadrupole moment is calculated as

Q(Ii) =
⟨
Φ(Ii,M = Ii; i)

∣∣∣Q̂0

∣∣∣Φ(Ii,M = Ii; i)
⟩
. (B.8)

Here the electric quadrupole operator is given by

Q̂M =

√
16π

5
(eνQ̂Mν + eπQ̂Mπ). (B.9)

The quadrupole operator Q̂Mτ and the effective charge eτ are taken to be the same as
used for the E2 transition rates.

B.5 The occupation number

The occupation number in the single-particle orbital j for the state |Φ(Ii; i)⟩ is evaluated
as

v2(j) = ⟨Φ(Ii; i)|n̂j|Φ(Ii; i)⟩, (B.10)

where the particle number operator n̂j in the j orbital is defined as

n̂j =
∑
m

c†jmcjm = −
√
2j + 1

[
c†j c̃j

](0)
. (B.11)

B.6 The ladder operator

Using the raising operator Ĵ
(1)
1 = − 1√

2
Ĵ+ = − 1√

2
(Jx + iJy), the following relations are

given,

Ĵ+|Φ(Ii,M ; i)⟩ =
√
Ii(Ii + 1)−M(M + 1)|Φ(Ii,M + 1; i)⟩ (B.12)

and

Ĵ
(1)
1 =

∑
j

1√
3
⟨j∥Ĵ (1)∥j⟩

[
c†j c̃j

](1)
1

, (B.13)
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with
⟨j∥Ĵ (1)∥j⟩ =

√
j(j + 1)(2j + 1). (B.14)

Similarly, using the lowering operator Ĵ
(1)
−1 = 1√

2
Ĵ− = 1√

2
(Jx − iJy), the following

relations are given,

Ĵ−|Φ(Ii,M ; i)⟩ =
√
Ii(Ii + 1)−M(M − 1)|Φ(Ii,M − 1; i)⟩ (B.15)

and

Ĵ
(1)
−1 =

∑
j

1√
3
⟨j∥Ĵ (1)∥j⟩

[
c†j c̃j

](1)
−1

. (B.16)
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Appendix C

Particle-hole conversion

In the following, we use the formulation of Lawson [122]. We define the particle-hole
conversion operator Γ for particles in a single j shell as

ΓΨIM(n− particles) = ΨIM(n− holes), (C.1)

and Γ is a unitary operator:
Γ†Γ = ΓΓ† = 1. (C.2)

Here, we define |0⟩ as the vacuum of particle system. Then Γ |0⟩ is a state that the hole
system are completely occupied by holes and written as

Γ |0⟩ = 1

Ω!
{S+}Ω |0⟩ , (C.3)

where factor 1/Ω! represents a normalization factor and Ω = (2j + 1)/2 is a degeneracy.
Here, S+ is defined as

S+ =
∑
m>0

(−1)j−ma†ma
†
−m, (C.4)

where a†m represents the particle creation operator with the angular momentum j and its
projection m. Next, we consider the following single-particle state: Γa†m |0⟩. This state is
a 2Ω− 1 particle system with seniority one and uniquely written as

Γa†m |0⟩ = 1

(Ω− 1)!
a†m{S+}(Ω−1) |0⟩ . (C.5)

Here, we use the fact that S+ makes only a state with seniority zero. We define S− as

S− = (S+)
† =

∑
m>0

(−1)j−ma†−ma
†
m, (C.6)

then it is verified for p ≤ q ≤ Ω that

{S−}p{S+}q |0⟩ =
q!(Ω− q + p)!

