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Chapter 1

Nuclear shell-model study in the northeast
region of 2°Ph

1.1 Introduction

In the first chapter, twenty three nuclei in the neutron-rich (N > 126) and proton-rich (Z > 82)
region of a doubly magic core of 28 Pb are studied. Each nucleus has up to four valence neutrons and
up to five valence protons. These numbers are limited by the power of a private shell-model code and
computational resources that we can utilize. As described below, some nuclei in this region have been
analyzed theoretically. However, in most of studies only a few nuclei are considered and there were no
systematic shell-model calculations in this mass region. We construct an effective Hamiltonian that
systematically reproduce low-energy spectra, E2 transition strengths, and electromagnetic moments
of all the nuclei considered. Nuclear structures especially of isomeric states, long-lived excited states,
are analyzed in terms of the shell-model wavefunctions. This work is based on Ref. [1].

Structure of heavy nuclei has not been studied enough compared to that of light nuclei. Recent
experimental situation on some of heavy nuclei (Z > 82, N > 126) is as follows. The %!?Bi nucleus
was studied using a 23U beam, and two isomers with long half-lives of 25 min and 7.0 min were
confirmed [2]. However, the number of observed states in this nucleus is limited so that the spins
and parities of only a few states are assigned. The level structure of 2'3Po was studied through the
180+208Ph reaction using the v multidetector array [3]. The level scheme was built up to about
2.0 MeV of excitation energy and spins were assigned up to 25/2 using the triple v coincidence data.
The constructed level scheme was compared with an empirical shell-model calculation. The 2''Pb
nucleus was studied through the deep-inelastic reactions between a beam of 2°®Pb ions and a 233U
target [4]. Spins and parities of high-spin states including three high-spin isomers were identified.
Configurations of several states were assigned by comparing them with a shell model calculation
using empirical interactions. High-spin states of 2!9Pb and ?''Bi were studied using deep-inelastic
collisions of a pulsed beam of 2°Pb ions on a 2*®U target [5]. Configurations of some isomers were

discussed and analyzed.
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Nuclei with a few valence nucleons have been studied theoretically using the shell model approach.
The 2'1°Bi nucleus is a system with one valence neutron and one valence proton outside the doubly
magic core 2°®Pb and it is relatively easy to analyze theoretically [6-10]. It is an intriguing nucleus
to study the interaction between a neutron and a proton. One of the theoretical problems on
this nucleus is associated with the fact that the spin-parity of the experimental ground state is
1~ with the (vgg/2 ® Thg/o) configuration. The 07, 17, ---, 97 states with the (vgg/o ® mhg/2)
configuration are observed in this nucleus. From the Nordheim strong coupling rule [10, 11], the
0~ state should be the lowest among the states with the (vgg o ® Thg /o) configuration. However,
as mentioned, the experimental observation is different from this theoretical prediction. It was
concluded in theoretical studies using empirical two-body interactions that tensor-force components
are necessary to reproduce the ground state [6-8].

Recently, precise calculations employing the interaction delivered from the NN potential were
performed and good agreements with the experimental data were obtained [10]. The (7hg /2 ®vgg/2),
(7 fr/2®@Vi11)2), (The 2 @Vivy1y2), (T f7/2@vg9/2), and (mhg 2 ®Vj15/2) configurations in the low-lying
states of 219Bi, 212Bi, 212At, 216 At and 2'°Fr were compared with the experimental results [12]. The
structure of the low-lying states and transition rates of 2!°Pb and ?'“Bi were calculated using a
conventional shell-model approach with a central Gaussian-shaped interaction [13]. Although orders
of energy levels of several states were reversely predicted, transition rates and M1-E2 branching

ratios were well reproduced.

1.2 Theoretical framework

Systematic studies are carried out for even-even, odd-mass, and doubly-odd nuclei around the
double magic 2°®Pb nucleus using a shell-model framework. For neutron single-particle levels, seven
orbitals above the magic number 126, the 1gg /2, 0i11/2, 07152, 2d5/2, 3512, 1g7/2, and 2d3/, orbitals,
are taken into account. For proton single-particle levels, all the six orbitals in the major shell between
the magic numbers 82 and 126, Ohg /2, 1f7/2, 0i13/2, 2p3/2, 1f5/2, and 2p; o orbitals, are taken into
account.

The single-particle energies e, (7 = v or 7) employed in the present calculations are listed in
Table 3.1, which are extracted from the experimental energy levels of 2°°Bi (for proton single-
particle energies) and 2°°Pb (for neutron single-particle energies). As for the neutron 0j;5 /2 and
0iy1/2 orbitals and the proton 0iy3/2 and 1f7/5 orbitals, the single-particle energies are assumed to
be changed linearly with the numbers of valence neutrons and protons. They are determined in units
of MeV as follows:

e, (j1s/2) = —0.050N, — 0.160N,, + 1.473,
(i11/2) = —0.070N, — 0.050N,; + 0.849,
(i13/2) = —0.050N, + 1.659,

ex(f7/2) = —0.170N, + 0.050 N + 0.846,

™

vili1/2

€r

/N N N /N
N N
NN NN
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Table 1.1: Adopted single-particle energies ¢, for neutrons (7 = v) and protons (7 = 7) in units of
MeV. The single-particle energies for the neutron 0j;5 /5 and 07y, /o orbitals and the proton 0iy3/5 and
1f7/2 orbitals are changed linearly with the numbers of valence neutrons (IN,) and valence protons

(Nx). Definitions of €, (j15/2), €, (711/2), €x(i13/2), and ex(f7/2) are given in the text.

J 199/2 OZ'11/2 0j15/2 2d5/2 351/2 197/2 2ds/2
e, 0.000 6y(i11/2) 6,,(j15/2) 1.567 2.032 2.491 2.538

J Ohgyo Lf7/2 Oi1zse 2p3s2 1fs2 2p1y2
Emx 0.000 €7|—(f7/2) Eﬂ—(ilg/g) 3.119 2.826 3.634

where N, and N, represent the numbers of valence neutrons and valence protons, respectively. The
number dependence is introduced for a better reproduction of the low-lying states of odd-mass nuclei.
As an effective interaction, an extended pairing plus quadrupole-quadrupole interaction is em-

ployed. The effective shell-model Hamiltonian is given by
H=H,+H,+H,., (2.5)

where H,, H,, and H,, represent neutron, proton, and neutron-proton interactions, respectively.

The interactions among like nucleons are expressed as
H, =H,, + Hy,. (2.6)

The first term H.,, (t = v or m) represents the conventional pairing interactions, which consist
of spherical single-particle energies, the monopole-pairing (M P) interaction, and the quadrupole-
pairing (QP) interaction,
H,., = Zach}mchmT — GOTPA’TT(O)PT(O) — G27-P,I<2) . ]37(2). (2.7)
jm
The second term Hj, in Eq. (2.6) represents higher-order interactions, which consist of higher
multipole-pairing (H M P) interactions,
== 3 G P P, (2.8)
1=4,6,8,10
The adopted two-body interaction strengths are listed in Table 3.2. Only one set of strengths is
adopted for all the nuclei considered. Detailed definitions of the interactions are given in Ref. [14].

Only for the proton part, an additional pairing interaction with spin 8 between two protons in the
Ohg/o and 1f7 /5 orbitals (M P-8) is added to Eq. (2.6). It is explicitly defined as

H®) (thg 3 f7/2) = —GSTS;ZQ/QfWP;(S) (hos2frj2) - PP (hojafr/2) (2.9)
with
pT(8) h T T 8) 2.1
M ( 9/2f7/2) - [chg/gcf7/2i|M ? ( N O)
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Table 1.2: Strengths of adopted two-body interactions between neutrons (v-v) and those between
protons (7m-7). Gy and G2 indicate the strengths of the monopole (M P) and quadrupole-pairing
(QP) interactions, respectively. G (L = 4,6,8,10) denote the strengths for higher multipole-
pairing (H M P) interactions. The strengths of the M P and H M P interactions are given in units of
MeV. The strengths of the QP interactions are given in units of MeV/b%, where b is the oscillator

parameter.

Go GQ G4 Gﬁ GS GIO
v-v 0.102 0.008 0.425 0.500 0.500 0.450
mm  0.145 0.013 0.400 0.400 —0.600 0.000

and the strength is taken as G;8’39/2f7/2

are coupled with spin 8, which is the maximum spin available between these two orbitals, and positive

parity. c; is the nucleon creation operator in the orbital j. The necessity of this interaction was

discussed and its effects were analyzed in Ref. [15].

= 0.50 MeV. Here, two protons in the Ohg /5 and 1f7 /5 orbitals

~

The interaction between neutrons and protons H,, consists of the quadrupole-quadrupole (QQ)

interaction, which is given as
Hyr = —kuxQu - Qnr, (211)

where the strength is taken as k,, = 0.080 MeV/ b%. Here harmonic-oscillator states are used as the
single-particle basis states with the oscillator parameter b = \/h/Mw.

The number occupancy 1}]2» is defined as

vi = (U (I7) |y @ (1)), (2.12)

J

where 7; is the number operator in the orbital j and |¥ (I7)) is the i-th eigenstate of the Hamiltonian
in Eq.(5) for a specific nucleus.

In this mass region, shell-model dimensions for diagonalization are too large to perform full cal-
culations without truncation. Thus it is necessary to truncate the shell-model dimensions. In this
study, the same truncation scheme adopted in Sec. IIB of Ref. [14] is taken for all the nuclei. All
calculations are performed with the truncation of L. = 500. Here the definition of L. is the same
as given in Sec. IIB in Ref. [14]. This truncation is found to be sufficient for reproducing low-lying
energy levels and electromagnetic transitions among low-lying states after checking the effect of
truncation by increasing L. = 500 to L. = 1000.

In this paper, E2 transition rates, magnetic moments, and quadrupole moments are also calculated.
For E2 transition rates and quadrupole moments, the effective charges are taken as e, = 1.00e for
neutrons and e, = 1.50e for protons. For magnetic moments, the gyromagnetic ratios of orbital
angular momentum are taken as gs, = 0.00 and gy = 1.00, and the gyromagnetic ratios of spin are

taken as g, = —2.87 and g5, = 2.79. These effective charges and gyromagnetic ratios are adjusted
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to reproduce the experimental data for single-closed nuclei on the whole. Further details of the

electromagnetic transition operators are presented in Ref. [14].

1.3  Numerical results

In this section, the results are given for each nucleus. Energy spectra, E2 transition rates, magnetic
moments, and quadrupole moments are calculated. For energy spectra, up to four observed energy
levels from the yrast state are shown for each spin-parity. As for the theoretical states, the two

lowest energy levels are shown for each spin-parity in general.

1.3.1 Pb isotopes

Here 210=212P} isotopes are discussed. Figure 1.1 shows the theoretical energy spectrum of 219Pb
in comparison with the experimental data [16,17]. The 2!°Pb nucleus is a system with two valence
neutrons outside the doubly magic core 2°®Pb. This nucleus tells us information about the inter-
actions between two neutrons. The calculation reproduces the yrast band well. In particular the
narrow energy gap between the 4% and 6 states and that between the 67 and 8" states are well
reproduced. The 6% and 87 states are isomers with half-lives of 49 ns and 201 ns, respectively [16].
The 27, 4], 67, and 8] states mainly consist of the (vg2 /2) configuration, although the structure of
the ground (07) state is not simple. In the ground state the occupation numbers (vf) are 1.28, 0.35,
and 0.21 for the neutron 1gg/, 0711 /2, and 0j;5/2 orbitals, respectively. The 107 state consists of
the (vgg/2711/2) configuration, which explains the large energy gap between the 8 and 10] states.
The 127 and 14] states consist of the (ij5/2) configuration.

Figure 1.1 shows the theoretical energy spectrum of 2'2Pb in comparison with the experimental
data [16,19]. In 212Pb the spins and parities of only several states are assigned in experiment. The
yrast band up to spin 8 is well reproduced and the unobserved 107 state is calculated at 1.633 MeV.
In 2°Pb and 2!?Pb the almost degenerate 37, 47, ---, 12] states are predicted at 2.682MeV
and around 2.69 MeV, respectively in theory. However, the experimental 3] states are located at
1.870 MeV and 1.820 MeV, respectively. These octupole one-phonon states are constructed by the
particle-hole excitations [20,21], which are beyond the present shell-model framework. The low-lying
3~ states made by core excitations are also seen in Pb isotopes in the mass 210 region as discussed
in Ref. [15].

Figure 1.1 shows the theoretical energy spectrum of 2!'Pb in comparison with the experimental
data [16,18]. Low-lying states are well reproduced. A (27/27) state is observed at 1.679+x MeV with
z unknown and its half-life is 159 ns [16]. The 27/2] state is calculated at 1.554 MeV and consists
of the (Vgg/Qin/g) configuration, which is consistent with the result in Ref [4]. The (21/27) state
observed at 1.193 MeV is also an isomer with a half-life of 42(7) ns and decays to the (17/2%) state
observed at 1.056 MeV [16]. Both the initial and the final states consist of the (vgg /2) configuration
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Figure 1.1: The theoretical energy spectrum of Pb isotopes (Shell model) in comparison with
experimental data (Expt.). The experimental data are taken from Refs. [16-19]. The squares and
diamonds represent experimental positive and negative parity states, respectively. The x marks and

pluses represent theoretical positive and negative parity states, respectively.

in theory.

Calculated results for B(FE2) values and electromagnetic moments of Pb isotopes are given in
Tables 1.3 and 1.4 in comparison with the experimental data [4,16-19]. Most of the B(E2) values
are well reproduced in the calculation. The largest discrepancy between the experimental value and
the theoretical one is seen in the B(E2;2{ — 01) value of 21°Pb. The calculated result is 2.2 times
larger than the experimental one. The calculated B(E2;10{ — 8) values of 2!°Pb and 2!2Pb are
much smaller than the other transition rates among the yrast states. The ST state consists of two
neutrons in the 1gg /o orbital. However, one neutron needs to be excited to the 0iyy /5 orbital to make
the 10 state and the configuration is changed from the 8] state to the 10] state. The E2 transition
rate from the isomeric 21/2] state to the 17/2] state, B(E2;21/2] — 17/2]), is well reproduced.
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Table 1.3: The calculated B(E2) values in units of W.u. for Pb isotopes (Calc.) in comparison with
the experimental data (Expt.) [4,16-19]. *Using theoretical transition energy of 29 keV [4].

B(E2)
210pp Expt.  Calc.
27 —0f 1.4(4)  3.130
4f —2f 4.8(9)  3.435
67 — 4f 2.1(8)  2.450
87 — 67 0.7(3)  1.056
107 — 87 0.154
212pp Expt.  Calc.
27 —of 5.535
4f — of 1.353
67 — 4f 0.766
85 — 67 0.303
107 — 87 0.186
2Uph Expt.  Calc.
5/28 —9/2f 2.870
7/25 —9/2f 4.924
11/27 —9/2f 0.052
13/27 — 9/2F 3.125
21/2f — 17/2F | 1.36(23) 2.290
27/2F —23/2F | 1.0727  1.583

For the quadrupole moment of the 9/2] state in 2'Pb, the experimental value (0.087) has a large
error (0.062). So at the moment we cannot have any definite conclusion about the discrepancy

between the theoretical value and the experimental one.

1.3.2 Bi isotopes

Here 210-213Bj isotopes are discussed. Figure 1.2 shows the theoretical energy spectrum of 2'!'Bi in
comparison with the experimental data [16,18]. Low-lying negative parity states are well reproduced.
The (25/27) state observed at 1.257 MeV is an isomer with a half-life of 1.4 us and decays to the
(21/27) state at 1.227 MeV by the E2 transition [16]. Both the 25/2] and 21/2] states consist of
the (Vgg/2 ®@mhg/z) configuration. In the 25/27 state, two neutrons in the 1gg/, orbital are stretched
to have spin 8. The maximum spin in the (vg3 /2 © why /2) configuration is 25/2. The spin-parity of
the state observed at 0.767 MeV is assigned as (9/2,11/2)~. The theoretical 9/2; and 11/2] states
are predicted at 0.944 MeV and 0.799 MeV, respectively. Thus the spin-parity of this ambiguous
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Table 1.4: The results of magnetic dipole moments g in units of un and electric quadrupole moments

@ in units of eb for Pb isotopes (Calc.) in comparison with the experimental data (Expt.) [16-19].

