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Summary

We consider the second order elliptic equation A(x, d)u(x)+¢(x)u(x)=f(x), and also consider
the integral inequality that provides us with a lower bound estimate of the associated quadratic
form. In so doing, we need to introduce newly a positive continuous function A\(x) on the region in
question. This type of estimate is quite very useful if we apply the result to the elliptic equation to
obtain estimates of eigenfunctions for the equation. The principal purpose of this article is to settle
down the positive continuous function \(x) in a concrete manner. It suffices to involve the spectra
of operator and the compactness argument in functional spaces, in order to realize the above-men-

tioned program.

Key Words: spectra, second order elliptic operator, elliptic equation, integral inequality, compact-

ness argument.

1. Introduction and notation
In this section we shall first explain the notation used throughout this article. We consider the

second order elliptic operator

A= A@,0)=— Y ia"(x)0; ==Y Y aij“ij@)aii' (1)

ij=1 i=1 j=1

We assume that the coefficients a”(x) of A are continuous bounded functions on . The space

M,,.(2) consists of the functions u € L}, (€2) such that
lim w(x)| - ®(x)dz =0,
b @] ) 2

where we set ®(z) = |z — 2°]>~"* and B, (y) denotes the ball of radius r centered at 3. For u, v €

H} (), we define
Vau(z) - Vav(z) = Z a" (x)d;u(x)d;v(x) (3)
IV au(z)|? = Vau(z) - Vau(z) = Z a'l (2)0yu(x)0;ju(x). (4)
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The elliptic equation

Az, O)u(z) + q(x)u(z) = f(z) (5)

is considered here, for complex valued functions ¢ € L} . () and f € L3, (€2). While, a function u
€ Hi,, () is said to be a solution to (5) if qu € L} (2) and

/(VAU(ﬂf)~VAs0(fv)+Q(w)U(w)<P($))dwZ/f(w)g(m)dw (6)
Q Q

for every p € C;°(2). Let ¢ € L}, (R") and ¢_(z) := max(0, —Re{q(x)}) € M,,(R") and assume

loc

that ¢ is real valued. Then we set
P = P(x,0) = A(x,0) + q(x) (7)
and define
(Pu) = [ (Vau@)f +a(o)lufa)) da ®)

for all u € H),, (€2). Notice that the integral (8) makes sense under these assumptions.

Our main aim of this article is to find out continuous functions A(z) on R", not necessarily

positive but as large as possible, such that the following inequality
(Pog) > [ M) lpta) s ©)

holds for all p € C;°(€2). In what follows, the norm || - || = || - ||, denotes the norm in the usual
space L*(R"). For any y € R" and R > 0, we define

. P 9 o0
Aty Py int { G52 < € O (Brn)p 20 . (10)
It is interesting to note that A,(y; P) can be identified with the lowest eigenvalue of the self-ad-
joint realization of Pin L*(B(y)) under zero Dirichlet boundary conditions.

2. Principal result

We are going to prove a theorem which enables us to obtain non-constant A functions, quite
similar as in (9) in §1 or similar as in (12) in the proceeding section §3. In Theorem 1 the functions
A(x) in question depend only on the direction z. As is well known, this type of assertion would be
in particular useful in applications of series of inequalities stated in §3, by which we can get eigen-
function estimates of multiparticle Schrodinger operators.
THEOREM 1. Let g(w) be a continuous function on S™~" such that g(w) < K(w) = K(w; P) for all
w € 8"\ Then there exists C > 0 such that

/Q (IV (@) 2 + 9(2) () 2) da > /

Qc

1(5) totoas (1)

holds for all p € C3°(Q,) where Q. := {x : |z| > C}.
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3. Preliminaries and technical key lemmas
When (2 is a connected open subset in R, let us define ¢(z) as a complex valued function on
Q2 such that (i) ¢ € L}, (2); (ii) ¢_ € M,,.(€2). Suppose that there exists a positive continuous func-

loc

tion A(z) on 2 such that
/ A(@)lp(@)? dr < Re / (IVae(@)]? + q@)le(@)]?) da (12)
Q Q

for every p € C;°(Q2). Let p,(z, y) be the geodesic distance in €2 between the points x and y in the