(q − p)!(Ω− q)!
{S+}q−p |0⟩ . (C.7)

For q = Ω and p = 1, it is shown that

{S+}Ω−1 |0⟩ = 1

Ω
S−{S+}Ω |0⟩ , (C.8)
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and

Γa†m |0⟩ =
1

(Ω− 1)!
a†m{S+}(Ω−1) |0⟩

=
1

(Ω− 1)!
a†m

1

Ω
S−{S+}Ω |0⟩

=
1

Ω!
a†mS−{S+}Ω |0⟩ = a†mS−Γ |0⟩ . (C.9)

Also,
[a†m, S−] = a†mS− − S−a

†
m = (−1)j+ma†−m = −ãm, (C.10)

and a†mΓ |0⟩ = 0, since particles completely occupy in Γ |0⟩. Then

Γa†m |0⟩ = a†mS−Γ |0⟩ =
(
−ãm + S−a

†
m

)
Γ |0⟩ = −ãm |0⟩ . (C.11)

By comparing the equation Γa†m |0⟩ = Γa†mΓ
†Γ |0⟩,

Γa†mΓ
† = −ãm (C.12)

is concluded as for a sufficient condition. Taking the Hermite conjugate of this equation,

ΓamΓ
† = (−1)j+ma†−m. (C.13)

is obtained. By operating Γ and Γ†,

a†m = −Γ†ãmΓ, (C.14)

am = Γ†(−1)j+ma†−mΓ. (C.15)

C.1 Definition of the hole-operator

We define the hole-creation operator as

b†m ≡ Γa†mΓ
† = −ãm = (−1)j+ma−m. (C.16)

By taking the Hermite conjugate, the hole-annihilation operator is given as

bm ≡
(
Γa†mΓ

†
)†

= ΓamΓ
† = (−1)j+ma†−m. (C.17)

The anti-commutation relation of the creation and annihilation operators is written as

{b†m, bm′} = (−1)j+m(−1)j+m′{a−m, a
†
−m′} = δmm′ . (C.18)

Namely, the relation between the particle and the hole is written as

ãm = −b†m, (C.19)

a†m = (−1)j−mb−m = b̃m. (C.20)
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C.2. MATRIX ELEMENTS OF THE HOLE-OPERATOR

Example 1: [b†i b̃j]
(J)
M

Using b†im = (−1)j+maj−m and bim = (−1)i+ma†i−m,

[b†i b̃j]
(J)
M =

∑
mimj

(imijmj|JM)b†imi
b̃jmj

=
∑
mimj

(imijmj|JM)(−1)j+mjb†imi
bjmj

=
∑
mimj

(imijmj|JM)(−1)j+mj(−1)i+mi(−1)j−mjai−mi
a†jmj

=
∑
mimj

(i−mijmj|JM)(−1)i+mi

(
−a†jmj

ai−mi
+ δjiδmj−mi

)
. (C.21)

Example 2: [b̃ib̃j]
(J)
M

Using bim = (−1)i+ma†i−m,

[b̃ib̃j]
(J)
M =

∑
mimj

(imijmj|JM)b̃imi
b̃jmj

=
∑
mimj

(imijmj|JM)(−1)i−mi(−1)j−mjbi−mi
bj−mj

=
∑
mimj

(imijmj|JM)(−1)i−mi(−1)j−mj(−1)i−mi(−1)j−mja†imi
a†jmj

=
∑
mimj

(imijmj|JM)(−1)2(i+j)−2(mi+mj)a†imi
a†jmj

=
∑
mimj

(imijmj|JM)a†imi
a†jmj

. (C.22)

C.2 Matrix elements of the hole-operator

Using the creation-annihilation operator of a particle system, a one -body operator with
rank-L is generally written as

Ô
(L)
M =

∑
j1j2

∑
m1m2

O
(L)
j1j2 [a

†
j1 ãj2 ]

(L)
M

=
∑
j1j2

∑
m1m2

O
(L)
j1j2(j1m1j2m2|LM)a†j1m1

ãj2m2 . (C.23)

Using the creation-annihilation operator of a hole system, the above equation is written
as

Ô
(L)
M =

∑
j1j2

∑
m1m2

O
(L)
j1j2(j1m1j2m2|LM)a†j1m1

ãj2m2

=
∑
j1j2

∑
m1m2

O
(L)
j1j2(j1m1j2m2|LM)(−1)j1−m1bj1−m1(−1)b†j2m2

. (C.24)