I Q
210pp Expt. Calc. Expt. Calc.
27 —0.343 +0.016
47 —0.969 +0.015
67 | —1.872(90) —1.602 —0.137
85 | —2.496(64) —2.360 —0.433
107 —0.207 —0.677
212pp Expt. Calc. Expt. Calc.
27 —0.316 —0.123
4f —0.894 —0.086
67 —1.469 —0.093
85 —2.182 —0.176
107 —0.187 —0.511
211pp Expt. Calc. Expt. Calc.
5/27 —0.842 —0.040
7/2f —1.095 —0.332
9/2 | —1.4037(8) —1.380 +0.087(62) —0.177
11/2f +1.167 —0.338
13/27 —1.658 —0.228

state is suggested to be 11/27.

Figure 1.2 shows the theoretical energy spectrum of 2!3Bi in comparison with the experimental
data [16,22]. In 2'3Bi, only the 9/2] and 7/2] states are definitely assigned in experiment. The
states observed at 0.593 MeV and 0.759 MeV are assigned as (5/2,7/2,9/2)~ and (5/27,13/27),
respectively. The 5/27 and 13/2] states are calculated at 0.682 and 0.818 MeV, respectively. Thus it
is inferred that the states at 0.593 MeV and 0.759 MeV are spin-parity 5/2~ and 13/27, respectively.

Figure 1.2 shows the theoretical energy spectrum of ?!°Bi in comparison with the experimental
data [16,17]. The 21°Bi nucleus is a system with one neutron and one proton outside the doubly magic
core 2°%Pb. This nucleus tells us information on the interactions between neutrons and protons. The
value of the strength parameter x,, = 0.08 MeV /b* adopted in the present study is slightly larger
in magnitude than x,, = —0.06 MeV /b*, which had been throughout used for nuclei with neutrons
less than 126 and protons more than 82 [15]. The energy spectra for low-lying states of 2!°Bi are
compared with two choices of x,, in Fig. 1.3. As seen in the figure, the experimental spectra are
better reproduced with the strength of ,, = 0.08 MeV /b*.
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Figure 1.2: Same as Fig. 1.1, but for Bi isotopes. The experimental data are taken from Refs. [16—
19,22]. Each ambiguous state with only one possible set of spin-parity in experiment is shown with
parenthesis, while each ambiguous state with more than two possible sets of spin-parity is shown

separately with square bracket.

The spin-parity of the ground state is 17 in experiment. From the Nordheim strong coupling
rule [10,11], the 0~ state should be the lowest among the states with the (v/gg 2 ®7hg/2) configuration.
However the 0, 17, - - -, 8] states with the (vgg/o®mhg,2) configuration are as a whole well described
in our calculation. Thus it is suggested that the quadrupole-quadrupole interaction between the
neutron and the proton is the main part of the interaction, although some tensor-force components
might be necessary to reproduce the ground state. In our calculation the 15, 25, 35, 457, 55, 63,
7,5, and 8; states consist of the (vgy/2 ® 7f7/2) configuration, whereas the 15, 25, 35, 45, 55, 65,
75,83, 95, and 10 states consist of the (vi1;/o ® Thg/s) configuration.

Figure 1.2 shows the theoretical energy spectrum of ?!?Bi in comparison with the experimental

data [16,19]. In ?'2Bi negative parity states are densely observed and calculated below 0.5 MeV.
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Figure 1.3: Comparison of the low-lying energy levels of 219Bi with those by the strength parameter
Kyx = 0.06 MeV /b, which are indicated by the filled circles. This value of x,, = 0.06 MeV /b* is the

same in magnitude as used in Ref. [15].

In theory the spin-parity of the ground state is 27. The lowest members of the 07, 17, ---, 97
states mainly consist of the (Vgg /2i11 /2 ®Thg o) configuration in our calculation, whereas the second
lowest members of the 15, 25, - -+, 8, states mainly consist of the (Vgg/Qin/g ® f7/2) configuration.
Positive parity states are calculated above 1.0 MeV.

Calculated results for B(FE2) values and electromagnetic moments of Bi isotopes are given in
Tables 1.5 and 1.6 in comparison with the experimental data [16-19,22]. As for B(E2) transition
rates, experimental data are given only for 2''Bi. The calculated B(E2) value from the isomeric
25/27 state to the 21/2] state, B(E2;25/2] — 21/27), is 2.533 W.u. Most of experimental values
for the electromagnetic moments are well reproduced. However, the small experimental value of
the magnetic moment for the 1 state of 2'Bi is hardly reproduced without precisely adjusting the

gyromagnetic ratios.

1.3.3 Po isotopes

Here 2117214Pg isotopes are discussed. Figure 1.4 shows the theoretical energy spectrum of 22Po
in comparison with the experimental data [16,19]. The ?'2Po nucleus is a system with two valence
neutrons and two valence protons. The narrow energy gap between the yrast 67 and 8% states is
well reproduced. The 07, 2], ---, 8] states mainly consist of the (Vgs/2 ® w(hg/z)m) configuration.
In contrast, the 10]L state consists of the (vgg/2i11/2 ® ﬂ(h§/2)0+) configuration. The 12f and 141F
states consist of the (vg; 2 ® w(hg /2) 1+ ) configuration with L greater than zero. These structures
are analyzed in Sec. 1.4.

In recent years, negative parity states have been experimentally observed below 2.5 MeV [23,24].

The observed 47, 67, and 8~ states are strongly connected to the yrast 4%, 67, and 8 states by
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Table 1.5: Same as table 1.3, but for Bi isotopes. The experimental data are taken from Refs. [16—
19,22].

B(E2)
211Bj§ Expt. Calc.
7/27 —9/27 | 1.07(10)  0.624
9/25; — 7/27 | >0.00015 0.392
9/27 —9/27 | >0.0031  0.747
11/27 — 9/27 3.405
13/27 — 9/27 3.984
21/27 — 17/27 | 1.44(11)  4.682
25/27 — 21/27] 2.533
213Bj Expt. Calc.
7/27 = 9/27 0.857
9/25 —7/27 4.276
9/25; —9/27 0.807
11/27 — 9/27 3.417
13/27 — 9/27 8.816
210Bj Expt. Calc.
37 > 17 3.489
37 — 27 0.015
0y — 27y 14.438
212Bj4 Expt. Calc.
3] — 2] 1.905
07 — 27 7.964

the F1 transitions, respectively. In Ref. [27], it was suggested that these negative parity states are
constructed by the a-particle coupled to 3~ states of 2®Pb (the coupled-channels of o + 208Ph(37)).
Another description of these states was suggested in Ref. [28]. They pointed out a possibility that
these negative parity states consist of two-neutron excitations in 219Pb coupled to the collective 3~
state in 2°8Pb times 2!1°Po(g.s.) (|[*!°Pb(J+)®2°Pb(37)];- ®29Po(g.s.))), where J and I represent
angular momenta of states in 2!19Pb and 2'2Po, respectively. These negative parity states are out of
the present shell-model framework.

The experimental (181) state at 2.922 MeV is an isomer with a half-life of 45.1(6) s [16], which
mainly decays to the ground state, 3~ and 5~ states in 2°8Pb by the o decay and partially decays
to the (147) state at 2.885 MeV in 212Po by the E4 transition. The configuration of the 18] state is
(V99201172 ® Whg/2), which is in contrast with the (Vgg/2 ® whS/Q) configuration of the 14] and the
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Table 1.6: Same as table 1.4, but for Bi isotopes. The experimental data are taken from Refs. [16—
19,22].

Iz Q
21Bi Expt. Calc. Expt. Calc.
7/27 +4.5(7) +4.147 —0.623
9/27 (+)3.79(7)  +3.647 —0.687
11/27 +2.698 —0.463
13/27 +2.978 —0.559
213Bj Expt. Calc. Expt. Calc.
7/27 +4.095 —0.778
9/27 | +3.717(13) +3.584  —0.60(5)  —0.853
11/27 +3.325 —0.775
13/27 +3.218 —0.880
2104 Expt. Calc. Expt. Calc.
17 —0.04451(6) +0.218  +0.136(1) +0.199
57 +1.530(45)  +1.286 —0.034
7 +2.114(49) +1.834 —0.349
97 2.728(42) +2.336  —0.471(59) —0.754
2124 Expt. Calc. Expt. Calc.
17 0.41(5) +0.457 0.1(3) +0.144
27 +0.734 +0.253
37 +0.880 +0.261
5] +1.276 —0.025
3 +1.792 —0.440
97 +2.286 —0.796

16 states. The theoretical energy of the 167 state is lower than the energy of the 18] state so that
the 18] state can easily decay to the 16? state by the E2 transition. Therefore we cannot explain the
long half-life of the (18%) state. In order to achieve the situation that the 187 state decays to the 147
state rather than the 167 state, we artificially lower the single-particle energy of the neutron 0i;; /2
orbital as €,(i11/2) = 0.1 MeV, and also reduce the strength of the monopole-pairing interaction
between neutrons as Gg,, = 0.095 MeV. The result is shown in Fig. 1.5. The spin-parity of the state
observed at 1.249 MeV is not assigned, but theoretically it is suggested to have a spin-parity of 107.
The calculation suggests that the (18%) state at 2.922 MeV corresponds to the theoretical 18] state,
while the unassigned state at 1.249 MeV and the 107" state at 1.833 MeV each corresponds to the
101F and the 10;r states, respectively. We do not pursue this problem further, but the choice of the
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Figure 1.4: Same as Fig.1.1, but for Po isotopes. The state at 1.249 MeV is not shown in the

figure since the spin-parity is not assigned in experiment. The experimental data are taken from
Refs. [16,19,22-26].

strengths of the interactions certainly affects the spectra of the neighboring nuclei and we need to
investigate their effects on those nuclei. This is a future problem.

Figure 1.4 shows the theoretical energy spectrum of 2'4Po in comparison with the experimental
data [16,26]. In 214Po, only the 07, 2%, and 4T states are observed in the yrast band. The Gf, 8?,
and 10;’ states are calculated at 1.465, 1.645, and 1.754 MeV, respectively. The state observed at
1.275 MeV is assigned as (37) [29]. The theoretical first 3] state is calculated at 2.584 MeV. The
experimental (37) state is supposed to be an octupole one-phonon state by the core excitation [29].
It is known in this mass region that the octupole correlation is crucial. The (27) state observed at
1.995 MeV is also considered to be a coupled state with the octupole and quadrupole phonon states.
In our model space, all the negative parity states are calculated above 2.5 MeV.

Figure 1.4 shows the theoretical energy spectrum of ?!'Po in comparison with the experimental
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Figure 1.5: Same as Fig. 1.4, but with ¢, (i11/2) = 0.1 MeV and Go, = 0.095 MeV. The spin-parity
of the state at 1.249 MeV indicated by a triangle is not assigned in experiment, but it is suggested

to have a spin-parity of 10T in this calculation.

data [16,18]. Low-lying states are well reproduced. The 25/2% state observed at 1.462 MeV in 2!1Po
is an isomer with a half-life of 25.2(6) s [18]. This state decays to the 17/2% state at 1.428 MeV by the
EA4 transition. The 25/27 and 17/2% states consist of the same configuration of (vgg /> ® ﬂ(hg/g),yr)
with L = 8 and L = 4, respectively. The 21/2] and 23/2] states, which are connected to the 25/2F
state by E2 or M1 transitions, are not observed. These states are calculated higher than the 25/2;]
state. This isomer is classified as a spin-gap isomer.

Figure 1.4 shows the theoretical energy spectrum of ?!3Po in comparison with the experimen-
tal data [3,16,22]. In 2!¥Po, only positive parity states are observed and well reproduced in our
calculation. The lowest negative parity state, the 15/2] state, is calculated at 1.017 MeV.

Calculated results for B(E2) values and electromagnetic moments of Po isotopes are given in
Tables 1.7 and 1.8 in comparison with the experimental data [16,18,19,22,26,30,31]. In 2!2Po,
the calculated B(FE2;27 — 0]) and B(FE2;6] — 4]) values are much larger than the experimental
data. In 2!3Po, the theoretical calculation predicts large transition rates to the ground (9/2]) state
from the 5/27, 7/27, and 13/2] states. In ?!'Po, the magnetic moment of the 15/2] state is
largely predicted in magnitude by a factor of 3.6 compared with the experimental data, whereas the
magnetic moment and the quadrupole moment of the ground (9/2]) state are well reproduced. This
discrepancy suggests that the 15/2] state might be affected by the octupole excitation, namely the
coupling the ground (9/2]) state with the octupole phonon state.
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Table 1.7: Same as table 1.3, but for Po isotopes. The experimental data are taken from Refs.

[16,18,19,22, 26, 30].

B(E2)

212pg Expt. Calc.

2F = of 2.6(3)  10.921
25 —0f 0.4(1) 0.246
25 —2f 0.3(2) 1.843
4F —2f 13.462
67 — 47 3.9(11)  11.047
85 — 67 2.30(9)  5.820
107 — 87 2.2(6) 1.280
214pg Expt. Calc.

27 — 0F 18.451
47 —2f 25.205
67 — 47 20.832
85 — 67 5.445
107 — 8 0.000
05 —2f 0.159(10)  0.352

2 po Expt. Calc.
5/2f —9/2f 10.189
7/25 — 9/2f 2.321
9/25 —9/2f 2.306
11/27 —9/2f 0.403
13/27 — 9/2f 3.752
213po Expt. Calc.
5/2f —9/2f 14.717
7/2f —9/2f 13.168
7/27 — 11/2F 0.004
11/27 —9/2f 0.282
13/27 — 9/2F 12.848
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Table 1.8: Same as table 1.4, but for Po isotopes. The experimental data are taken from Refs. [16,
18,19,22,26, 31].

I Q
212pg Expt. Calc. Expt. Calc.
27 +0.362 —0.070
4f +0.131 —0.198
67 —0.685 —0.423
8 —1.853 —0.769
107 —0.023 —1.141
2l4pg Expt. Calc. Expt. Calc.
27 +0.454 —0.399
4f +0.751 —0.682
67 +0.753 —0.853
87 +7.319 —1.441
107 +0.049 —1.005
2lipo Expt. Calc. Expt. Calc.
7/2F —0.916 —0.501
9/2f | —1.197(85) —1.343 —0.77(8) —0.591
11/2f +1.248 —0.623
13/2F +0.909 —0.357
15/27 | —0.38(15) —1.382 —0.764
213po Expt. Calc. Expt. Calc.
7/2f —0.936 —0.535
9/2F —1.251 —0.449
11/2f +1.230 —0.828
13/2F —0.856 —0.503

1.3.4 At isotopes

Here 212215 At isotopes are discussed. Figure 1.6 shows the theoretical energy spectrum of 2'3At in
comparison with the experimental data [16,22]. The spin-parity of the state observed at 0.341 MeV in
213 At is assigned as (7/27,9/27). The 7/2] and 9/25 states are calculated at 0.348 and 0.958 MeV,
respectively. Thus our calculation suggests that the spin-parity of this state is 7/27.

Figure 1.6 shows the theoretical energy spectrum of 2!At in comparison with the experimental
data [16,32]. The spin-parity of the state at 0.364 MeV in 215At is assigned as (13/2]) [33]. However,
the 13/2 state is calculated at 1.332 MeV. Our calculation suggests that the spin-parity of the
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Figure 1.6: Same as Fig. 1.2, but for At isotopes. The experimental data are taken from Refs. [16,

19,22,26,32].