Riemannian metric
n

ds} = M) Y aij(z)dz;dz;, (13)

ij=1
where a,; is an element of the inverse (a,;;) = (a”)~". Let h be a real valued Lipschitz function on Q2
such that |V 4 (z) > < A\(z) holds a.e. If we suppose that v is a function in H}, (€2) which satisfies

loc

the differential equation Au + qu = f in the sense that qu € Lj,. (), f € L3, (), and

loc loc

(P wp.¢) = /{ o NP (14)

holds for all p € C;°(Q2;) and A € C*(R"), and 2, = {z € R™ |z| > R} (where note that x is an
eigenvalue of P, i.e., Pu = pu), and in addition, if we assume that

[ @A) - exp{=2(1 = )pa.s)} de < o0 (1)

for some ¢ > 0 and fixed point ¢° € (2, then the following inequalities are valid: that is to say, if {2
is complete in the metric p,, then

/ [u(@)* (\(@) — [Vah(@)[?) 2" da < / F@)P (\@) = [Vah(@)?) " @ da (16)
Q Q
holds. In general, if €2 is not necessarily complete, then

/ u(@)]* (M) = [Vah(z)?) - 2" dasg/ 1£(2)2 (M) — |V ah(z)]?) - 2@ dy
Qq Q

+C(d) /Q o, B@PA@ da (17)
holds, where d > 0, C(d) := 2(1 + 2d) /% and
Qui={z € Q: pala foc}) > d 1. (18)
and p, (z, {c0}) is defined by
i) =int [ (G0), S eul00) 2O (19)
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and the infimum is taken over all absolutely continuous paths  : [0, 1] — € such that (0) = y and
¥(1) = z. For E C Q, let p\(z, E) := inf{p,(x, y): y € E}. Then if Q U {oo} is the one point
compactification on €2, we define for z € ),

px(z, {oo}) :=sup{pr(z, 2\ K): K is a compact subset of 2 }. (20)
K

We may apply the above-mentioned inequality results to measure the decay of solutions to Au +
qu = 0. If g(z) = ¢q,(z) — p, then we can thereby obtain estimates for eigenfunctions of A + ¢,
with eigenvalue . However, in order to apply the aforementioned results, the real part of the qua-
dratic form associated with the operator A + ¢ need be positive on C;°(£2). Moreover, we must
find a positive continuous function A\(x) such that the quadratic form in question is strongly posi-
tive on C;°(£2) in the sense that

/ Mz)lp()]* dz < Re/ (IVap(@)]* + (@)l e(@)]?) dz (21)
Q Q

holds for all ¢ € C°(€2). That is why we have the following technical key lemmas.
LEMMA 2. Ay(x; P) is a continuous function of (x, R) on R" x R,.

Furthermore, we can get another assertion.

LEMMA 3. Ay(x; P) = Ap(x; A + q) is also continuous in (a”) in the sense that if A,, = =Y,
0,a,, 0; (where (a,) (x)) has all the properties of (a”(x)) for m =1, 2, ...), and if
i ij _ a4 _
Jim[a® (2) — ag ()] = 0 (22)

uniformly on compact sets, then A y(x; A,

m

+ q) converges to Ap(x; A + q) uniformly for x in

compact subsets.

4. Proofs of key lemmas

Proof of Lemma 2. First of all we shall show that A (z) = Ap(z; A + ¢) is an everywhere
finite upper semicontinuous function. According to Schechter’s lemma [15] (1971) (cf. Theorem
7.3, p.138), when ¢ € M;,,.(€2), for every € > 0 and every compact subset K of (2, there exists a
constant C(e, K) > 0 such that for 6 = 1 — (6/2)

gl 2ol < el A%l + Ce, K)ol (23)

holds for all ¢ € C;°(£2) with suppp C K. As a simple corollary for the case 6 = 0, we have the
following estimates.