Since the contraction part vanishes except for L = 0, then

Ô
(L)
M = −

∑
j1j2

∑
m1m2

O
(L)
j1j2(j1m1j2m2|LM)(−1)j1−m1bj1−m1b

†
j2m2
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C.3. PARTICLE-HOLE CONVERSIONS OF OPERATORS

=
∑
j1j2

∑
m1m2

O
(L)
j1j2(−1)j1+j2−L(j2m2j1m1|LM)(−1)j1−m1b†j2m2

bj1−m1

=
∑
j1j2

∑
m1m2

O
(L)
j1j2(−1)j1+j2−L(j2m2j1m1|LM)(−1)j1−m1(−1)j1−m1b†j2m2

b̃j1m1

=
∑
j1j2

O
(L)
j1j2(−1)j1+j2−L[b†j2 b̃j1 ]

(L)
M

=
∑
j1j2

O
(L)
j2j1(−1)j2+j1−L[b†j1 b̃j2 ]

(L)
M

≡
∑
j1j2

Ō
(L)
j1j2 [b

†
j1 b̃j2 ]

(L)
M . (C.25)

Namely, the matrix element Ō
(L)
j1j2 = O

(L)
j2j1(−1)j1+j2−L is used for the hole system.

C.3 Particle-hole conversions of operators

C.3.1 Electromagnetic operators

The M1 operator
In the M1 operator, L = 1, j1 = j2, so the following relation is confirmed:

M̄
(1)
j1j1 = M

(1)
j1j1(−1)j1+j1−1 = M

(1)
j1j1 . (C.26)

The sign of the M1 operator is not changed by the particle-hole conjugation.

The E2 operator
The E2 operator is written as

Q
(2)
j1j2 = −

⟨
j1∥r2Y (2)∥j2

⟩
√
5

= C
√
2j2 + 1(−1)j2−j1(j2 1

2
20|j1 1

2
), (C.27)

where C is a constant which does not depend on j1 and j2. Here, Q
(2)
j1j2 is written as

Q
(2)
j1j2 = C

√
2j2 + 1(−1)j2−j1(j2 1

2
20|j1 1

2
)

= C
√
2j2 + 1(−1)j2−j1

√
2j1 + 1

2j2 + 1
(−1)2+0(j1− 1

2
20|j2− 1

2
)

= C
√
2j1 + 1(−1)j2−j1(−1)j1+2−j2(j1 1

2
20|j2 1

2
)

= (−1)j1+2−j2C
√
2j1 + 1(−1)j1−j2(j1 1

2
20|j2 1

2
)

= (−1)j1−j2Q
(2)
j2j1 . (C.28)

Therefor, Q̄
(2)
j1j2 = Q

(2)
j2j1(−1)j1+j2−2 = (−1)j2−j1Q

(2)
j1j2(−1)j1+j2−2 = (−1)2j2Q

(2)
j1j2 = −Q

(2)
j1j2 .

Namely, the sign of the E2 operator is changed by the particle-hole conjugation. This is
equivalent to the change of the sign of the effective charge.
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C.3. PARTICLE-HOLE CONVERSIONS OF OPERATORS

C.3.2 Operators which mix neutrons and protons

Fermi operator
The Fermi operator is written as

Ô(F ) =
∑
j

−
√
2j + 1[a†jπãjν ]

(0)
0 . (C.29)

Using the relation, b†m = −ãm, the Fermi operator is rewritten as

Ô(F ) =
∑
j

−
√
2j + 1[a†jπãjν ]

(0)
0 =

∑
j

√
2j + 1[a†jπ b̃

†
jν ]

(0)
0 . (C.30)

Here, we assume that the operator operates a system in which protons are treated as
particles and neutrons are treated as holes. In the first notation, the Fermi operator
annihilates one neutron particle and creates one proton particle. In this notation, the
Fermi operator creates one neutron hole and one proton particle.