Table 1.9: Occupation numbers in some low-lying states of 21°At.

v 1gos2  Oirije Ojisye 2dss2 3si2 lgre 2d3)0
9/27 2.06 0.99 0.61 0.16 0.03 0.09 0.05
5/27 2.17 0.95 0.52 0.18 0.03 0.09 0.05
7/27 2.08 0.98 0.60 0.16 0.03 0.09 0.05
13/2;_ 2.21 0.94 0.50 0.18 0.03 0.09 0.05

7T Ohg/o  1f72  Oizse 2p3j2 1fse 2p1)2
9/27 2.11 0.59 0.18 0.08 0.03 0.01
5/27 2.10 0.55 0.16 0.13 0.05 0.01
7/27 1.50 1.20 0.17 0.07 0.05 0.01
13/27 | 212 058 0.6 0.09 0.04 0.01
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state is 3/2] with the excitation energy of 0.402 MeV. A shell model study by Liang and others
suggested that the low-lying 9/27, 5/27, 7/25, 13/27, and 3/2] states have the (I/g‘gl/2 ® TI'hg/Q)
configuration [33]. However, it is shown in Table 1.9 that these states consist of not only the neutron
1gg/2 and the proton Ohg,, orbitals.

Figure 1.6 shows the theoretical energy spectrum of 2!2At in comparison with the experimental

data [16,19]. The (97) state at 0.223 MeV is an isomer with a half-life of 0.119(3) s [16]. The 07,

3
9/2

the experimental situation such that the energy of the 9] state is lower than that of the 8] state.

17, ---, 97 states are members of the (vgg/o ® mhy,,) configuration. The calculation reproduces
The members of the second negative parity band, the 15, 25, ---, 8; states, consist of the (vgg s ®
ﬂh3/2f7/2) configuration. The 117 state at 0.885 MeV is an isomer with a half-life of 18.7(7) ns and
decays to the (107) state at 0.702 MeV by the E1 transition and the (97) state at 0.223 MeV by the
M2 transition [16]. The 117 state mainly consists of the (Vi15/2 ®7Th3/2) configuration. The 67, 7],
-+, 18] states mainly consisting of the same configuration as the 11] state are located energetically
higher than the 117 state.

Figure 1.6 shows the theoretical energy spectrum of 2'4At in comparison with the experimental
data [16,26]. In 214At, only negative parity states are observed and densely located below 0.5 MeV.
The 07, 17, -+, 97 states consist of the (Vgg/Qin/z ® Trhg/2f7/2) configuration.

Calculated results for B(E2) values and electromagnetic moments of At isotopes are given in
Tables 1.10 and 1.11 in comparison with the experimental data [16,19,22,26,32]. As for the E2
transitions, only two transition rates are measured in At isotopes. In 2'2At, the experimental values
of B(E2;57 — 37) = 3.3(3) W.u. and B(FE2;15] — 137) = 3.1(3) W.u. are calculated as 4.715
W.u. and 4.295 W.u., respectively. As for electromagnetic moments, only the magnetic moments of
the 157 and 117 states in 2!2At are observed. The magnetic moment of the 15] state is 9.46(8) ux
in experiment and the theoretical result is +7.367 pn, which is a reasonable value. The magnetic
moment of the 117 state is 5.94(11) uy in experiment and the theoretical result is +1.874 11, which
is 3.2 times smaller than the experimental data. The magnetic moment of the 115 state calculated at
1.417 MeV is +6.071 p, which is very close to the experimental value. Thus the 117 and 115 states
might be reversely calculated compared to the experimentally observed states. In our calculation,
the 11;r state, which consists of the (vgg/s ® Whg /2i13 /2) configuration, is located 0.344 MeV higher
than the 117 state.

1.3.5 Rn isotopes

Here 213=216Rn isotopes are discussed. Figure 1.7 shows the theoretical energy spectrum of 2!4Rn in
comparison with the experimental data [16,26]. The yrast band is well reproduced in our calculation.
The spin-parity of the state observed at 1.332 MeV is not assigned (not shown in this figure). This
state decays to the 27 state at 0.695 MeV. In our calculation, the 2; state is calculated at 1.626 MeV.

Considering this result and the comparison with neighboring nuclei such as 2'?Po and 2'°Rn, the
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Table 1.10: Same as table 1.3, but for At isotopes. The experimental data are taken from Refs. [16,
19,22,26, 32].

B(E2)

213 At Expt. Calc.
5/27 —9/27 16.792
7/27 —9/27 4.474
7/25 —9/27 10.880
13/27 — 9/27 14.392

15/27 — 13/27 2.913
17/27 —13/27 18.147
19/27 — 17/27 1.069

215 At Expt. Calc.
5/27 —9/27 33.195
7/27 —9/27 0.003
7/25 —9/27 18.121
13/27 —9/27 26.498

212 At Expt.  Calc.

5, — 31 3.3(3) 4.715
8, — 97 2.079
157 > 137 | 3.1(3) 4.295
214 At Expt. Calc.
37 — 17 2.598
5, — 31 8.861

spin-parity of the experimental state at 1.332 MeV is inferred to be 27.

Figure 1.7 shows the theoretical energy spectrum of 2'Rn in comparison with the experimental
data [16,34]. In 2'5Rn the spin-parity of the state at 1.838 MeV is assigned as (8+,9%,10%). The 87,
9?, and 10; states are calculated at 1.872, 2.217, and 2.369 MeV, respectively. Thus our calculation
suggests that the spin-parity of the state at 1.838 MeV is 8. Omne of the peculiar features of
even-even nuclei in this region is the narrow energy gap between the 67 and 8" states in the yrast
band. In ?'Rn, however, the narrow energy gap between the 6 and 8T states is not seen anymore
in experiment due to the evolution of quadrupole collectivity and the calculation reproduces this
feature. Some characteristic features of 2*Rn and 2'®Rn are analyzed and discussed in Sec. 1.4.

Figure 1.7 shows the theoretical energy spectrum of 2!3Rn in comparison with the experimental
data [16,22]. All the identified states are well reproduced. In 2!3Rn, the (25/27) state is observed
at 1.664 + x MeV with 2 unknown. The 25/2] state is calculated at 1.670 MeV. Our calculation
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Table 1.11: Same as table 1.4, but for At isotopes. The experimental data are taken from Refs. [16,
19,22,26, 32].

Iz Q
2I3At | Expt. Calc. Expt. Calc.
5/27 +2.584 —0.131
7/27 +3.708 —0.777
9/27 +3.669 —0.480
11/27 +3.397 —0.354
13/27 +4.099 —0.533
15/27 +2.592 —0.595
17/27 +3.993 —0.625
19/27 +2.169 —0.786
215 At Expt. Calc. Expt. Calc.
5/27 2.484 —0.413
7/27 4.019 —1.026
9/27 3.555 —0.850
11/27 4.441 —1.019
13/27 4.040 —0.994
212 At Expt. Calec. Expt. Calc.
17 +0.121 +0.121
27 +0.376 +0.226
37 +0.726 +0.195
157 9.46(8) 47.367 —0.837
117 | 5.94(11) +1.874 —0.971
115 +6.071 —1.081
214At | Expt. Calc. Expt. Calc.
17 +0.261 +0.120
27 +0.513 +0.186
37 +0.825 +0.344

shows that the ground 9/27 state, the 11/2] state at 0.622 MeV, and the 15/2; state at 0.837 MeV,
mainly consist of the (Vg9/2®7rhg/2f7/2), (1/i11/2®7rhg/2f7/2), and (I/j15/2®71'hg/2f7/2) configurations,
respectively. These energies are very close to the single-particle energies for the neutron 1gg /2, 0iq1 /2,
and 0j5/o orbitals, which are given as 0.0 MeV, 0.579 MeV, and 0.783 MeV, respectively. This
indicates that one valence neutron in the specific single-particle orbital determines nature of each

state, namely, its spin and parity.
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Figure 1.7: Same as Fig. 1.2, but for Rn isotopes. The experimental data are taken from Refs. [16,

22,26,32, 34).

Figure 1.7 shows the theoretical energy spectrum of 2!Rn in comparison with the experimental

data [16,32]. In 2!5Rn, the spin of the positive parity state observed at 0.214 MeV is assigned as
(7/2,9/2)*. The 7/2] and 9/25 states are calculated at 0.301 MeV and 0.795 MeV, respectively.
Thus the spin of the state observed at 0.214 MeV is suggested as 7/2. The spin of the negative parity
state observed at 0.291 MeV is assigned as (7/2,9/2,11/2)~. However, the calculation predicts no

negative parity states below 0.7 MeV. The 15/2] state, which is not observed in experiment, is
calculated at 0.733 MeV.

Calculated results for B(E2) values and electromagnetic moments of Rn isotopes are given in
Tables 1.12 and 1.13 in comparison with the experimental data [16,22,26,32,34]. In ?Rn, the

observed B(E2;617 — 41) and B(E2;8 — 6]) values are much smaller, whereas the calculation

predicts large B(E?2) values. The magnetic moments of 2!3Rn are well reproduced.
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Table 1.12: Same as table 1.3, but for Rn isotopes. The experimental data are taken from Refs. [16,
22,26,32, 34].

B(E2)

214Rn Expt. Calc.
27 — 0f >0.032  17.380
4f — 27 >0.28  23.101
67 — 4 3.8T57  21.614
85 — 67 3373 15.905
107 — 8F 2.9(7) 5921
127 — 10f >0.0064  4.820
147 — 12f 15.829

167 — 14 <4.4(3) 11.260
187 — 167 0.71(5)  0.722

137 — 117 0.93(8)  0.099
216Rn Expt. Calc.

27 — 0f 28.567

4F —2of 40.613

67 — 4 40.704

8 — 67 9.671
107 — 8 3.111
213Rn Expt. Calc.
7/2f — 9/2f 3.676
11/25 —9/2f 0.415
13/25 —9/2f 8.619
17/2f — 13/2f 4.536
21/2f — 17/2f | 1.68(16)  2.287
215Rn Expt. Calc.
7/2f — 9/2f 18.315
11/25 —9/2f 0.467

13/25 —9/2f 22.646
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Table 1.13: Same as table 1.4, but for Rn isotopes. The experimental data are taken from Refs. [16,

22,26, 32, 34).

Q
214Rn | Expt. Calc. Expt. Calc.
27 +0.449 —0.370
4F +0.378 —0.601
61 —0.248 —0.772
87 —0.969 —0.992
107 +0.135 —1.364
216Rn | Expt. Calc. Expt. Calc.
27 +0.612 —0.629
4 +1.021 —0.890
67 +1.138 —1.046
87 +5.923 —~1.135
107 +0.236 —1.298
213Rn | Expt. Calc. Expt. Calc.
5/27 —1.955 —0.526
7/2f —0.892 —0.427
9/2f —1.293 —0.718
11/2f +1.285 —0.756
21/27 | 4.73(11)  +3.797 —0.880
25/2 | 7.63(25) +5.367 —0.660
15/27 —~1.373 —0.909
31/27 | 9.90(8) +5.313 —0.796
215Rn Expt. Calc. Expt. Calc.
7/2F —0.725 —0.636
9/2f —1.130 —0.700
11/2F +1.294 —1.136
13/2F —0.489 —0.820

1.3.6 Fr isotopes

Here 214=217Fr isotopes are discussed. Figure 1.8 shows the theoretical energy spectrum of 2'°Fr

in comparison with the experimental data [16,32]. In 21°Fr, energy levels of low-lying negative parity

states are well reproduced. A (13/27) state is observed at 0.835 MeV in experiment. However, the

13/2] state is calculated at 1.224 MeV, which is 0.409 MeV higher than the experimental one.
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Figure 1.8: Same as Fig. 1.1, but for Fr isotopes. The experimental data are taken from Refs. [16,
26,32,34,35].

Figure 1.8 shows the theoretical energy spectrum of 2!“Fr in comparison with the experimental
data [16,35]. In 217Fr, the spins and parities of the states observed at 0.209 and 0.275 MeV are not
assigned (not shown in this figure). The 7/27, 7/25, and 5/2] states are calculated at 0.182, 0.342,
and 0.462 MeV. Thus it is suggested that two of these states correspond to the experimental states
at 0.209 and 0.275 MeV. The experimental energy levels of high-spin states, 13/27, 15/2;, 17/27,
21/27, and 25/2] states, are not reproduced well in comparison to other Fr isotopes. These states
look like members of a quadrupole vibrational band on the ground 9; state. In the present analysis
of adjusting the two-body effective interactions, we have not included 2'”Fr since it is a complicated
system with five valence protons and two neutrons. The quadrupole-quadrupole interactions between
like particles and/or the hexadecapole-hexadecapole interactions between a neutron and a proton
might be necessary for a better reproduction.

Figure 1.8 shows the theoretical energy spectrum of 2'4Fr in comparison with the experimental
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data [16,26]. In 2'*Fr, low-lying negative parity states are well reproduced. The (87) state observed
at 0.122 MeV is a spin-gap isomer with a half-life of 3.35(5) ms [16]. This state disintegrates only
by the a-decay. The 07, 17, ---, 97 states mainly consist of the (rgg o ® Whg/2f7/2) configuration.
The 67, 7;, and 9; states, which are connected to the 8] state by E2 or M1 transitions, are
calculated higher than the 8 state. As mentioned above, the calculation reproduces the situation
that the 9, state is slightly higher than the 8] state. The 97 state is indeed unfavored in the
(Vg9/2 ® Whg /2 f7/2) configuration, in which at least one proton pair with angular momentum 0
have to be broken in the Ohg/y orbital. The 105, 11, 127, -+, 15] states are admixtures of the
(vgg/2 ® Whg/z) and (vgg/2 ® Whg/2f7/2) configurations.

Figure 1.8 shows the theoretical energy spectrum of 2!Fr in comparison with the experimental
data [16,34]. In 2'6Fr, the spin-parity of the state observed at 0.142 MeV is assigned as (07,17,27).
The 07, 15, and 2, states are calculated at 0, 0.129, and 0.172 MeV, respectively. Thus it is inferred
that the spin-parity of the state at 0.142 MeV is 1~ or 27. The experimentally observed (97) state
with an unknown energy is calculated at 0.117 MeV.

Calculated results for B(FE2) values and electromagnetic moments of Fr isotopes are given in
Tables 1.14 and 1.15 in comparison with the experimental data [16, 26, 32]. The experimental
B(E2;19/2] — 15/27) value of ?'°Fr is 0.6(4) W.u. The calculated B(E2) value of the same
transition is 17.221 W.u., which is much larger than the experimental one. The 15/25 state is calcu-
lated 0.181 MeV higher than the 15/2] state. The B(E2) value from the 19/2] state to the 15/25
state is calculated as 0.015 W.u. Therefore the calculated 15/2] and 15/2; states might be largely
admixed. The electromagnetic moments are well reproduced except for the magnetic moment of
the 117 state in 2'Fr. The magnetic moment of the 11] state is calculated as 2.982 uy. It is thus
difficult to resolve the discrepancy even if the 111 and 117 states are reversely predicted in our
calculation. However, it should be noted that the experimental 117 state is ambiguous with respect

to spin and parity.

1.4 Discussion

In this section, structure of some even-even nuclei is investigated. The expectation numbers of
pairs for the yrast states are calculated using the pair-truncated shell model (PTSM) [36-38]. In the
present scheme, the building blocks are angular momenta zero (S), two (D), and four (G) collective

pairs, and also non-collective (H) pairs. The S, D, and G pair-creation operators are defined as

ST=3"a; A1 (j3), (4.1)
J
DYy =" 85 ALY (ij2), (4.2)
J1J2

Glr = 1Al (i), (4.3)

J1jz
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Table 1.14: Same as table 1.3, but for Fr isotopes. The experimental data are taken from Refs. [16,
26, 32].

