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Summary

Various types of inequalities are used in the study of pseudo-differential operators (YDOs)
and their applications to PDE theory. And also some inequalities are quite useful in the estimation
of the WYDOs. The inequality which we are going to introduce in this article is one of them, espe-
cially it is extremely useful and powerful, too, in the study of pseudo-differential equations whose
symbols are formal series [7]. So that, the inequality stated in succeeding Proposition is not our
original result, however, we are going to discuss the formulation of the inequality in the standpoint
of the asymptotic behaviors of a specific pilot functions related to the inequality, which arise natu-

rally in the discussion of extreme point problem.
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1. The class of entire functions of order ¢

In this section we shall give the definition of a certain class of entire functions of order ¢, and
introduce a result of the derivative estimate of those functions. For 0 <¢<1 and >0 given, we
define the norm

[ullg,r = sup{ [u(z)[ exp(=r|z|?); z € C"}, (1

where 2=(z,, ..., 2,)€ C" with z, € C for k=1, 2, ..., n, and |2|"=|z|"+ -+|2,|". Let us define a
class of entire functions of order g<1 with weight index r>0:

E,(C") :={u(z) : C" — C" is a entire function such that ||ul|,, < oo }. ()

Then it is easy to see that
LeEmMA 1. (a) When 1< r, for any 1y, r,>0, then we have the following inclusion

El]ﬂ‘l ((CZ) C Eq77“2 ((C?) (3)

(b) If r\<r, holds, then the above inclusion is compact for any pair (r,, r,); namely, the inclu-

sion map
it Eqp (C2) = Eyr, (CF) 4)

is compact.
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We shall give below a typical example for our target class.
ExampLE 2. Let g:=m/p € Q, ¢ <1 be a rational number with m and p coprime. When we
define a function f(z) as

£(2) = Zéexp { (exp QTZk > Vz} )

where v=(v, ..., v,)€ C" and vz=)]_, 12, then its Taylor expansion is given by
> P P
f(z) = ;
=3 0 ©

where (pa)!=(pa;)!"(pa,)!, v™=v{"1--2*", and 2"*=[];_, z."". On this account, it follows that

the function
u(z) = f(2) = f(1,...,2}) (7

is an entire function lying in E,,(C%), where 7 > max (|v],...,|v.|). (]
Now we are in a position to state the important proposition that provides us with the deriva-
tive estimate of entire functions lying in a certain class of order g¢.
PROPOSITION 3. [7] For every u(z) € E, ,(C.), the following inequality

[D%u(2)| < min{&(u), n(u)} (8)

holds for any z € C" and |a|=0, 1, 2, ..., where

) o Il exprlzi} - (qr)'

{(u : x O (Oz,)
Mospooe )
i=1

and

wlly . exp{r|z]9) - (qr)lel/a
W(U) = || Hq, € I(Di‘)‘l)qil (q ) X ?/(2(1)((:%) (10)

with ®}(3):=IT,(3").

2. Derivation of a primitive estimation
An application of Cauchy’s formula in Complex Analysis reads

cy(s) = _uQ) 11
Dule) (2mi)" /|C—z:|a (C—z)o““dC (1

_ o coi(n) - w(Gis--Ga) g
- (27m')”/ (n) /IC—ZI=a| (= z)att dgy -+ - dCp, (12)

where a=(ay,...,a,) €R", a,>0, ..., a,>0. Note that |(—z|=|a|indicates
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\Cl—zl\:al, ey \Cn—zn\:an. (13)
By definition we easily get
lu(2)| < [ullq,r exp{r|z|"}. (14)

Paying attention to the above inequality, we readily obtain

! g -
IDu(2)] < o[l g exp 4 7> (2] + ar)? p x A (15)
(27T) k=1 ap+1
[1a
k=1
- exp{rex}
< ullg - exp{r|z|?} - a! x
H Hq, p{ ’ ‘ } kl_Il {(’Zk’q—i-c‘?k)l/q_ ’Zk’}ak (16)

because we have put (|z|+ a;)’= | 2]+ e.(with &,>0) for simplicity.
3. Further estimation and asymptotic behaviors

For each k, we put

pu(ek, 1) = € {(|zn|? + 1)V — |25} (17)

and let us consider the factors y(ey, 2;). By virtue of finite limit property of the function y; not

only as |z, —0 but also as |z, — 00, a simple inequality

<
1k (Eks 21) < gclggéuk(%,zk) (18)
leads to a new estimation result
|D%u(2)| < ||ullq,r exp{r|z|?} - al x H rrglikn{niz:xyk(ak,zk)}. (19)
k=1