Gamow-Teller operator
The Gamow-Teller operator is written as

Ô(GT ;µ) =
∑
jj′

−δℓℓ′
√
2(2j′ + 1)(2j + 1)(−1)ℓ+j′+ 3

2

{
ℓ j′ 1

2

1 1
2

j

}
[a†j′πãjν ]

(1)
µ . (C.31)

Similar to the Fermi operator, the particle-hole conjugation of the Gamow-Teller operator
is written as

Ô(GT ;µ) =
∑
jj′

δℓℓ′
√
2(2j′ + 1)(2j + 1)(−1)ℓ+j′+ 3

2

{
ℓ j′ 1

2

1 1
2

j

}
[a†j′πb

†
jν ]

(1)
µ . (C.32)
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Appendix D

Formulas

D.1 Matrix elements of radial part

⟨n′ℓ′|r|nℓ⟩ =

√
2n+ 2ℓ+ 1

2
δn′n −

√
n+ 1δn′n+1 for ℓ′ = ℓ− 1

=

√
2n+ 2ℓ+ 3

2
δn′n −

√
nδn′n−1 for ℓ′ = ℓ+ 1 (D.1)

⟨
n′ℓ′|r2|nℓ

⟩
=

√(
n+ ℓ+

5

2

)(
n+ ℓ+

3

2

)
δn′n − 2

√
n
(
n+ ℓ+

3

2

)
δn′n−1

+
√
n(n− 1)δn′n−2 for ℓ′ = ℓ+ 2

= −
√
(n+ 1)

(
n+ ℓ+

3

2

)
δn′n+1 +

(
2n+ ℓ+

3

2

)
δn′n

−
√
n
(
n+ ℓ+

1

2

)
δn′n−1 for ℓ′ = ℓ

=
√
(n+ 1)(n+ 2)δn′n+2 − 2

√
(n+ 1)

(
n+ ℓ+

1

2

)
δn′n+1

+

√(
n+ ℓ− 1

2

)(
n+ ℓ+

1

2

)
δn′n for ℓ′ = ℓ− 2 (D.2)

⟨
nℓ|r2|nℓ

⟩
= 2n+ ℓ+

3

2
(D.3)

Here, everything is calculated in units of b where b2 = h̄
mω0

.

D.2 Clebsh Gordan coefficients

Following notations are based on the Condon-Shortley phase.

(j1m100|JM) = δJj1Mm1 (D.4)

(j1m1j2m2|JM) = (−1)j1+j2−J(j2m2j1m1|JM)
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D.3. SIX-J AND NINE-J

= (−1)j1+j2−J(j1 −m1j2 −m2|J −M)

= (j2 −m2j1 −m1|J −M) (D.5)

(j1m1j2m2|JM) = (−1)j1−m1

√
2J + 1

2j2 + 1
(j1m1J −M |j2 −m2)

= (−1)j2−m2

√
2J + 1

2j1 + 1
(J −Mj2m2|j1 −m1) (D.6)

Table D.1: Clebsh-Gordan coefficients: (jm1/2m′|JM)

m′ = 1/2 m′ = −1/2

J = j + 1/2
√

j+M+1/2
2j+1

√
j−M+1/2

2j+1

J = j − 1/2 −
√

j−M+1/2
2j+1

√
j+M+1/2

2j+1

Table D.2: Clebsh-Gordan coefficients: (jm1m′|JM)

m′ = 1 m′ = 0 m′ = −1

J = j + 1
√

(j+M)(j+M+1)
(2j+1)(2j+2)

√
(j−M+1)(j+M+1)

(2j+1)(j+1)

√
(j−M)(j−M+1)
(2j+1)(2j+2)

J = j −
√

(j+M)(j−M+1)
2j(j+1)

M√
j(j+1)

√
(j−M)(j+M+1)

2j(j+1)

J = j − 1
√

(j−M)(j−M+1)
2j(2j+1)

−
√

(j−M)(j+M)
j(2j+1)

√
(j+M+1)(j+M)

2j(2j+1)