B(E2)

215 y Expt. Calc.
5/27 — 9/27 16.474
/27 = 9/27 3.610
7/25 —9/27 20.475
13/27 — 9/27 17.350

19/27 = 15/27 | 0.6(4) 17.221
19/27 — 15/25 0.015

23/27 — 19/27 | 12(5)  14.100
27/27 —23/27 | 1.1(8)  6.365

27/25 — 23/27 0.002
217 Ry Expt. Calc.
5/27 —9/27 28.245
7/27 —9/27 1.883
7/25 —9/27 32.920
13/27 — 9/27 28.429
24y Expt. Calc.

5, — 31 3.336
8, — 97 4.374
157 — 137 | 0.68(24) 0.221
216y Expt. Calc.

3, =17 1.372
5, =31 5.789

where the pair creation operator of two nucleons in the orbitals j; and jo with total angular mo-

mentum J and magnetic quantum number M is constructed as

()
I . .
A;f\g )(j1]2) = [CLC;Q}M . (4.4)
The structure coefficients «, 5, and v are determined by variation.
The H pair creation operators for neutrons are defined as
(
R A
o } K =0,2,4,--- 14,
| Jis/2 "Ji5/2 M
HE) ) ()
Hip' =4 ey Choa] - K =0.2,4,6.8, (4.5)
_ng/z ci11/2:| M K = 17 27 37 ) 107
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Table 1.15: Same as table 1.4, but for Fr isotopes. The experimental data are taken from Refs. [16,
26, 32].

Iz Q
215 Expt. Calc. Expt. Calc.
7/27 +4.010 —0.664
9/27 +3.690 —0.183
11/27 +3.546 —0.329
13/27 +4.089 —0.366
19/27 3.1(9) +2.560 —0.771
23/27 | 3.8(12) +2.211 ~1.001
217Fy Expt. Calc. Expt. Calc.
7/27 +4.084 —0.878
9/27 +3.625 —0.464
11/27 +3.705 —0.627
13/27 +4.165 —0.577
24 Fy Expt. Calc. Expt. Calc.
17 +0.232 +0.119
81 +2.145 —0.610
97 +2.472 —0.608
147 +8.5(4)  +7.412 —0.318
145 +6.013 —1.339
117 | +5.62(7) +1.905 0.82(22) —0.874
113 +2.982 —1.217
216y Expt. Calc. Expt. Calc.
17 +0.275 +0.138
37 +0.743 +0.277
5, +1.414 —0.059

and those for protons are defined as

R A
o e } K =0,2,4,---,12,

| “t1s/2 “hissz | g

giE =) [ T}(K)

e LK =0,2,4,6,8, (4.6)
L "t9/2 9/2 M

R
c c , K=1,2,3,---,8.
| “hos2 “fry2] 5y

Using the S, D, G, and H pair-creation operators, a many-body wavefunction of like nucleons can
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Figure 1.9: (a) The neutron expectation numbers of collective pairs for 212Po and 2!4Po. The S,
D, and G indicate S-pair, D-pair, and G-pair, respectively. (b) The neutron expectation numbers
of non-collective (gg/Q)Q—pair [(99/2)2] and gg /2011 /2-Pair (g9 2711/2). The definitions of noncollective

pairs are given in the text. (c¢) The proton expectation numbers of collective pairs for 212Po.

be constructed as
w(In)) = (sH)" (D)™ (&N (HN)"™" |-). (4.7)

The number of valence nucleon pairs, ns+nq+mng+mny, is fixed for a specific nucleus. The Hamiltonian
for this truncated space (PTSM space) is set identical to the present shell-model Hamiltonian. The
consistency between the results with the two methods (SM and PTSM) was discussed concerning the
energy levels of the 82Se nucleus up to 6 MeV in Ref. [39]. In Ref. [40] the energy levels of the 2°*Rn
nucleus up to 3.5 MeV in the SM are compared with those in the PTSM. The good correspondence
between the SM and the PTSM is seen.

Figure 1.9 shows the expectation numbers of pairs for the yrast states up to spin 10 in 2'2Po. This
nucleus is a system with two neutrons and two protons outside the doubly magic core 2°8Pb. It

is seen that the proton wavefunction mainly consists of the S-pair, and the contributions from the
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Figure 1.10: The same as Fig. 1.9, but for 2'“Rn and 2'5Rn.

D-pair and the G-pair are small for all the spins. The maximum contribution except from the S-pair
is 0.357 pairs of the D-pair in the 2] state. Thus the total excitation is mainly determined by the
neutron part. Up to the 8] state, the states consist of the (z/gg/gﬁ+ (I =0,2,---,8) configuration.
One neutron needs to be excited to the 0iq; /o orbital to make the IOT state since the maximum spin
of two neutrons in the 1gg/, orbital is eight. Therefore, the 107 state consists of the (V992711 /2)10+
configuration. In this mass region, the strength of the neutron monopole-pairing is smaller than that
of protons. Thus the configuration mixing of neutrons is preferred.

Figure 1.9 shows the expectation numbers of pairs for the yrast states up to spin 10 in 2'Po. This
nucleus is a system with four neutrons and two protons outside the 2°8Pb core. Similar to 2*2Po, the
proton part mainly consists of the S-pair for all the spins. For the neutron part, the ground state
consists of two neutron S-pairs. For the I™ = 2f, 6?, 8;’, and 10;r states, two neutrons are coupled
to the S-pair, and the other two neutrons are coupled to pairs with spin I. For the 2 state, the
expectation numbers of the neutron D-pair and the proton D-pair are 0.787 and 0.349, respectively.

This result means that the 2] state mainly consists of the neutron D-pair. For the 4] state, the
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expectation numbers of the neutron D-pair, the neutron G-pair, and the proton D-pair are 0.623,
0.462, and 0.291, respectively. Thus it is inferred that the 4] state consists of mixtures of two types
of pair structures. The first one consists of one neutron S-pair, one neutron D-pair, and one proton
D-pair which are coupled with spin 4 [S, (D, Dy )4+]. The second one consists of one neutron S-pair,
one neutron G-pair, and one proton S-pair (S,G,Sr).

Figure 1.10 shows the expectation numbers of pairs for the yrast states (except 67 and 8%) in
214Rn. Those numbers for the 65 and 87 states are shown instead of those for the 61 and 8] states,
which are reversely reproduced in order in the PTSM calculations, compared to those in the SM
calculations. This nucleus is a system with two neutrons and four protons outside the 2°Pb core.
For all the spins, four protons are coupled to the S-pairs and the spins are mainly determined by the
neutron part. Similar to ?!2Po, the yrast states up to spin 8 consist of the (vgqg /2)§+ configuration
and the 10] state consists of the (Vg9/2711/2)10+ configuration.

Figure 1.10 shows the expectation numbers of pairs for the yrast states in 2!°Rn. This nucleus
is a system with four neutrons and four protons outside the 2°Pb core. Similar to the other three
even-even nuclei, 212Po, 2'4Po, and 2!*Rn, the ground state consists of two neutron S-pairs and two
proton S-pairs, and the 2] state mainly consists of one neutron S-pair, one neutron D-pair, and
two proton S-pairs. For the 4f state, the expectation numbers of the neutron D-pair, the neutron
G-pair, and the proton D-pair are 0.810, 0.330, and 0.582, respectively. The 4f state has a similar
structure with the 4] state in 2'#Po. The structure of the 6] state, however, is different from
the other three nuclei. The expectation numbers of the neutron D-pair, the neutron G-pair, and
the neutron (g9/2)§+—pair are 0.811, 0.492, and 0.135, respectively. The expectation number of the
neutron (go /2)§+ -pair is small and that of the neutron D-pair is large compared to the other three
nuclei. This indicates that the nucleus shows an aspect of a collective feature.

The low-lying nuclear structures of nuclei with a few valence nucleons outside the doubly magic
core 298Pb are generally determined by the single-particle motion of the valence nucleons. However,
as the number of valence nucleons increases, collective features appear. The collectivity of 2!°Rn is
also seen in the energy spectrum as discussed in Sec. 1.3.5.

A specific feature of even-even nuclei in this mass region is the narrow energy gap between the
67 and 8] states (e.g. see 2!°Pb in Fig. 1.1). This small energy gap occurs due to the alignment of
two neutrons. In this mass region, the yrast states up to spin 8 in even-even nuclei consist of the
two neutrons in the 1gg/p orbital. In the 81 state, the spin of two neutrons in the 1gg /2 orbital is
stretched and the energy of the 8;“ state is lowered. However, the narrow energy gap between the

67 and 8] states is not seen in 2'Rn anymore (see Fig. 1.7).

1.5 Summary

In the present study, the large-scale shell-model calculations have been carried out for even-even,

odd-mass, and doubly odd nuclei of goPb, g3Bi, g4Po, g5At, sgRn, and g7Fr isotopes in the neutron
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rich region around the double magic 2°®Pb nucleus.

For neutron single-particle levels, seven orbitals above the magic number 126, 1gg /2, 0711 /2, 0J15/2,
2ds /2, 3512, 1g7/2, and 2d3 5 orbitals, have been taken into account. For proton single-particle levels,
all the six orbitals in the major shell between the magic numbers 82 and 126, Ohg /2, 1f7/2, 0iy3/2,
2p3/2, 1f5/2, and 2py /5 orbitals, have been taken into account. The particle number dependence of
the single-particle energies of the neutron 0j;5,2 and 0iqy /o orbitals and the proton 0iy3,5 and 1f7/2
orbitals have been assumed. They are changed linearly so as to reproduce the energy levels of low-
lying states of the odd-mass nuclei. As for the effective two-body interaction, higher multipole-pairing
interactions among like nucleons and the quadrupole-quadrupole interaction between neutrons and
protons are employed in addition to the conventional pairing interactions. Only one set of the
strengths of the two-body interactions has been adopted in all the nuclei considered.

Energy spectra, F2 transition rates, magnetic moments, and electric quadrupole moments have
been calculated and compared with the experimental data. Good agreements with experimental
data have been obtained not only for even-even and odd-mass nuclei, but also for doubly-odd nuclei.
Comparing our results and the experimental data, spins and parities of experimentally ambiguous
states have been suggested.

Nine isomeric states are analyzed in terms of the shell-model configurations. Four isomeric states
appearing in this region are classified as the spin-gap isomers, which do not take gamma transitions
with low-spin changes, such as E2 or M1 transitions, because of the large spin difference between
initial and final states. The other five states become isomers even if they decay by the F2 transition.

They become isomers since the energy gaps between the initial and final states are small.
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Chapter 2

One octupole-phonon model in the
proton-rich region of 2'*Pb

2.1 Introduction

Octupole correlations play an important role in determining the low-lying structure of nuclei
throughout the periodic table [41,42]. Nuclei around the double-magic nucleus 2°®Pb provides an
ideal laboratory to study the concept of octupole-phonon vibrations in nuclear systems because the
first excited 3~ states of these nuclei have long been interpreted as collective one-octupole-phonon
states. In fact large electric octupole transition probabilities between low-lying 3~ states and the
ground 07 states have been experimentally observed in 2°®Pb [43,44], 206Pb [45,46], and 21°Pb [47].
High-spin alternating parity band was also discovered in ?'Rn [48]. Microscopically, they result
from the long-range, octupole-octupole interaction between nucleons occupying pairs of orbitals
with Aj = 3 and Al = 3. One-octupole-phonon and multi-octupole-phonon excitations around
208Ph have been studied in theory by many authors [20,49-56].

The nuclear shell model is one of the most successful models in nuclear structure. In our previous
studies [1,14,15,57], low-lying states in the mass number A = 130 and 200 regions were systematically
reproduced in the nuclear shell model. The octupole-phonon states which arise from one-particle
one-hole excitations across the magic cores were excluded in the previous framework of the nuclear
shell model, where the number of the shell-model configurations was limited due to the computational
feasibility.

The octupole vibration and deformation are closely related to the parity (P) odd nuclear moments.
The nuclear Schiff moments and the magnetic quadrupole moments can be largely enhanced in
deformed nuclei, for example 22°Ra [58], 16* Dy, and 2*"Np [59]. Moreover, an additional enhancement
mechanism due to the coexistence of collective quadrupole and octupole modes was suggested, and
the effect has been confirmed in RPA-based calculations [60,61]. Another enhancement mechanism
of the C'P violating interactions due to a-cluster structures is expected in light nuclei [62-64].

In spherical nuclei the nuclear Schiff moment of 2Xe [65-67] and nuclear dipole moments of
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129Xe [68,69] and 199Hg [70] are precisely calculated in the nuclear shell model.

In this paper the shell-model states and one-octupole-phonon states are unified by introducing an
octupole phonon, which is helpful to identify the octupole vibrational states based on the shell-model
configurations. The model is applied to various nuclei around the 2°®Pb nucleus.

This paper is organized as follows. In Sec. 3.2 theoretical framework is given where the collective
octupole phonon (f-boson) is introduced. In Sec. 2.3 numerical results are given. Finally summary

is given in Sec. 3.4.

2.2 Theoretical framework

A phenomenological model is introduced in this paper to describe collective octupole-phonon
excitations based on the shell-model (SM) states. In this model a collective octupole-phonon (f-

boson) weakly couples with each shell-model state. The total Hamiltonian reads
E[ZE[SM—FI;[f—FﬁSM,f, (2.1)

where Hgy is the shell-model Hamiltonian for valence neutrons and protons. The explicit form of the
shell-model Hamiltonian and the strengths of the interactions are given in Ref. [15] for the neutron
number N < 126 and in Ref. [1] for N > 126. In these works, the shell-model configurations involve
all the valence nucleons and all the single-particle orbitals in each one-major shell.

The f-boson one-body Hamiltonian is given as
ﬁf = e’;“ffT . f, (22)

where fT and ﬁ = (=1)37#f_, are the f-boson creation and annihilation operators, respectively,
with angular momentum 3 and negative parity. As will be discussed in detail, the single f-boson
energy ¢ is introduced as a phenomenological parameter.

The interaction between one f-boson and each shell-model state is simply assumed to be a dipole-

type with a coupling constant «:

I:[SM—f =« ISM-Lf, (23)
where Isyr indicates the angular momentum in the valence space and Ly is the angular momentum
of the f-boson that is defined as

(1

LS}) — V14 [fo] (2.4)

This dipole-type interaction represents the Coriolis force that does not admix the pure shell-model
states with the one-octupole-phonon excited states. Then f-boson state coupled with each shell-

model state is explicitly constructed as

IETY = (1) @ D)l (2.5)
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where |I])q,, is the kth eigenstate with spin I and parity m of the shell-model Hamiltonian within
the valence space. Here the shell-model states |I])y,, are given by diagonalizing the shell-model

Hamiltonian as
E[SM ‘[IDSM = ESM(II?) |II7CT>SM . (2-6)

The total angular momenta J of the f-boson state coupled with the shell-model I} state are given
by

J=|I-3|, [I-3]+1, ..., I+3. (2.7)

It should be noted that the f-boson state coupled with the shell-model I state has the opposite
parity to the corresponding shell-model state. The energy of the f-boson state coupled with the

shell-model I} state is given as
1
E(I7;J) = Esm(I;) +e¢ + 3¢ [J(J+1)—I(+1)—12]. (2.8)

As for the single f-boson energies ¢y, the excitation energies of the 3] states are adopted if they
are experimentally known. Those values are €5 = 2.648 and 1.870 MeV for 2°%219Pb, respectively,
and ey = 2.387, 1.537, and 1.275 MeV for 210:212:211pg  respectively. For other nuclei where any 3~

states are not observed, linearly optimized values with mass number A given in MeV as

e; = —0.121A + 27.3, (2.9)

are employed. Here the neutron-closed, proton-closed, and deformed nuclei are excluded in the
process of optimization.