LemMaA 4. Let g € M,,.(2). Then for any € > 0 and every compact subset K of €, there exist posi-
tive constants C\(e, K) and C,(e, K) such that

gl e |l < el Vel + Ca(e, K)llll, (24)

/Q 9()] - lp(@)? do < e / S 0ip(@)]? dz + Cale, K) / ()2 de (25)

i=1
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hold for all p € C3°(Q) with supp ¢ C K. Here we have

1/2
V|| = (/ Z Osu(x 2dx) (26)

Consequently, it follows immediately from the above lemma 4 that there exists a constant C|,
= Cy(€2, A) > 0 such that

2 1 2 2
[ a-@le@P s <5 [ 1Vapla)Pdo+C@.4) | o) do 27)

holds for every ¢ € C;°(£2), where ¢ = min(1/2, 6/2) with § > 0. This integral inequality yields to
(P, ) = /Q (IVap(@)]? + g4+ (@) |p(2)* = g (2)]o(x)|?) dx

= ;/ﬂ (IVap(@)® + g4 (@) o()[?) da — C’(Q,A)/Q lp(z)|? da (28)

for every ¢ € C;°(€2). The above inequality (28) implies in particular that A,(x) > —C(Q, A)
whenever By(z) C . Since €2 is an arbitrary bounded open set, for a fixed point (z°, R,) in R" X

R, a routine work leads with ease to a fundamental estimate
(P, ) < Agy(2°, A+ q) +¢ (29)

for a properly chosen function i) € C;°(Bp, (2°)) and a number £ > 0. With y defined as zero in
R™\ By, (x°), it is clear that supp ¢» C By, (2) for j large enough, with respect to a sequence {(z”,
R))}; satisfying (z/, R;) — (2°, R,) as j — co. Hence, it follows that

Ag,(a7; A+ q) = inf{(Py,¢): ¢ € C5°(Br,(a7)), [l¢ll =1}

30
<(P'¢7¢)<AR0($07A+q)+5' ( )

Letting 7 — oo and then ¢ — 0, we can finally get
limsup Ag, (z7; A+ q) < Ag, (2% A+ q), (31)

j—o0
which proves that A ,(x; A + ¢) is an upper semicontinuous function.

Next we shall show that Ay(z; A + ¢) is a lower semicontinuous function. The proof of this
part goes almost similarly as mentioned above. The only difference consists of the following point,
namely, compactness argument in functional spaces. We need to introduce some functional spaces.
Hj, (©2) denotes the completion of C;°(2) in the H'(£2) norm: i.e.

HEy () = Cgo() e, (32)

where

lullZ o ;:/ (Z!au W+ [u(=)] ) dz. (33)
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Next the space Hj,, (€2) of functions is defined as

H, () = {u € Hyy(Q); ¢/ *u € L2(Q)}, (34)
where ¢, is the positive part of the function ¢. It is known that [}, (€2) is a Hilbert space under the
norm ||| - |||, which is defined by

Ml = [l F @)+l *ulF2q)- (35)

Then it is quite obvious that C3°(2) is dense in Hj, ,

[1] (1965) (cf. Theorem 3.8), it follows that weak convergence: weak-lim, . ¢, = u in H;,, ()

(€2). Thanks to Rellich’s compactness theorem

yields to strong convergence: ¢; — u strongly in L*(€2). On this account, one may conclude that

(Pu,u)q < liminf(Py;, ¢;) < liminf Ag, (27; A+ q). 36
j—o00 j—00 ’ ( )

Furthermore, the following estimate

(Puo,ug)BRO (20) = (Pu,u)q < liminf AR, (a:j; A+9q) (37)

J—r0o0

can be derived easily from (36). Consequently, the claim u, € Hj_, (B, (2°)) is verified by the

0g+
fact u, € H, (Bp, (2°)), since we have ¢'/>u, € L*(By, (2°)). That is why in terms of the dense-

ness
C5°(Bry(2°)) <> Hogy (Br, (")) (38)

and ordinary argument of convergence, it can be shown that

0. < limi J.