D.3 Six-j and nine-j

Rotation {
j1 j2 j3
ℓ1 ℓ2 ℓ3

}
=

{
j2 j3 j1
ℓ2 ℓ3 ℓ1

}
=

{
j3 j1 j2
ℓ3 ℓ1 ℓ2

}

=

{
j1 j3 j2
ℓ1 ℓ3 ℓ2

}
=

{
j2 j1 j3
ℓ2 ℓ1 ℓ3

}
=

{
j3 j2 j1
ℓ3 ℓ2 ℓ1

}
(D.7)

{
j1 j2 j3
ℓ1 ℓ2 ℓ3

}
=

{
j1 ℓ2 ℓ3
ℓ1 j2 j3

}
=

{
ℓ1 j2 ℓ3
j1 ℓ2 j3

}
=

{
ℓ1 ℓ2 j3
j1 j2 ℓ3

}
(D.8)


j1 j2 j3
k1 k2 k3
ℓ1 ℓ2 ℓ3

 =


j1 k1 ℓ1
j2 k2 ℓ2
j3 k3 ℓ3

 (D.9)


j1 j2 j3
k1 k2 k3
ℓ1 ℓ2 ℓ3

 = (−)
∑

k1 k2 k3
j1 j2 j3
ℓ1 ℓ2 ℓ3

 =


k1 k2 k3
ℓ1 ℓ2 ℓ3
j1 j2 j3

 =


ℓ1 ℓ2 ℓ3
j1 j2 j3
k1 k2 k3

 (D.10)
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Here,
∑ ≡ j1 + j2 + j3 + k1 + k2 + k3 + ℓ1 + ℓ2 + ℓ3.

Orthogonalization

∑
j3

(2j3 + 1)(2ℓ3 + 1)

{
j1 j2 j3
ℓ3 ℓ2 ℓ3

}{
j1 j2 j3
ℓ3 ℓ2 ℓ′3

}
= δℓ3ℓ′3 (D.11)

∑
J13J24

(2J12 + 1)(2J34 + 1)(2J13 + 1)(2J24 + 1)


j1 j2 J12
j3 j4 J34
J13 J24 J




j1 j2 J ′
12

j3 j4 J ′
34

J13 J24 J


= δJ12J ′

12
δJ34J ′

34
(D.12)

∑
J12J34

(2J12 + 1)(2J34 + 1)(2J13 + 1)(2J24 + 1)


j1 j2 J12
j3 j4 J34
J13 J24 J




j1 j2 J12
j3 j4 J34
J ′
13 J ′

24 J


= δJ13J ′

13
δJ24J ′

24
(D.13)

Composition

∑
J13

(−)J12+J23+J13(2J13 + 1)

{
j1 j3 J13
j2 J J23

}{
j2 j1 J12
j3 J J13

}
=

{
j1 j2 J12
j3 J J23

}
(D.14)

∑
k

(−)ℓ3+ℓ′3+k(2k + 1)

{
j1 j′1 k
j′2 j2 j3

}{
ℓ3 ℓ′3 k
j′1 j1 ℓ2

}{
ℓ3 ℓ′3 k
j′2 j2 ℓ1

}

= (−)j1+j2+j′1+j′2+ℓ1+ℓ2+j3

{
j1 j2 j3
ℓ1 ℓ2 ℓ3

}{
j′1 j′2 j3
ℓ1 ℓ2 ℓ′3

}
(D.15)

∑
J14J23

(−)2j4+J23−J24−J34(2J14 + 1)(2J23 + 1)


j1 j2 J12
j4 j3 J34
J14 J23 J




j1 j4 J14
j3 j2 J23
J13 J24 J


=


j1 j2 J12
j3 j4 J34
J13 J24 J

 (D.16)

∑
J25J35J46

(2J25 + 1)(2J35 + 1)(2J46 + 1)