Fig. 2.1(a) shows the ratio (Ry/5 = E(4])/E(2])) of the excitation energy of the experimental 47
state to that of 2] state. In the lead region the value is in between one and two, indicating that these
nuclei are spherical. In heavy Ra and Th isotopes, the ratio changes from two to 3.3, which indicates
that these nuclei exhibit vibrational to rotational nature as the valence neutron number increases.
Fig.2.1(b) shows the experimental excitation energies of the 3] states. It is shown in the figure that
there is a strong correlation between two quantities (R,/o and E(3;)). The deformation feature
appears in the A > 224 region, whose nuclei are not treated in the present paper. As for the Coriolis
coupling strength, an optimum choice is & = —0.02 MeV throughout all the nuclei considered.

The electric octupole (E3) transition operator is simply given as

O =es (£ = J2) (2.10)

where ey represents the effective charge of the collective f-boson. Here it is assumed that the
contributions to E3 transition probabilities from valence nucleons are small, compared with the

collective contributions. The reduced transition probabilities are then given by

B(E3; (In; J) 5 — Ijy) = €} 61,0001 (2.11)
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Figure 2.1: (a) Ratio of the excitation energy of the 4] state to that of the 2] state, and (b)
Excitation energies of the 3] states for proton-closed (red), neutron-closed (green), deformed (violet),
and other open-shell (blue) nuclei. The dot-dash line indicates the single f-boson energy cf as a
function of mass A. A more detailed discussion on the optimized parameters of the single f-boson

energy €y is given in the text.

As shown in Table 2.1, large B(E3) values of the ground 07 states to the 3] states are measured with
good accuracy for 2°5Pb [45,46], 298Pb [43,44], and ?1°Pb [47], which demonstrates the collective

nature of the 37 states.

2.3  Numerical results

As noted in the formalism, the shell-model I} state indicates |I])gy, while |I];J), is referred
to as the f-boson J™' state coupled with the shell-model I state. Here the f-boson state has the
opposite parity 7’ to the parity m of the corresponding shell-model state.

In the following calculations it should be noted that in the case of 2°6:210Ph and 2!°Po the shell
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Table 2.1: Experimental B(FE3) values in units of W.u. Excitation energies (Exc.) are given in units
of MeV. The Weisskopf unit for the electric octupole transition is given as Bs,(E3) = 5.940 x 1072 A?
in units of e2fm® [42]. In the last column type of each electric octupole transition is given. Ambiguous

type is enclosed in parentheses.

JT Exc. I~ Exc. B(E3;J" — I™ Type
206py | 3~ 2.648 | 0T 0 36 (2) [45,71] collective
7 2.200 4t 1.998 0.28 (3) [71] non-collective
7 2.200 4t 1.684 0.361 (8) [16] non-collective
127 4.027 | 9~ 2.658 0.137 (12) [71] non-collective
208ph | 3- 2615 | OF 0 34.0 (5) [43,44,72] collective
20py | 3— 1.870 | 0F 0 26 (6) [17,47] collective
3 2.828 0t 0 14 (4) [17,47] (collective)
11— 2512 | 8+ 1.278 21 (2) 73] (collective)
24Rn | 137 2676 | 10T 1.928 44 (8) [74] collective
227¢ | 18* 2250 | 15 1.605 24 (1) [75] *! collective
227 3506 | 197 2.264 29 (9) [19,75] collective
25~ 4772 | 22T 4.547 26.8 (14) [19,75,76] collective
2py 11T 0.638 8~ 0.122 10 (4) [26,77] (non-collective)
4= 1.661 | 11T  0.638 25 (5) [26,77] collective

model configuration space involves only two-particle (hole) configurations. However, in the case of
212,214pg and also Rn, At and Fr isotopes the shell-model configuration space includes all particles
in the valence shells.

Figure 2.2 shows the energy spectra of goPb isotopes (2°% 219Pb). The 2°Pb nucleus consists of
two valence neutron holes out of the doubly magic core of 2°Pb. The valence space consists of six
neutron orbitals, 2py 2, 2p3/2, 1f5/2, 1f7/2, Ohg/2, and 0iy3/5. Thus, the lowest spin among all the
negative parity states in the valence space is two, and the 1~ states were out of the shell-model
configurations. As shown in Fig. 2.2, the experimental negative-parity states with spin 2 and spin 3
cannot be described in the shell-model framework either. In fact, the shell-model 2] and 3] states
are predicted at 5.735 MeV (not shown in the figure) and 4.660 MeV, respectively. Without any
kinds of core-excitations, low-spin negative-parity states cannot be reproduced.

In the present framework, where collective octupole-phonon excitations are taken into account,
the one-to-one correspondence between theory and experiment for all the negative-parity states with
spin I < 3 is well retained with the single f-boson energy as ey = 2.648 MeV. As shown in Table 2.1,
the experimental B(E3) value from the 7] state to the 4] state, and that from the 127 state to

the 97 state, are both one order of magnitude smaller than the single-particle estimate. In fact our
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Figure 2.2: Theoretical energy spectra including collective octupole-phonon (f-boson) excitations for
PD isotopes in comparison with experimental data [16,17,71,73]. As for the f-boson states indicated
with filled circles, only the lowest state for each spin-parity is displayed unless the corresponding
state is observed. The 17, 27, 37, 47, and 5~ states in 2°Pb and the 3, state and 5, state in

210Ph are ones of the exceptions.

calculation suggests that the 7] and 127 states correspond to the pure shell-model states, which are
not related to the octupole-phonon excitations.

The 2'9Pb nucleus consists of two valence neutrons out of the doubly magic core of 2°8Pb. Exper-
imental energy levels and electromagnetic properties of low-lying states were well reproduced in the
previous shell-model study except for the 3] state observed at 1.870 MeV [1]. The most plausible
explanation for the 3] state is that this state is the one-octupole-phonon excitation across the 2°8Pb
core on top of the ground 0T state. Recognizing that the 3] state is a collective octupole-phonon
excited state (f-boson state), a number of f-boson states, not only on top of the ground state, but
also on top of other shell-model states such as the 2] and 4] states, should be observed. The energy
difference between such kind of an f-boson state and the corresponding shell-model state should
be not so much different from the excitation energy of the 3] state if the f-boson state and the
shell-model state are weakly coupled. It is indeed assumed weak in this work.

In the present framework, there should be an f-boson 3~ state coupled with the shell-model 2
state, which is predicted at 2.753 MeV with the configuration of [| f) @ [21)] @) n the previous shell-
model calculation [1], the 3; was predicted at 2.682 MeV with the configuration of (vgg/2j15/2). The
experimental B(E3) values in Table 2.1, some of which were obtained by Coulomb excitations [17,47],
are helpful to identify the structure of the experimental 3; state. It is shown from Eq.(2.11) that
the theoretical B(E3) value from the f-boson 3~ state to the shell-model 0}
zero if the f-boson 3~

state should be exactly

state is excited from the shell-model 2] state. Taking into account the above,
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we have the following assumption for the experimental 37, 3, and 3; states as

30) =alfeof)+ B3 gy (3.1)
35) =B1r@0}) —al3i gy (3.2)
‘%> =|f@20) (3.3)

where o? + 32 = 1. Here the coefficients o and 3 may be calculated through the octupole-octupole
interaction between the valence nucleons and the octupole phonon. In this case a sum rule is obtained
through Eq. (2.11), B(E3;3] — 0) + B(E3;3; — 07) =€} .

Another possibility is that the experimental 37 and 3; states arise from two different kinds
of collective-octupole modes with respect to neutron and proton degrees of freedom, namely f,
and fr. In fact there should be two kinds of excitations expressed as |f1) = «|f,) + B|f) and
|f2) = B|f.) — a|fr) where a? 4+ 32 = 1. However, this possibility is low, considering the fact that in
208Ph the 3] state appears at 2.615 MeV, but the 3; state appears at 4.051 MeV, which is rather
high in energy. In order to avoid the complexity, this possibility is not discussed further, but left as
a future problem. In this paper only one kind of collective mode characterized by the first 3~ state
is assumed.

210,212, 214pg) . The ?'1%Po nucleus consists of

Figure 2.3 shows the energy spectra of g4Po isotopes (
two valence protons in the shell model. In the previous shell-model study [15], the experimental 3,
(115), (127), 137, and 14] states and some 5, 6, and 7~ states were not reproduced. Adopting the
excitation energy of the experimental 3] state as the single f-boson energy ¢, all the experimental
57,67, 77, and 11~ states are well reproduced except for the 5] state. The 5] state is supposed
to have nature of a single-particle excitation across the core. Here it should be noted in mind that
the experimental 5] state appearing at 3.198 MeV in 2°*Pb. In contrast neither of the (12]), 13,
and 14; states are reproduced in the present framework. The f-boson 127, 137, and 14~ states
are actually predicted more than 6 MeV higher in energy (not shown in the figure). These high-
spin states seemingly have nature of single-particle excitations across the core on top of the pure
shell-model states. For example, the 14] state is so constructed that the lowest 6~ particle-hole
excitation across the core is coupled to the shell-model 8] state. The excitation energy of 6~ state
in 2%Pb is 3.920 MeV. Therefore 5~, 4~, and 6~ one particle-one hole excitations are necessary for
the description of the (127 ), 137, and 14] states

For 212Po, the negative-parity states with spins lower than 11 were reported by the EUROBALL
collaboration [23,24]. The authors assumed that the (37 ), (57 ), (71 ), and (97 ) states mainly consist
of one-octupole-phonon excitations based on an analogy of the shell-model study in 48Gd [78].
In the previous shell-model calculations of 2'2Po [1], all the negative-parity states were predicted
high in energy compared with experiment. The shell-model 3] state was calculated at 2.430 MeV
whereas the experimental 3, state is observed at 1.537 MeV. Adopting the excitation energy of the

experimental 3] state as the single f-boson energy ey, not only the experimental (37), (57 ), (77 ),
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Figure 2.3: The same as Fig. 2.2, but for Po isotopes. The experimental data are taken from Refs.
[16,17,19,23-26] .

and (97 ) states, but also the (117 ) and (137 ) states are well reproduced.

In contrast it is impossible in the present study to reproduce the low-lying (47), (67), and (87)
states just below the excitation of 2 MeV. Based on enhanced E1 transition probabilities, the EU-
ROBALL group pointed out that these states may have o + 2°%Pb cluster structure, which are out
of the present framework. A further study is necessary to draw a definite conclusion.

Concerning the 2'4Po nucleus in Fig. 2.3, the experimental 17, (27), and (3]) states were out of
the shell-model framework [1]. In the present calculation with the f-boson they are reproduced with
the single f-boson energy as ¢y = 1.275 MeV, where the excitation energy of the experimental 3
state is adopted. The first f-boson 27 and 1~ states, and the second 1~ state are coupled with the
shell-model 2?, 2?, and 41F states, respectively.

Figure 2.4 shows the energy spectra of gsRn isotopes (>4 2'°Rn). In 2! Rn and ?'5Rn, 3~ states
have not been observed to date. In 2'#Rn a low-lying state with unassigned spin and parity is

observed at 1.331 MeV (not shown in the figure), which is rather high in energy for the positive-
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Figure 2.4: The same as Fig. 2.2, but for Rn isotopes. The experimental data are taken from Refs.
[16,26,34].

parity states predicted in the previous shell-model framework. Thus this state is presumed as the
collective octupole-phonon excited state. As for the single f-boson energies, linearly optimized values
of e = 1.406 MeV and 1.164 MeV in Eq. (2.9) are adopted for 2'“Rn and ?'®Rn, respectively. The
shell-model 117, 137, 197, 20, and 22 states of 2!4Rn were calculated [1] slightly high in energy
in comparison with experiment. In the present framework with f-boson, the experimental 137, 197,
(207), and 22] states are preferably reproduced. The experimental B(E3;13; — 10) value of
44(8) W.u. shown in Table 2.1 is considerably larger than the single-particle estimate. Therefore it
is inferred that the experimental 137 state mainly consists of the f-boson state, [|f) ® [107)] (19,

The experimental (18)~ state at 3.579 MeV with ambiguity in spin cannot be well reproduced both
in the previous shell-model calculation and the present framework with f-boson. A two-octupole-
phonon state on top of the shell-model 127 state at 2.389 MeV may correspond to the (18)~ state.

In 216Rn, the 137, 157, 17,7, and 197 states were observed through the 2°Pb (120, 2a2n) re-
action [48]. These negative-parity states and the 161F state at 3.238 MeV are well reproduced in
the present framework. The first f-boson 137, 15~, 177, 197, and 16™ states are so constructed
by the octupole-phonon excitation on top of the shell-model 107, 12, 141, 16], and 13| states,
respectively.

Figure 2.5 shows the energy spectrum of 2}2At. One of the almost degenerate (127) and (127)
states (at 1.262 MeV and 1.283 MeV), and the (13]) state are well reproduced in the present
framework. As shown in Table 2.1, B(E3) values larger than 20 W.u. are measured for the (187),
(227 ), and (25; ) states, which demonstrates that these states are mainly constructed by the collective
octupole-phonon excitations. In the present framework with e; = 1.648 MeV, some f-boson 18*
and 22~ states appear close to the experimental (18] ) and (22]) states in energy. In contrast, the

(257 ) state cannot be reproduced in the present framework. The (25]) state with ambiguity of
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Figure 2.6: The same as Fig. 2.2, but for 21“Fr. The experimental data are taken from Refs. [16,26].

spin-parity can be thought to be a two-octupole-phonon state on top of the one-octupole-phonon
221 state predicted above 4.273 MeV. Spin and parity of the (25 ) state should be confirmed in
experiment.

Figure 2.6 shows the energy spectrum of 2i3Fr. Low-lying (117) and (12%) states are well re-
produced. In the present framework, the (11]) state, where B(E3;11t — 87) 10(4) W.u.

is observed, preferably corresponds to the shell-model 11? state. The neutron configuration of

the shell-model 117 state comsists of the (vj;5 /2) orbital while that of 8, state consists of the
(vgg/2) orbital. The experimental B(E3) value is not so different from the single-particle estimate
of B(E3;0j15/2 — 1g9/2) = 4.84 W.u. , assuming the neutron effective charge of e, = e. Another

possibility is to assume that the experimental 117 and 115 states are mixtures of the shell-model
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117 state and the first f-boson 11% state as

‘E>=a\f®8;>+ﬁ\111+>8M (3.4)
‘ng>:6‘f®8f>—a‘1lf>SM (3.5)

where a? + 5% = 1.

As shown in Table 2.1, the value of B(E3;14~ — 117) = 25(5) W.u. is reasonably large so that the
(147 ) mainly consists of f-boson states. In the present framework, the lowest two f-boson 14~ states
and the shell-model 14] state are calculated approximately at the same energy of the experimental
(147 ) state. However, the higher f-boson 14~ state is excluded since this state is constructed by an
octupole-phonon excitation on top of the shell-model 12] state and then it cannot contribute to the
E3 transition (see the discussion on the 3, state of 2!°Pb). In contrast, the lower f-boson 14~ state
is constructed on the shell-model 117 state, and then cause a large E'3 transition to the shell-model
117 state. In conclusion, it is inferred that the (14]) state is a mixture of the f-boson 14~ state
coupled with the shell-model 117, and the shell-model 14] state.

Through the present study, it is found that, among the experimental states whose B(E3) values
were measured, the 37 state of 200Pb, the 3] state of 2°®Pb, the 3] state of ?19Pb, the 13] state
of 214 Rn, the 18], 227, and 25, states of 212At, and the 14 state of 2'*Fr are mainly constructed
by the collective octupole-phonon excitations. Using these experimental B(E3) values, the effective

charge of the collective f-bosons is evaluated as
e3 = (8.14£0.7) x 10* e*fm°, (3.6)

which corresponds to 31 & 2.7 W.u. for the B(E3;3~ — 071) transition with A = 208.