AR, ("5 A+q) < hjrgg.}f AR, (275 A+ q), (39)
which concludes that Aj(z; A + ¢) is a lower semicontinuous function, and thus establishes that
Agp(z; A+ q) is continuous. L

Proof of Lemma 3. Now we are going to show that if A, (x, 9) := — Y, 0,a) 9,, (m =1, 2, ...)

is a sequence of operators satisfying the same conditions as A and if a,” — a” as m — oo uni-
formly on compact sets, then A (z; A,, + ¢) converges to Ay(z; A + ¢) uniformly in 2 on com-

pact sets. For a compact set K in R” and a fixed constant R > 0, we may assume that
Po) 2ol and [ o @lel@)Pde < (Pog) (40)

for every ¢ € C5°(Q), taking inequalities (27) and (28) into consideration. Since a” (z) — a"(x)
as m — oo uniformly for x € (2, we may deduce that there exists a sequence of positive numbers
{e,} with ¢,, — 0 (as m — o00), such that

(1—em) (a(2)) < (a(2)) < (1 +em) (aV(2)) (41)
forall x € Q, m = 1, 2,....Hence, we may combine (40) with (41) to get

(P, ) 2 (1 = 2em)(Pg, @). (42)
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From this estimate, we can derive the subtler estimate
(1 = 2ep)AR(z; P) < Ap(z; Pp) < (14 2¢m)AR(x; P) (43)

for every x € K and m = 1, 2, ...., which implies that A ,(x; P,) converges to A ,(x; P) uniformly
on K. This finishes the proof. (]

5. Fundamental estimate
Moreover, we can derive the following fundamental estimate: namely, under the above-men-
tioned conditions on P, for any € > 0, there exists a positive constant R_ > 0 such that

(Pog) = | (An(aiP) = o)) da (44)

holds for all p € C;°(R") and forany R > R._.
The proof of (44) is easy, hence omitted. Rigorouly, we need the discussions on approxima-

tion of metrics and completeness.

6. The bottom of spectrum and essential spectrum
We begin with giving definitions of A(P ) and X(P ). As a matter of fact, the quantity A(P)
is defined by

it [ FP9) 00 (T
A(P) := f{ ol v e C°(R ),(,0750}, (45)

while, the quantity X(P) is also defined in a similar way by

S(P) := sup inf{(ﬁzhf) : goEC{)’o(R”\K),go#O}, (46)
where the supremum is taken over the family of compact subsets K in R". A(P ) will be shown to
be equal to the bottom of the spectrum of the self-adjoint realization of the operator P on L*(R");
on the other hand, X(P ) will be shown to be equal to the essential spectrum of the self-adjoint re-
alization of P on L*(R") when Y(P) > —oo. In general, both quantities may take on the value
—00.

It is easy to see that A(P ) = lim, .., Ay(x; P) for any 2 € R". Note that this limit exists
since Ap(x; P) is a decreasing function of R. Then the relationship between X(P ) and Ay(z; P)
can be given by the following lemma.

LEMMA 5. We have

Y(P) = lim liminf Ag(z; P). (47)

R—oo |z]—00

Proof. Let K be a compact subset in R”, and R > 0 fixed. Clearly, By(z) C R" \ K for ||
sufficiently large. Then we can get easily
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P
in { ( H:jhf) o€ CE R\ K), ¢ # o} < minf A(: P). (48)

Moreover, by the definition of X(P ), it follows immediately that

R—oo |z]—00

Here we may apply the fundamental estimate result stated in the previous section §5, to obtain