×


J25 J46 J13
j2 j4 J24
j5 j6 J56




J35 J46 J12
j3 j4 J34
j5 j6 J ′

56




j1 j2 J12
j3 j5 J35
J13 J25 J46


=

δJ56δ
′
56

2J56 + 1


j1 j2 J12
j3 j4 J34
J13 J24 J56

 (D.17)
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Relation

∑
j

(−)j1+j2+j(2j + 1)

{
j1 j1 j′

j2 j2 j

}
=
√
(2j1 + 1)(2j2 + 1)δ(j′0) (D.18)


j11 j12 j13
j21 j22 j23
j31 j32 j33


=
∑
k

(−)2k(2k + 1)

{
j11 j12 j13
j23 j22 j23

}{
j21 j22 j23
j12 k j32

}{
j31 j32 j33
k j11 j21

}
(D.19)

Reduction
j1 j2 J
j3 j4 J ′

K K ′ 0

 = δ(JJ ′)δ(KK ′)
(−)J+K+j2+j3

√
2J + 1

√
2K + 1

{
j1 j2 J
j4 j3 K

}
(D.20)

{
j1 j2 J
0 j3 K

}
=

(−)j1+j2+j3δ(Jj3)δ(Kj2)√
2J + 1

√
2K + 1

(D.21)

{
j1 j2 j3
1 j3 j2

}
= (−)j1+j2+j3+1 −j1(j1 + 1) + j2(j2 + 1) + j3(j3 + 1)

2
√
j2(j2 + 1)(2j2 + 1)j3(j3 + 1)(2j3 + 1)

(D.22)

D.4 Spherical tensor

[
T (λ1) × U (λ2)

](λ)
µ

≡
∑
µ1µ2

(λ1µ1λ2µ2|λµ)T (λ1)
µ1

U (λ2)
µ2

(D.23)

T (λ) · U (λ) =
∑
µ

(−1)µT (λ)
µ U

(λ)
−µ =

√
2λ+ 1(−1)λ[T (λ) × U (λ)]

(0)
0 (D.24)

⟨j1m1|T (J)
M |j2m2⟩ =

1√
2j1 + 1

(j2m2JM |j1m1)⟨j1||T (J)||j2⟩ (D.25)

⟨α′j′||
[
T (λ1) × U (λ2)

](λ)
||αj⟩

=
√
2λ+ 1(−1)j

′+j+λ
∑
α′′j′′

{
λ1 λ2 λ
j j′ j′′

}
⟨α′j′||T (λ1)||α′′j′′⟩⟨α′′j′′||U (λ2)||αj⟩

(D.26)

⟨α′j′||T (λ) · U (λ)||αj⟩ = 1√
2j + 1

δjj′
∑
α′′j′′

(−1)j
′′−j⟨α′j′||T (λ)||α′′j′′⟩⟨α′′j′′||U (λ)||αj⟩

(D.27)
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If there is no contraction between c†j2 and c̃j3 ,[
[c†j1c

†
j2 ]

(J12) [c̃j3 c̃j4 ]
(J34)

](J)
M

= −
∑

J13J24

Ĵ12Ĵ34Ĵ13Ĵ24


j1 j2 J12
j3 j4 J34
J13 J24 J


[[
c†j1 c̃j3

](J13) [
c†j2 c̃j4

](J24)](J)
M

(D.28)

If T
(λ)
2 and T

(λ)
3 are commutable,[[

T
(λ1)
1 × T

(λ2)
2

](λ12)
]
×
[[
T

(λ3)
3 × T

(λ4)
4

](λ34)
](J)
M

=
∑

λ13λ24

λ̂12λ̂34λ̂13λ̂24


λ1 λ2 λ12

λ3 λ4 λ34

λ13 λ24 J


[[
T

(λ1)
1 × T

(λ3)
3

](λ13)
]
×
[[
T

(λ2)
2 × T

(λ4)
4

](λ24)
](J)
M

(D.29)

([
T

(λ1)
1 × T

(λ2)
2

](λ]
·
[[
T

(λ3)
3 × T

(λ4)
4

](λ))
= (−1)λ2+λ3(2λ+ 1)