2.4  Summary

A model is proposed for the octupole vibrational states based on the nuclear shell model. In this
model, one-octupole-phonon representing the collective octupole vibration across the magic core is
introduced onto the microscopically calculated shell-model states. The model is applied to various
nuclei around 2°®Pb nucleus. Both pure shell-model states and octupole vibrational states are well
reproduced. The type of each electric octupole transition is classified by either collective or non-
collective nature. The electric octupole transition probabilities between the octupole vibrational
states and the pure shell-model states are consistent with the simple estimate in Eq. (2.11). The
effective charge for the f-boson is obtained in comparison with the experimental data.

In this work we have introduced only one-octupole-phonons. There is some indication of two-
octupole-phonon states. For instance in 24Rn, a two-octupole-phonon state coupled with the shell-
model 127 state may correspond to the (18)] state. Two-phonon states should be included in the
future. Also we need to introduce other high angular momentum excitations such as 5~ and 47,
which have energies of 3.197 and 3.475 MeV in 2°8Pb. In this work we have only considered the
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Coriolis coupling between the shell-model states and the octupole phonon states. The model needs
to be expanded by introducing other effective interactions that couple both the pure shell-model

states and the f-boson states coupled with the shell-model states.
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Chapter 3

Shell-model study in the southwest region of
208Pb

3.1 Introduction

Nuclear shell model is one of the most successful models to study the nuclear structure. All the
energy levels can be described with reliable effective interactions and enough large model spaces. A
nuclear effective interaction for the southwest region of 2°8Pb (Z < 82, N < 126) was developed by
Kuo and Herling in the G-matrix prescription of realistic N N-interactions (Ref. [8] and references
therein). The realistic effective interaction has been modified thanks to the revision of single-particle
energies and newly observed levels since the original work in 1971 [79-81].

Experimental energy levels are successfully reproduced in shell-model calculations with the use of
revised two-body matrix elements for 202:204,206 7 [82-84], 202204206 g [81,82,85,86], and 2°4Pt [86].
On the other hand, recent experiment gives new levels and electromagnetic transition strengths also
in 291Hg [87], 201:292p¢ [88], which have not been studied in the nuclear shell model due to a large
number of configurations.

The electric dipole moment (EDM) of 1°Hg atom has been explored in the last 30 years [89-94].
The present upper limit updated in 2016 [94] is the most precise experiment among all the atoms.
The EDMs of diamagnetic atoms such as 1??Hg are contributed from the nuclear Schiff moment and
C P-odd nucleon-electron interactions through the nucleon spin. The nuclear Schiff moment of the
199Hg nucleus has been calculated using the simple shell model [95] the random phase approximation
(RPA) [96-98] and the quasi-particle RPA (QRPA) [99,100]. The numerical results of the nuclear
Schiff moment of '*’Hg are largely model-dependent. The nucleon spin of the *’Hg nucleus has
been predicted from the experimental value of the magnetic moment [101] and calculated in a pair-
truncated shell model (PTSM) [70].

In previous papers [1,15], we performed large-scale shell-model calculations for even-even, odd-
mass, and doubly-odd nuclei in the neutron deficient region of 2°*Pb (Z > 82). In those works, low-

lying energy spectra, B(E2) values, and electromagnetic moments of 56 nuclei were systematically
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reproduced.

In this paper, we study the southwest region of 2°8Pb (Z < 82, N < 126) with a multipole-
pairing plus quadrupole-quadruple interaction. First we develop a nuclear effective interaction to
reproduce the low-lying energy levels of nuclei near the doubly closed shell of 2°®Pb. Structure of
nuclei in the southwest region are revealed by comparing theoretical energy spectra, B(E2) values,
and electromagnetic moments with the experimental data.

This paper is organized as follows. The general framework of the present shell-model study is
given in Sec. 3.2. Energy spectra and electromagnetic properties are presented and compared with

the experimental data for each nucleus in Sec. 3.3. Finally this work is summarized in Sec. 3.4.

3.2 Theoretical framework

In the present paper large-scale shell-model calculations are performed for even-even, odd-mass,
and doubly-odd nuclei in the southwest (N < 128 and Z < 82) region of 2°®Pb. All the single-
particle levels in the one-major shells, neutron 2py /2, 2p3/2, 1f5/2, 1f7/2, Ohg 2, and 0iy3/5 orbitals
and proton 2sy 5, 1dg/2, 1ds/2, 0g7/2, and Ohyy /5 orbitals are taken into account. The single-particle
energies ¢, (7 = v or 7) employed in the present calculations are listed in Table 3.1. These values
are extracted from the excitation energies of low-lying states in 2g{Tll% and Q%Pbl%. It is assumed
for a better reproduction of the low-lying states in odd-mass nuclei that the single-particle energies
of the intruder orbitals, viy3/o and why; /2, depend on the numbers of valence nucleons. The values

are explicitly given in units of MeV as

€y(i13/2) = —0.07N, — 0.05N  + 1.703, (2.1)
er(h11/2) = 0.03N + 1.318, (2.2)

where N, and N, are the numbers of neutron and proton holes, respectively
A multipole-pairing plus quadrupole-quadrupole interaction is employed as an effective interaction.

The effective shell-model Hamiltonian is classified as
H=H,+H,+H,,, (2.3)

where H,, H,, and H,, represent neutron, proton, and neutron-proton interactions, respectively.

The interactions among like nucleons are expressed as

H. = ZEch;mchmT — Z G P . PE) g Q. Q. (2.4)
jm L=0,2,4,6,8,10
Detailed definitions of the interactions are given in Ref. [14].
The interaction between neutrons and protons H,. consists only of the quadrupole-quadrupole
(QQ) interaction, which is given as

H,,= _K/Vﬂ'QV : Qﬂ? (25)
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Table 3.1: Adopted single-hole energies ¢, for neutrons (7 = v) and protons (7 = 7) in units of
MeV. The single-particle energies for the neutron 0i13/, and the proton 0k /5 orbitals are changed

linearly with the numbers of valence neutrons (NV,) and valence protons (N ). The nucleon number

dependence of €, (i13/2) and e, (h11/2) are given in the text.

J o 2pi2 1fs) 2p3 )2 Oirzje Lfr2 Ohgyo
e, 0000 0570 0898  e,(isz2) 2340 3.415

J o 2812 ldzj 0h11/2 1ds 2 0g7/2
ex 0.000 0.351 Eﬂ(hn/g) 1.683 3.474

Table 3.2: Strengths of adopted two-body interactions between neutrons (v-v) and those between
protons (7m-7). Gy and G2 indicate the strengths of the monopole (M P) and quadrupole-pairing
(QP) interactions, respectively. G (L = 4,6,8,10) denote the strengths for higher multipole-
pairing (H M P) interactions. The strengths of the M P and H M P interactions are given in units of
MeV. The strengths of the QP interactions are given in units of MeV/b%, where b is the oscillator

parameter.

Go Go Gy, Gg Gsg Gy K
v-v 0.145 0.013 0.70 0.50 1.10 2.00
7 0.145 0.013 2.00 2.20 4.00 1.00 0.05

where the strength is taken as x,, = 0.07MeV /b?. Here harmonic-oscillator states are used as the
single-particle basis states with the oscillator parameter b = \/h/Tw

In this mass region, shell-model dimensions for diagonalization are too large to perform full cal-
culations without truncations. Thus it is necessary to truncate the shell-model dimensions. In this
study, the same truncation scheme adopted in Sec. IIB of Ref. [14] is taken for all the nuclei. All
calculations are performed with the truncation of L. = 500. Here the definition of L. is the same
as given in Sec. IIB in Ref. [14]. This truncation scheme is found to be sufficient for reproducing
low-lying energy levels and electromagnetic transitions among low-lying states after checking the
effect of truncation by increasing L. = 500 to L. = 1000.

In this paper, E2 transition rates, magnetic moments, and quadrupole moments are also calculated.
For E2 transition rates and quadrupole moments, the effective charges are taken as e, = —0.85¢ for
neutrons and e, = —1.50e for protons. For magnetic moments, the gyromagnetic ratios of orbital
angular momentum are taken as gy, = 0.00 and gy = 1.00, and the gyromagnetic ratios of spin are
taken as g5, = —1.91 and g, = 2.79. These effective charges and gyromagnetic ratios are adjusted
to reproduce the experimental data for single-closed nuclei on the whole. Further details of the

electromagnetic transition operators are presented in Ref. [14].



52 Chapter 3 Shell-model study in the southwest region of 2°Pb

Table 3.3: The calculated B(E2) values in units of W.u. for Tl isotopes (Calc.) in comparison with
the experimental data (Expt.) [16,71,102-105].

B(E2)
206 Expt.  Calc.
27 =07 2.22(14) 1.749
2, — 0] 0.13(4) 0.213
47 — 27 1.2(3)  3.586
(N — B)F | 1.25(8) 0

20571 Expt. Calc.
3/2f — 1/2f | 6.1(10) 7.187
5/27 —1/2f | 2.7(10) 1.805
5/27 —3/21 | 5.9(12) 6.545

2047 Expt. Calc.
(07)1 — 27 ~0.1 0.954
(47) — 27 >0.10  3.290

2031 Expt. Calc.
3/27 —1/27 | 7.93) 7.927
5/27 —3/2] | 0.55(13) 0.691
5/27 —1/21 | 9.9(10) 8.060

3.3 Numerical results

In this section, energy spectra, E2 transition rates, magnetic moments, and quadrupole moments
are given for each nucleus. For energy spectra, up to four observed energy levels from the yrast state
are shown in figures for each spin-parity. As for the theoretical states, the two lowest energy levels

are shown for each spin-parity in general.

3.3.1 TI isotopes

Figure 3.1 shows the energy spectra of g1 Tl isotopes with one to five valence neutron holes. The
206T] nucleus is a system with one neutron hole and one proton hole outside the doubly closed core of
208ph. The strength of the quadrupole-quadrupole interaction x,, = 0.07 MeV /b* between neutron
and proton is phenomenologically determined to reproduce the energy spectrum of 2°ST1. In the
present calculations the 07 state is located slightly higher than the 1] state comprise a degenerate

doublet with the (vp;/, ® sy/2) configuration. In contrast the 1] state is experimentally measured
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Figure 3.1: The energy spectra of g1 T1 isotopes compared with the experimental data [16,71,102—
105]. The 0, state in 2°°T1, high-spin states in 2°4Tl, and the (07), (1] ), and (3] ) states in 2°2T1,
were recently reported [83,84,106].
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Table 3.4: The results of magnetic dipole moments p in units of p and electric quadrupole moments
@ in units of eb for T1 isotopes (Calc.) in comparison with the experimental data (Expt.) [16,71,
102-105).

I Q
206] Expt. Calc. Expt. Calc.
(5)7 4.27(6) +5.745 +0.519
(N7 <2.45 +0.423 +0.453
2057 Expt. Calc. Expt. Calc.
1/2f +1.638 +1.247
3/2f | —0.080(45) +0.387  0.74(15)  +0.326
+0.02(12) *!
5/27 +2.2(7) +1.552 +0.443
(5/2)5 0.71(15) +4.304  —0.54(20) +0.021
5/27; +0.217 —0.072
25/2F | +6.80(10)  +5.908 +0.848
204 Expt. Calc. Expt. Calc.
27 0.09(1) —0.086 +0.173
7r +1.187(6)  +0.239 40.509
2037 Expt. Calc. Expt. Calc.
1/2f +1.622 +1.296
3/2F +0.16(5)  +0.557 +0.320
5/2F 2.6(11) +1.482 +0.072
202 Expt. Calc. Expt. Calc.
27 0.06(1) —0.185 +0.032
7r +0.90(4)  +0.297 +0.417

with an excitation energy of 305 keV from the ground 0] state.

Both the 1} and the 0] states mainly consist of the (vp; o ®7sq/9) configuration with probabilities
more than 90%. The structure of other low-lying negative-parity states are classified as follows. The
1, and 2| states, the 2, and 3] states, and the 3, and 4] states mainly consist of the (vp; ,®@7d3/2),
(Vf5/2 ® ms1/2), and (v f5/2 ® md3/2) configurations, respectively.

Theoretical B(E2) values and electromagnetic moments are compared with the experimental data
in Tables 3.3 and 3.4, respectively. The magnetic moments in the 5] and the 7] states are con-
sistent with the experimental data, whereas the B(E2;(7) — (5)) value is not. The 7{ and 5]

states mainly consist of the (vij3/9 ® 7s1/2) and (vp1/2 ® Thyy/2) configurations, respectively. The
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configurations, (vt @ 7) and (v~ ® 77), are never admixed with the effective interactions that are
employed in the present study. Thus, the 7 and 5 states are not connected in the E2 channel.
Although the present framework has its drawbacks, the dominant configurations are consistent with
another shell-model study that successfully represents the B(E2; (7)1 — (5)]) value [?]. It is then
concluded that the quadrupole-quadrupole interactions play a major role to determine the structure
of odd-odd nuclei.

In 29°T1, the experimental energy spectrum, B(E2) values, and electromagnetic moments are re-
produced well except for the electromagnetic moments of the (5/2); state, which were experimentally
measured once [108]. The authors assigned a spin-parity of 5/27 on the measured level at 2.63 MeV.
In the present calculations several 5/2% states are predicted around 2.6 MeV. The electromagnetic
moments of a calculated state at 2.823 MeV are y = 0.217 un and Q = —0.072 eb. We then conclude
that 5/27 is preferable to the spin-parity assignment of the state where the electromagnetic moments
were measured.

In 20471, a lot of states have been discovered in experiment. As shown in Fig.3.1, the energy
spectrum is systematically reproduced in this study. On the other hand, the magnetic moment of
the theoretical 71 state is more than 4 times smaller than the experimentally measured value. The
74 state predicted at 1.541 MeV has a large magnetic moment of 5.871 uy in theory. The theoretical
73 state is never mixed with the 7] for the same argument on the 77 state in 2°T1 does not decay to
the 5 state in the E2 channel. These inconsistencies may indicate that the mixing of the (v ®@71)
and (v~ ® 7 ) type configurations is crucial.

In 203T1, the experimental energy spectrum, B(E2) values, and electromagnetic moments are well
reproduced. Comparing the energy spectrum with experiment, some low-lying 11/2~ states which
are uncertain in spin-parity should be positive parity states.

In 29271, it has been repeatedly confirmed that the 7/ state is an isomeric state and the weighted
average of the half-life is 591 us [16,105]. The long half-life can be theoretically understood in the
situation that the 6] state is the lowest positive-parity state followed by the 7] state with a little
energy difference of 11 keV.

3.3.2 Hg isotopes

Figure 3.2 shows the energy spectra of ggHg isotopes. The experimental data of 2°Hg nucleus,
which has two neutrons outside the doubly closed core of 2°®Pb, is helpful to determine the two-body
interactions between neutrons. All the experimentally observed states are identified as theoretical
states in one-to-one correspondence if the spins and parities are uniquely assigned. The (IOT) state
observed at 3.723 MeV is an isomeric state with a half-life of 92 ns. This isomer is caused by the
small energy gap between the (10]) and the (8]) states and the small B(E2;107 — 8) value,
which are reproduced well as shown in Fig. 3.2 and Table 3.5, respectively. Table 4.2 shows the

electromagnetic moments of the ggHg isotopes. The magnetic moment and the electric quadrupole
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Figure 3.2: Same as Fig. 3.1, but for Hg isotopes. The experimental data are taken from ENSDF [16]
and Nuclear Data Sheets [71,102-105,109]. High-spin states in 2°%:204203Hg are reported in Ref.
[81,85,110].
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Table 3.5: The calculated B(E2) values in units of W.u. for Hg isotopes (Calc.) in comparison with
the experimental data (Expt.) [16,71,86,102-105,109].

B(E2)

206Hg Expt. Calc.

27 —of >2.7x107*  5.732
4F —2f 4.457
67 — 47 0.088
85 — 67 2.027
107 — 87 0.99(18) 0.853
204Hg Expt. Calc.