(Pe.) = [ (An(aiP) = 2)lo (@) da (50)
forall R > R_and ¢ € C3°(R"). On the other hand, a simple calculation with (50) leads to the es-

timate

Y(P) > lim liminf Ag(z; P) — 2e. (51)

R—oo |z]—00

Hence, we can easily deduce from (49) and (51) the statement in Lemma 5. 0

Now let us introduce a new function K(w) = K(w, P ) which, roughly speaking, approxi-
mates the lower bound of the quadratic form (Pp, ¢). Let "' ={w e R": |w| =1 }. Forw €
S0 <e<mand N > 0, we define

eV .= {z eR": (z,w) > |z|cose,|z| > N}, (52)

. P M o0 g
5oV () := inf { ( ngf) L e CR(TEN), 0 £0 } : (53)
K(w)=K(w,P):= lim lim EE’N(w), (54)

e—00 N—00

where (-, -) denotes the usual inner product in R”. Note that the limit in (54) exists and K(w) may
take the value 4+-00. The following is the main assertion in this section.

PROPOSITION 6. (i) K(w) is a lower semicontinuous function of w on S™'.

(ii) The following holds:

Y (P)=min{K(w): we S" '} (55)

Proof. (i) Let {w;} C S"" satisfying w;, — w as j — oc. Fix a number L such that L < K(w).
Then from the definition of K(w), it follows immediately that there exist ¢ € (0, w) and N > 0
such that " (w) > L. Hence, we obtain

L < 25N (w) < 292N (w;) < K (wy) (56)

for any j > j, (3 some j,). Consequently, it proves to be that

o NS
liminf K (w;) > K(w), (57)
which completes the proof of lower semicontinuity of K(w). L

(ii) We can rewrite
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Y(P)= sup inf{(P(P’SO):goGCgo(R”\K),gp#O}

K:compact H‘PHQ
P
<inf{(Hz”’f): ¢ € O (R™\ Ko) : @7Ao}+5 (58)

for fixed § > 0 and some compact set K. On the other hand, for R, > 0 satisfying K, C Bp, (0),

we have

S(P) < inf{(PS””O) L pe Cgo(Ff)’N),go#O} +6

lell? (59)
= 55N (W) + 6
forany w € S", 0 < e <, and N > R, which implies that
. . e,N .
D(P) < lim lim 55V (w) +6 = K(w) +9 (60)
for any w € S"!. Likewise, applying Lemma 5 we can deduce that
X(P) ZlimianRl(ac;P)—é > Ag,(zp; P) =0 (61)
form=1,2,..,3R, >0,6>0,z, € R" (m=1,2,..) with |z,,| — oo (as j — o0). Hence
P(P) > min{K(w): we S" 1} -6 (62)
holds. Finally, we can deduce that ¥'(P) = min{ K(w): w € S"'}. 0

7. The proof of the main theorem
Since K(w) — g(w) is positive and lower semicontinuous, we note together with Lemma 5
that there exists R > 0 such that

[@r@iP) = 8@ do < [ (I9ap(@)? + a(@)pl@)]) da (63)
holds for every ¢ € C;*(R"). Then, for fixed w, € S"', 0 < ¢, < /2, N,> 0 and some neighbor-
hood U, = U (w,) C S" ! satisfying

9(w) < g(wo) + 4, reo/2No  peo-No (64)

as far as w is taken from U,. Therefore, the compactness of S"' and a covering argument allow us

to conclude that
N (W) > glw) + 9 (65)
for every w € S" 'and some e > 0, N > 0. If we set
C :=max{N + R, R/sine}, (66)

then we have an inclusion
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Bg(z) C TSy, (67)

as far as |z| > C, and hence it follows that

AR(m; P)

: Po, ¢ o (e
me{(H(PHQ): p e Cy (Fx’/]rx)a%@?éo}

(3
||

29Q2>+& (68)

which proves that

Aﬂﬂfﬂ—529<m) (69)

for |z| > C. This completes the proof. 0
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