∑
κ

{
λ1 λ2 λ
λ4 λ3 κ

}([
T

(λ1)
1 × T

(λ3)
3

](κ)]
·
[[
T

(λ2)
2 × T

(λ4)
4

](κ))
(D.30)

In the following, T
(λ)
1 is an operator which operates on system-1 and T

(λ)
2 is an operator

which operates on system-2,

⟨α′
1α

′
2(j

′
1j

′
2)j

′||T (λ)
1 ||α1α2(j1j2)j⟩

= δα2α′
2
δj2j′2

√
(2j′ + 1)(2j + 1)(−)j2+λ+j′1+j

{
j′ λ j
j1 j2 j′1

}
⟨α′

1j
′
1||T

(λ)
1 ||α1j1⟩

(D.31)

⟨α′
1α

′
2(j

′
1j

′
2)j

′||T (λ)
2 ||α1α2(j1j2)j⟩

= δα1α′
1
δj1j′1

√
(2j′ + 1)(2j + 1)(−)j1+λ+j′2+j

{
j′ λ j
j2 j1 j′2

}
⟨α′

2j
′
2||T

(λ)
2 ||α2j2⟩

(D.32)

⟨α′
1α

′
2(j

′
1j

′
2)j

′||
[
T

(λ1)
1 × T

(λ2)
2

](λ)
||α1α2(j1j2)j⟩

=
√
(2j′ + 1)(2λ+ 1)(2j + 1)


j1 j2 j
λ1 λ2 λ
j′1 j′2 j′

 ⟨α′
1j

′
1||T

(λ)
1 ||α1j1⟩⟨α′

2j
′
2||T

(λ)
2 ||α2j2⟩

(D.33)

⟨α′
1α

′
2(j

′
1j

′
2)j

′||(T (λ)
1 · T (λ)

2 )||α1α2(j1j2)j⟩

= δjj′
√
2j + 1(−)(j+j1+j′2)

{
j1 j j2
j′2 λ j′1

}
⟨α′

1j
′
1||T

(λ)
1 ||α1j1⟩⟨α′

2j
′
2||T

(λ)
2 ||α2j2⟩

(D.34)
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D.5. REDUCED MATRIX ELEMENTS

D.5 Reduced matrix elements

For angular momentum operator J (1),⟨
α′j′

∣∣∣∣∣∣J (1)
∣∣∣∣∣∣αj⟩ = δαα′δjj′

√
j(j + 1)(2j + 1) (D.35)

For spin operator σ(1), ⟨
1

2

∣∣∣∣∣∣σ(1)
∣∣∣∣∣∣ 1
2

⟩
=

√
6 (D.36)

For spherical harmonics C(k),⟨
α′jℓ′

∣∣∣∣∣∣C(k)
∣∣∣∣∣∣αℓ⟩ = δαα′

√
2ℓ+ 1(ℓ0k0|ℓ′0)

= δαα′

√
(2ℓ′ + 1)(2ℓ+ 1)(−1)ℓ

{
ℓ′ k ℓ
0 0 0

}
(D.37)

⟨
α′jℓ′

∣∣∣∣∣∣1̂∣∣∣∣∣∣αℓ⟩ = δαα′δℓℓ′
√
2ℓ+ 1 (D.38)

⟨
α′jℓ′

∣∣∣∣∣∣r̂(1)∣∣∣∣∣∣αℓ⟩ = δαα′
√
ℓ+ 1 for ℓ′ = ℓ+ 1

= 0 for ℓ′ = ℓ

= −δαα′

√
ℓ for ℓ′ = ℓ− 1 (D.39)

⟨
α′jℓ′

∣∣∣∣∣∣∇̂(1)
∣∣∣∣∣∣αℓ⟩ = −δαα′ℓ

√
ℓ+ 1 for ℓ′ = ℓ+ 1

= 0 for ℓ′ = ℓ

= −δαα′(ℓ+ 1)
√
ℓ for ℓ′ = ℓ− 1 (D.40)
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