27 — of 11.96(9) 13.836
4f — 27 17.0(13) 17.375
67 — 47 20(3) 14.910
8 — 67 3.425
107 — 87 0.002
202Hg Expt. Calc.

27 —0f 17.34(14)  17.378
25 —2f 5.6(15) 5.887
25 — 07 0.087(21) 0.061
4F —of 26.5(8) 20.815
67 — 4f ~25 17.302
85 — 67 12.876
107 — 8 0.025
20lHg Expt. Calc.
1/27 —3/27 25(9) 0.000
1/25 —3/27 4(4) 23.454
1/2; —3/25 | 3(+4 =3)  0.030
1/25 —5/27 46(22) 5.674
3/25 — 1/27 10(6) 0.359
3/25 — 3/27 20(9) 0.253
5/2] — 3/2] 2.4(8) 0.414
7/25 — 3/27 10.9(5) 5.471
7/25 — 3/25 13.5(6) 3.502
7/25 — 5/25 9.4(21) 13.265
9/25 — 5/25 >0.010 15.511
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Table 3.6: The results of magnetic dipole moments p in units of px and electric quadrupole moments
@ in units of eb for Hg isotopes (Calc.) in comparison with the experimental data (Expt.) [16,71,
102-105, 109].

% Q
206Hg Expt. Calc. Expt. Calc.
27 +2.098 +0.419
4F +4.165 +0.224
67 +6.884 +0.003
8 +9.302 +0.240
107 +11.627 +0.650
57 5.45(5)  +5.186  0.74(15)  +0.557
205Hg Expt. Calc. Expt. Calc.
1/27 | +0.601  +0.306 0
204Hg Expt. Calc. Expt. Calc.
27 0.67(9)  +0.984  0.40(20)  +0.636
4f +2.731 +0.723
61 +3.635 +0.716
8 +4.082 +0.440
107 —1.359 +0.512
203Hg Expt. Calc. Expt. Calc.

5/27 | +0.849  +0.818 +0.343(36) +0.356

202Hg Expt. Calc. Expt. Calc.
27 | 40.82(6) +0.997  1.01(13)  +0.624
47 | 1.36(27)  +1.809 +0.841
6,1 +2.268 +0.992
8F +3.802 +0.845
107 —1.335 +0.756

20lHg Expt. Calc. Expt. Calc.

3/27 | —0.560 —0.396  +0.387(6) +0.366
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moment of the 5; state in 2°Hg are reproduced well in theory.
In 2%5Hg, the 13/2] state is an isomeric state with a very long half-life of 1.09 ms. The 13/2]

state is described in this study as

|*"He; 13/27)
= V0.43|viyg 2 ® 757 5) + V0.33|virg s @ 7d3y) + V0.09|virg /2 ® AT o) + others. (3.1)

Comparing this state with the configuration of the 0 state in 2°6Hg,

’206Hg; 01+>
= V047|7s7 5) + V0.35|7d3 ) + V010|783, p) + V0.07|7dZ ) + V0.02|mg7 ), (3.2)

it is found that the 13/2] state can be simply depicted as |Vi13/2> ® }QOBHg; Of> The 13/2] state is
located at the significantly low energy since the 0i;3/5 is the only positive-parity orbital for neutron.

The 13/2] state can decay to the 7/2] and 9/2] states with B(E£3;13/2] — 7/27) = 1.14(7) W.u.
and B(M2;13/2] — 9/27) = 0.00047(3) W.u, respectively. In theory, the 7/2] and 9/2] states
mainly consist of the ‘Vpl/g ® 7T(d3/2d5/2)4+> and ‘Vpl/Q ® 7r(d3/2d5/2)4+> configurations with prob-
abilities of 40.9% and 36.5%, respectively. The neutron 2p; /o orbital is not connected to the 0iy3/o
orbital in the E'3 and M2 operators, so that the transitions are very rare.

The dominant configuration in the 13/2] state, |Vi13/2 ® 775%/2>, with a probability of 43.2% can
be connected with a configuration of |V fr2 ® Ts3 /2> in the F3 channel, and with a configuration
of ‘th/g ® 71'8%/2> in the M2 channel. However, those probabilities are 0.7% in the 7/2] state and
0.2% in the 9/2] state, respectively.

In 2°4Hg, all the large B(E2) values from the 27, 47, and 6] states and the electromagnetic
moments of the 27 state are reproduced well. The (2] ) state has been experimentally observed at
1.829 MeV, but the theoretical 2] state is calculated at 3.073 MeV. It is difficult in the present
framework to explain such a low-lying negative-parity state, and positive-parity states are densely
populated around the experimental (2] ) state.

In 293Hg, all the low-lying states and the electromagnetic moments of the ground 5/2~ state are
reproduced well. Another low-lying negative-parity state has been confirmed in experiment with an
excitation energy of 0.369 MeV. M1 transitions from this state to the 3/2] state was measured in
202Hg(d, py) reaction [111]. The spin is suggested as (1/2,3/2,5/2). It is inferred in the present
calculations that the 1/25 state predicted at 0.257 MeV corresponds to the experimental low-lying
state.

In 202Hg, the excitation energies of the yrast band and all the electromagnetic properties are
reproduced well. The excitation energies of the yrare band are too high in comparison with the
experiment. Since the 2°2Hg has four neutron holes, lower single-particle levels are important in
determining the nuclear structure. In particular, the dependence of the coupling strengths on single-

particle levels, which is neglected in this study, can be crucial.
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Table 3.7: The calculated B(E2) values in units of W.u. for Pt isotopes (Calc.) in comparison with
the experimental data (Expt.) [86].

B(E2)

204py Expt. Calc.
2F —of 6.014
47 —2f 0.005
67 — 4 0.039
85 — 67 0.125
107 — 8 0.80(8) 0.102
77 — 57 | 0.017 — 0.0034 *1  0.529
7, — 5y 0.098

In 20'Hg, the B(E2) values have been measured in muonic X-ray spectroscopy [112], Coulomb
excitations [113,114], and 2°1TI electron capture decay [87]. As shown in Table 4.2, some collective

values are not reproduced in the present calculations.

3.3.3 Au isotopes

Figure 3.3 shows the energy spectra of rgAu isotopes. All the correct spins and parities of the
ground states are reproduced except for 2°°Au. In 2°°Au, the 1/ 2? state is calculated with a slightly
lower energy than the 3/2] state, which is the ground state in experiment. In 203,201,200 Ay some
low-lying states have been observed. Comparing the energy spectra between experiment and theory,
it is seen that all the excited states are reproduced well. In 20°729°Au, any B(E2) values and

electromagnetic moments have not been measured in experiment.

3.3.4 Pt isotopes

Figure 3.4 shows the energy spectra of 7Pt isotopes. In 294Pt, three isomeric states, (57), (77),
and (107), have been discovered with half-lives of 5.5 us, 55 us, and 146 ns, respectively [86]. In this
study the 5] state is the second lowest negative-parity state and the energy gap between the lowest
one (the 47 state) is as narrow as 57 keV. The long half-life of the (7] ) state, where the excitation
energy is unknown in experiment, is expected to be caused by a narrow energy gap between the 7,
and the 5] states of 17 keV and the small B(E2;7; — 57 ) value as shown in Table 3.7.

In 293Pt, the spin and parity of the ground state are assigned as (1/27) with uncertainty. In the
present study, the spin-parity of the ground state is calculated as 1/2~ and all the excited states
are predicted higher than 0.5 MeV. Thus, the spin-parity assignment on the ground state is strongly
supported.
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Figure 3.3: Same as Fig. 3.1, but for Au isotopes. The experimental data are taken from ENSDF [16]
and Nuclear Data Sheets [102-105, 109, 115]. In the recent experiment [110,116-118], the 11/27,
(11/25), (137), (15/2%)1, and 19/2] states in 29°Au, the (1/27) and (1/2]) states in 2°*Au, the
(1/23), (1/2F), and (7/2]) states and the 7/2] state in 2°LAu are discovered.
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Figure 3.4: Same as Fig. 3.1, but for Pt isotopes. The experimental data are taken from ENSDF [16]
and Nuclear Data Sheets [103-105,109,115,119]. The (1]7) and (27) states in 202Pt are reported in
Ref. [118]. The (6] ) and (8]) states in 2°°Pt are reported in Ref. [120].



3.4 Summary 63

In 202Pt, the (17), (27), (25), (47), and (7]) states have been observed with the uncertain
assignments on the spins and parities. These excited states are well reproduced in the present
calculations.

In 20'Pt, the v-ray transitions have been observed once [88]. They assigned the (5/27), (9/27),
(13/27), (15/27), and (19/27) to observed levels. The ground (5/27) state and the (15/2%); states
are reproduced well in the present study, whereas the (9/27) and (13/27) states are not. In *°Pt, the
(7/2)] state was observed at 0.032 MeV [121]. This state is not described in the present framework

and low-lying states with other spins are already assigned.

3.4 Summary

In the present study, the large-scale shell-model calculations have been carried out for even-even,
odd-mass, and doubly odd nuclei of goPb, g1 T1, ggHg, 79Au, and 7gPt isotopes in the proton-deficient
and neutron-deficient region around the double magic core of the 2°8Pb nucleus.

For neutron single-particle levels, seven orbitals above the magic number 126, 1gg /2, 0711 /2, 0J15/2,
2d5/2, 3812, 1g7/2, and 2d3 /5 orbitals, have been taken into account. For proton single-particle levels,
all the six orbitals in the major shell between the magic numbers 82 and 126, Ohg /2, 1f7/2, Oiy3/2,
2p3/2, 1f5/2, and 2py /5 orbitals, have been taken into account. The particle number dependence of
the single-particle energies of the neutron 0j5/2 and 0iy1 /5 orbitals and the proton 0iy3/5 and 1f7/2
orbitals have been assumed. They are changed linearly so as to reproduce the energy levels of low-
lying states of the odd-mass nuclei. As for the effective two-body interaction, higher multipole-pairing
interactions among like nucleons and the quadrupole-quadrupole interaction between neutrons and
protons are employed in addition to the conventional pairing interactions. Only one set of the
strengths of the two-body interactions has been adopted in all the nuclei considered.

Energy spectra, E2 transition rates, magnetic moments, and electric quadrupole moments have
been calculated and compared with the experimental data. Good agreements with experimental
data have been obtained not only for even-even and odd-mass nuclei, but also for doubly-odd nuclei.
Comparing our results and the experimental data, spins and parities of experimentally ambiguous
states have been suggested.

Nine isomeric states are analyzed in terms of the shell-model configurations. Four isomeric states
appearing in this region are classified as the spin-gap isomers, which do not take gamma transitions
with low-spin changes, such as E2 or M1 transitions, because of the large spin difference between
initial and final states. The other five states become isomers even if they decay by the E2 transition.

They become isomers since the energy gaps between the initial and final states are small.
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Chapter 4

Nuclear Schiff moment of 199Hg

4.1 Introduction

The Planck 2015 results on the Cosmic microwave background provide the baryon-to-photon ratio
in the universe of = ny,/n, = (6.09 & 0.06) x 10719 [122,123], which is consistent with the result
from the light-element abundances n = (5.8 — 6.6) x 10719 [124,125]. In order to realize the baryon-
abundant universe, the C'P-violation is required as well as the baryon number violating process.
In the Standard Model of particle physics, the CP-violation arises from the Cabibbo-Kobayashi-
Maskawa (CKM) matrix. However, it is well known that the C'P-violating phase is too small to
produce the baryon-antibaryon asymmetry [126-129]. This is one of the noticeable problems that
should be explained in physics beyond the Standard Model.

The permanent electric dipole moments (EDMs) of elementary particles and composite particles
are C'P-odd observables. The neutron EDM has been directly explored [130-134], and the recent
upper limit is |d,,| < 3.6 x 1072%e cm. The electron EDM has been measured in 33Cs [135, 136,
2051 [137,138] atoms, and some molecules [139-141]. The present situation is |d.| < 1.1 x 10~%%
cm. The atomic EDM of '*"Hg has been experimentally searched many times [89-94,142]. The
constraint of |d (199Hg)‘ < 7.4 x 1073% cm has been given so far.

The diamagnetic atoms such as '?’Hg are mainly contributed from the nuclear Schiff moments.
The Schiff moment of '"?Hg has been calculated within some kinds of mean-field approximation
[95-100, 143, 144]. In the first calculation [95], non-collective one-particle one-hole excitations due
to the P, T-odd nuclear interactions are considered. The authors take a Woods-Saxon potential as
the mean field. The spin-orbit and isovector interactions are considered in addition to the Woods-
Saxon potential as an isoscalar part in Ref. [96-98, 143, 144]. They take into account collective
excitations in the manner of the random phase approximation (RPA). Fully self-consistent mean
fields including pairing correlations are treated in Ref [99,100]. They take Skyrme interactions as
P, T-even interactions.

In this paper, we perform the shell-model calculations of *?Hg and 2°°Hg with the use of a newly

developed effective interactions. The energy spectra, E2 transition strengths, and electromagnetic
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moments are systematically reproduced for excited states as well.

4.2 Nuclear Schiff moment

The P, T-odd n-N interactions are generally given as

3 3
Lann = Z Z E;OJQINNTCZNWG + ggrlzerNNWO + Z gErQszN (NT*Nm® = 3NT°N7°) |,
N=p,n La=1 a=1

(2.1)
where G is the Fermi coupling constant, F*” the electromagnetic field tensor, and a denotes the

isospin components. The non-relativistic potentials of the P, T-odd w-N interactions are given
as [145-147]

VIED — By (11-m) (01 — 02) -7 f(7) (2.2)
VAED = R [(rf — 15) (01 + 00) + (7§ + 75) (01 — 02)] -7 f (1) (2.3)
VIED = By 31775 — 1m0 (01 — 02) T £ (1), (2.4)
where
f =" (1+ (2.5)
"= Myt myr /)’
and
Fy=— iy 70 ganN (2.6)
87TmN TNN ’
mi ()
F=—_"7 5 NN 2.7
1 167TmNg7TNNg NN ( )
my (o)
Fp=——_—7 g NN 2.8
2 87TmNg7rNNg NN ( )

with the pion mass m, and the nucleon mass my. The C'P-odd 7-N interaction couplings are given

within the standard model as [63]

Gy = —1.1x 10717,
gy =—-13x107"7,

g2y =33x107%, (2.9)

Adopting the standard value of the C'P-even m-N coupling [63] of

grnn = 14.11 £ 0.20, (2.10)
we have
éﬁro) = —§;0]3;NQWNN =1.6x10"16,

é(l) = _g(ljszgﬁNN = 18 X 10716,

s

G =33 gann = 4.7 x 10720, (2.11)
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The nuclear Schiff moment (NSM) caused by the asymmetry of the charge distribution in a nucleus

is expressed as

A
1 5 2
St = 15 D¢ (7”37“51) — 3 rit) — 3 (Qip) 7’§”> : (2.12)

i=1

The NSM is classified as

S= Y Sr, (2.13)
T=0,1,2
where the isospin components of NSM due to the PT-odd interactions are defined as
_ 1 PT)|r_
(Le |S6” | 5 [V | )

ST = = = .C. 2.14
T Eyo — By +c.c ( )

Since the ground state of 19Hg has a spin-parity of 1/27, all the excited states with a spin-parity
of 1/2% should be taken into account as intermediate states. Ey . and E} indicate the energies of
the ground state and the kth excited state with a spin-parity of 1/2%, respectively.

In this paper, the intermediate states are expressed only by one-particle-one-hole configurations
defined as

}m’ (2.15)

~ (L) _
155) = ) = N[ [ehn]) P @ |15

T

where ¢}, and cg;n, are proton (m) creation and annihilation operators, respectively. The spherical
tensor accompanied with cgj,, is defined as Crjm = (—1)j_mc7rjm. The single-particle orbital ¢
should have the opposite parity to that of the single-hole orbital j. Moreover, the creation and
annihilation operators are coupled only with L. = 0,1 in order to let the excited states have the same
spin I as the ground state. The proton orbitals between the magic numbers 50 and 82 are 2sq /9,
ld3/2, 1ds/2, 0g7/2, and Ohyy/o. Thus, there are no combinations of two orbitals satisfy the above
conditions within the valence space.