It is interesting to note that the maximum of the function

gi(x) = ( : (20)

zd4e)l/1—x

(1/9)

over the region >0 is given by the value 1/¢'V%, and also that the minimum of the function

rr, —(ofe) @ a/q

gr(x)=€"z over the region z>0 is attained by the value (e/a)"(gr)"". By making use of the

above-mentioned two results, we can deduce together with Stirling’s formula and (16) that

(qr)lel/a

[D%u(2)] < |lullg.r exp{r|z|*} - (ahta—1 * 1) (2g) (O)- (2D

This is nothing but (10) in Proposition 3.
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4. Precise analysis of a specific function

In this section we shall investigate some interesting properties including asymptotic behaviors
of a specific pilot function h (z, y). We need the following auxiliary result.
LEMMA 4. For every u= u(z) € E,,(C?), the following inequality

1D%u(2)] < ullgr exp{r|z?} - al®™ (0 (14 |2]) % (22)
< ﬁ exp{rec} - ( 1+/rzk|><l-q>%
ion {(lzwl? +er) 0 — [zi |} (23)

holds for z € C", |a|=0,1,2,....
Proof. 1t suffices to rewrite (16) into the expression in the above-mentioned form. It is easy,
hence the details omitted. 0
Suggested by the aforementioned explicit representation in the right-hand side of (22)-(23) in
Lemma 4, we need to consider a function in the specific form. So that, we define the specific pilot
function A (z,y) as

(1+ )t
(2t + )t/ —x

h(z,y) := (24)
for >0 and y> 0. Then we can readily obtain the following asymptotic behaviors.

Lemma 5. (Key Lemma) [7] The function h (x,y) converges to V" in R' as y— 0, and h (x,y)
converges to ' in R' as y — + oo.

with the result that the quantity sup, h (z,y) is finite.

5. Verification of the key lemma
In order to derive the results stated in Lemma 5, we have only to investigate the asymptotic
behaviors of the derivative of the function A (x,y). First of all, adopting the notation (9/0x) h (z, y)

= h, (z, y) for brevity’s sake, we have
fo(z,y) (25)

_ A= @e{(+ye )T 1) — @+ DL +ye) 70— 1)
- (z+ 1)e{(at + )10 — 2} (26)

An application of the Taylor expansion in Differential and Integral Calculus yields to

ho(z,y) ~ —2971 = (as x —0) (27)

zl—a
and
ho(z,y) ~ 2z~ FD  (as & — 400). (28)

Consequently, we can get
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Lemma 6. We have

.0 . 0
ili% —xh(x,y) = —00 and zEI—il:loo —xh(a:,y) =0. (29)
Moreover, it follows immediately that A, (x,y) >0 holds for all x. A little computation with
analysis related to the extreme points of function leads to a preferable result that the derivative
h. (z,y) may possess only one zero. Hence, the desired asymptotic behaviors yield from the above
result.

6. Concluding remarks
When we take the asymptotic behaviors in Lemma 5 into consideration, this only one zero
proves to be the minimum point of & (z,y). Hence the inequality

h(z,y) < Mo(q,y) = max(y~"/%,q/y) (30)
is naturally derived for all >0. To change variables here
r—p, y—e (31)

for a practical reason, we are going to consider the quantity M,(q, €) in what follows. To proceed
the discussion, we are required to split the interval of  into two parts. We have M(q, ) =& /¢
since the inequality £/ > p/e holds as far as ¢ € I, = (0, ¢“"V/). For « sufficiently large, it fol-
lows immediately that

1\ 41-%) 1\ 71
: €L M, a__ [ - .
1;2111116 {My(q,e)} (q) exp{ T <q> (32)
On the other hand, as far as e € I,= (¢'“""/%, 00), it turns out to be that
Mo(q,¢) = g (33)
Therefore, we obtain
: TE a o ﬂ *
min " {Mo(g,€)}" = e (a) : (34)
As a consequence, a little argument about the minimizing problem leads to the final conclusion
: Te o 1 [eN e
min e {M(q,)}* = —(qr)e. (35)

Substituting (35) for (22)-(23) in Lemma 4, we may combine the resulting expression with (21) in
Section 3 to derive the desired inequality (9), because we have employed Stirling’s formula in the

above calculation.
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