All the single-particle orbitals of the harmonic oscillator potential are taken into account as the
contributions to the one-particle-one-hole excited states. As the excited energies Ej, the energy
differences of the Nilsson single-particle energies outside the valence space and the adopted single-

particle energies within the valence space are employed.

4.3 Numerical results

In the previous chapter, 2°1=2%Hg nuclei are studied in the nuclear shell model with a newly
developed effective interaction. In order to perform the shell-model calculation of the '%9Hg nucleus,
the lower four single-neutron orbitals, 2p; /2, 2ps/2, 1f5/2, and 0iy3/2, are taken into account. The
single-particle energies and the two-body interaction strengths are given in the previous chapter.

Figure 4.1 shows the energy spectra of 2°°Hg and '*Hg.
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Figure 4.1: The energy spectra of 2°°Hg and Hg calculated in the nuclear shell model, which are

compared with the experimental data [16,115,119].

Table 4.1: The calculated B(E2) values in units of W.u. for 2°°Hg (Calc.) in comparison with the

experimental data (Expt.) [16,115].

B(E2)
200Hg Expt. Calc.
27 —0f | 24.57(22) 15.017
4F —2f | 37.8(6) 15.880
67 — 47 | 46(4) 14.691
87 — 67 | 41(14)  12.530
25 — 07 | 0.23(6)  0.009
25 =21 | 2.4(6) 4.160
9, — 77 | 25.1(10)  15.477

As shown in Fig. 4.2, the experimentally measured values of the electromagnetic moments are well

reproduced with the present parameters. The same quenching factors as the previous chapter are

taken for the effective operators. It is also found that the results are little depend on the monopole

pairing strengths for the neutron p3, and f5,, orbitals.

We adopt another truncation process to get wavefunctions of 2°Hg and '°Hg. The lowest 100

eigenstates in each neutron or proton system are labeled as ‘1/}1(1’)> or M](-ﬂ)). The C'P-even effec-

tive Hamiltonian is diagonalized in the 10* bases, which are given as }wgy)> ® W

convergence is discussed for mass A = 130 region [14].

()

J > The energy
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Table 4.2: The results of magnetic dipole moments g in units of ux and electric quadrupole moments

@ in units of eb for Hg isotopes (Calc.) in comparison with the experimental data (Expt.) [16,115,

119].

H ()

Figure 4.2: Electromagnetic moments.

Iz Q
200Hg Expt. Calc. Expt. Calc.
2f | 0.65(5) +0.996  +1.09  +0.583
4f 1.02(16)  +1.266
19Hg Expt. Calc. Expt. Calc.
1/27 | +0.506  +0.298 0
5/27 | +0.88(3) +40.719  +0.95(7) —0.025
3/27 | —0.56(9) —0.625 +0.50(12) +0.252
5/2; | +0.80(9) +0.677
13/2f | —-1.015 —0.912 +1.2(5) +0.624
2.0
1.0 O Expt O Expt.
0 SM1 SM1
2 SM2 154 SM2
0.5 SM3 SM3
@ 1.0
0.0 S N
[
-0.5 i 054 %
*
1.0- ] 0.0- "
3 5 79 113 1 3 5 7 11 13
2J 2J

Table 4.3: The numerical results of the nuclear Schiff moment in units of 10~3efm?®. The one-particle-

one-hole excitations from the valence space are shown in the first line. The second and third lines

correspond to those from the core to the valence space and to beyond the valence space, respectively.

ag ai a2
valence 25.9 25.1 49.3
core -09 -08 -1.36
over-shell | 1.0 1.1 2.3
sum 26.0 254  50.2
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The results shown in Table 4.3 are given in the form as

S = Z argg. (3.1)

T=0,1,2

For all the components 1" = 0,1, 2, the contributions of one-particle-one-hole excitations from the
valence space are dominant, whereas those from the core region are comparable in '?°Xe. In the
199Hg nucleus the valence space of proton is almost fully occupied, whereas the 2Xe nucleus has
only four valence protons, so that there are large energy gaps from the core in **Hg.

Each component of ar is 30% smaller than the result in the simple shell model [95]. In the simple
shell model, they employed contact C' P-odd interactions and the Woods-Saxon potential as the mean
field. In addition to those points of difference, it is crucial to decrease the Schiff moment that a lot
of configurations within the valence space are admixed. The population of the ‘l/pl /2 fg /2 ® WS% /2>
configuration is only 2.4% in the 1/2] state.

The sensitivity of the results on the energy denominator is checked by using the Nilsson values
also for the valence orbitals. In this case the isoscalar component is ag = 29.0 x 10~ 3efm?®. The spin
of the ground state in '"?Hg is not reproduced with the adopted effective interactions. As shown
in Fig. 4.3, the actual spin of 1/2 is realized by introducing the monopole pairing for the vps/, and
vfs/2 orbitals (SM2 and SM3). The NSMs are ag = 33.2 X 107 3efm® and ap = 34.1 x 10~ 3efm?,
respectively. Thus, the accuracy of the results would be estimated as 30%.

The nuclear Schiff moment produces the P, T-odd electrostatic potential such as
¢ (r)=—4nS-Vo (r). (3.2)

The interaction violates the parity conservation in atoms and induces the atomic EDM. The EDM

of 199Hg atom has been calculated as [148]

d(*Hg) = —2.8 x 10717 <f53) e cm. (3.3)
e1mm

If the SM2 result for the NSM of Hg is adopted, the atomic EDM is given as

d (""Hg) = 3.15 x 10~**e cm. (3.4)

The QCD 6-term contributes to the C'P-odd couplings. The coupling constants are evaluated in
the chiral effective field theory as

3 = (0.0154+0.003)0, g =0.0039, (3.5)

whereas the isotensor coupling is suppressed [149,150]. The SM2 results and the experimental upper
limit on the *"Hg atomic EDM provide the constraint on the f-term as |§‘ < 6.63 x 10719,
The upper limit on the magnitude of the neutron EDM of 3.6 x 10~2%ecm [134] provides || <

1.3 x 1071% which is the most limited value.
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Figure 4.3: Low-lying states of 19Hg in which the monopole pairing interactions peculiar to the vps /2
and v f5/5 orbitals are adopted (SM2, SM3). SM1 shows the results with the original interactions.

The experimental states are compared in the far left column.
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Appendix A

Racah algebra

A.1 Orthogonal functions
A.1.1 Legendre polynomials

The Legendre polynomials are defined through a generating function of

gp(t, SL’)

m ZP (A.1.1)

The generating function is expanded as

= 2m -1l _oym
gp(t,a:)—mzowm! (2tz — £2)

:Z Qmm‘ WZ( )237’” F(—t)k

m=0

oo [n/ 2]

-3y B R (e

n=0 k=0
oo [n/2]

- n—2kyn Al2
;ﬂ;} e n—k)!(n—2k:)!x ’ (A4.1.2)

where n = m + k and [n/2] indicates the maximum integer which does not exceed n/2. Thus the

Legendre polynomials can be expanded as

R/ o — 2k)! _2
P, (x) = E :(—1)k2nk!(£ — k)!(n)_ 2k)!x" k. (A.1.3)
k=0

This expression is given also by the Rodrigues formula
1 dar
2nn! dxn

The Legendre polynomials are orthogonal as

P,(z)= (z? —1)". (A.1.4)

1
2
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which is given by

gp(t,z)gp(s, )

dx

/_11 / \/1+t2 _

2
1+s —

1
[ < 1+t2 \/1+s2 >]
—x
2s
rx=—1
_ L 1t
Vis  1—/ts
= A.l.
nzo 1 (4.1.6)
The associated Legendre polynomials are defined by the Legendre polynomials P, (x) as
Pin(@) = (1 - 2)™2L_py(a)
dx™
1 2\m/2 Hrm 2 l
= QZ—Z‘(l — %) e (x© —1)". (A.1.7)
This can be expanded as
l4+m dl+m n dn
7 m/2 -1
Bm( ) 21“ Z < n ) dl‘l+7n n( T+ 1) d.’E (l' )
1 l+m I I!
1 m/2 1)n—m _1)ln
=g Z( ) CET R (i)
1
:ﬁ( x)m/Q(l—i—m ( )()w—i—l”m(x—l)
P, (x) 1 (1 — )fm/2(l n+m o l)lfn
bom 201 n
_ (_Dmi(l m/2 Z l x + 1 1)lfnfm
200! n+m
m 1 m ! n'—m —-n
= ()" - 21 Z <n,> < ) 4+ 1)" (e — 1)) (A18)
where n’ = n — m, and then
m (L—m)!
The orthogonality is given as
1
2 (I+m)!
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A.1.2 Spherical harmonics
Spherical harmonics are defined as

2041 (1 —m)! ,
~ P ime A.1.11
ar (+m) ! (cos )e™™, ( )

Yim (6, 6) = (=1)™
where 0 < 0 <7 and 0 < ¢ < 27. The complex conjugate is given as

A.1.3 Jacobi polynomials

Jacobi polynomials are given through the Rodrigues formula as

(a.,B) - (_1)” _ e\ —Bdi _ L \nta n+p3
Py*P) () ] (1—2)"%(1+x) dw"(l )"+ x)" TP, (A.1.13)

and then by the series expansion of

P @) = U)o 42y

- Z:% <Z> (‘””Mﬂ - fU)"”‘”M(l + )Pt

= (_2?” Xn:(—l)” (” j O‘) (Z - f) (1—2)" (1 +2)

v=0

2 ()G (a1

~oon n—v
The orthogonality is given as

/1 dz(1 — 2)*(1 + z)° PP (2) PlA) (1)

-1
B 208+ Tn+a+1)I(n+B+1)
S 2mta+ B+l al(n+a+B+1)

G- (A.1.15)

A.1.4 Associated Laguerre polynomials

The associated Laguerre polynomials are defined by the Laguerre polynomials L, (x) as

Lyi(x) = 5 Ln(x), (A.1.16)

or through a generating function of

tn—l

1) o 0
gr(t,z) = ﬂ(—i))l“eXp <—1 _tt> = ;Lnl(a@)n!. (A.1.17)
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This can be expanded as

gr(t,z) = 1 z+1 Z m! < 1—t>
') -1 I+m
s,

tm

— ml (1 _ t)l+m+1
B i (_1)l+mxm > (l—l—m—i—k)!tk+m

— ml prs kNl +m)!

- ( l+m ™ n! n—I
= t

mzo H;Hn—l— m)!(l +m)!

oo n—lI

-1 I+m !

oy EUE n o (A118)

— = m! (n—101—m)!/(l+m)!

and thus the series expansions of associated Laguerre polynomials are given as

n—I
Luu(e) _mzjo(_l)“r m!(n—l—m)!(l+m)!x ’ (A-L.19)

where Ly (z) =0 for n <.

In order to derive recursion formulas,

Ings(f,2) = In(—1)! — (1 + 1) In(1 — £) — 1“’_tt
g1 (t.
L) ) ) gutt), (A.1.20)
and
tn +1 o0 tn_l
tgr(t, ) ZL"l ZnLn_u(m)W,

n=I

Gorlhyz) gm DL <x>t”nl!1 _ il L
PG =S = D)
t2agLa(z’x) = in(n —1- 1)Ln1,l(56)t::'l (A.1.21)
n=l ’
are utilized. Substituting these series expansions to Eq. (A.1.20), we obtain
(1 - niJ Loi1g(z) + (x4+k—2n— 1)Ly (x) +n? L,y (z) = 0. (A.1.22)

The associated Laguerre polynomials are orthogonal with a weight function z'e™? as

/000 Ly (2) Ly (z) 2t e %da = (én_')j)'&m (A.1.23)
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This orthogonality is derived from the relations of

) 1 o0 1—ts
" lo=Cdp — - - ld
/O gr(t, 2)gr(s, v)r’e dz (1—t)l+1(1—5)l+1/0 exp[ (1—1&)(1—8)96]:C ’
B 1 (= =9\T
(1=t (1 =) T 1—ts
I
(1 —ts)iHl
_ Z ( +'n) g
s n.
- n! —1l n—l
= AR A.1.24
nzl ' ° ( )
and
0 t’n—lsm—l oo !
2 Tl / Lyt(2) ()¢ de. (A.1.25)

n,m=I

A.1.5 Sonine polynomials

Sonine polynomials are generalized Laguerre polynomials with « which is not limited to integers.

Those are defined through generating functions of

1
where Re a > —1. The generating functions are expanded as
o (_1)m m "
gs(t,x) = m) x (1 — t)otm+l

m=0

(=)™ Na+m+1+k) .k
m tm+
Z z

p"qg

— ml T(a+m+1)
B m' (n—m 'Fa—l—m—i—l)
m=0 =m
r 1
_yy e latntl) (A1.27)
m' n—m)!F(a—i—m—i—l)
n=0m=0

Thus the Sonine polynomials are expanded as

n

Snoa(x) = Z (_1)m

m=0

MNa+n+1) o

m!(n —m)!IT(a+m + 1) (A.1.28)

)

which are related to associated Laguerre polynomials L,,;(z) as

Lo (z) = (=1)!'n!S, (). (A.1.29)
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Here, the Gamma function defined as
I'(z) = / et dt, (A.1.30)
0
satisfies the recursion relation of I'(z + 1) = zI'(xz). The orthogonality of

/ S(@)Smal@)aedz = (o + 1+ 1) (A.1.31)
0 n:

is derived from the relations of

0o 1 o0 1—1ts
: ety — Y glad
J; sstmdastosaiatein = g [ o |~ e
1

=—— T 1
(1— ts)ott (@+1)
=1
=) ﬁf(a—l—n—l— 1)t"s™, (A.1.32)
n=0
and
Z t”sm/ Sna(2)Sma(x)xe” *dx. (A.1.33)
0

n,m=0

A.2 Recoupling Coefficients
A.2.1 Clebsch-Gordan Coefficients
Let us consider the angular momentum operators J; and Jo, which follow the SU(2) algebra as
[J1i, J1j] = d€iji ik,  [Jai, J2;] = i€ijkJok- (A.2.1)
If those operators refer to independent systems, they are commute with each other as
[J1i, J25] = 0. (A.2.2)
The angular momentum operators of the combined system, which is defined as
J=J, @ J, (A.2.3)
follow that
[Jis Jj] = icijiJh. (A.2.4)

There are two different sets of simultaneous eigenstates in the combined system with respect to

(T, J32,J1.,J%,Jo.) and (T, JZ,J3,J?%,J.), where I' indicates other conservative quantities. The
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eigenstates are represented as |yjimi joms) and |yji j2 jm), which can be expanded with the
other through the unitary transformations as
v j1 j2 jm) = Z [y J1ma jame) (1 ma j2 me| jm),
mi1mo
v 31 ma jama) = Z v J1 gz 3 m) (G m|jrmijzms), (A.2.5)
jm
where the Clebsch-Gordan (CG) coefficients are expressed by (jimq jomz|jm) and the complex

conjugates by (jm|ji1my joms). The CG coefficients have the unitary properties as

Z (J1 m/l J2 m/2|]m> (m|jimijame) = 6m’1m15m’2m2a

jm
D (G m' [ jima jama) (jrma jamal G m) = 60i0mimd (j1d2; 5) (A.2.6)
mimso
where
oL L 1=l <ji<n+ie
0 (j1j2;j) = (A.2.7)

0 others

The well-known phase convention of the CG coefficients, Condon-Shortley phase convention, is
defined as

(J1jidedelji +J251+ j2) = 1. (A.2.8)

This choice is very useful because all the CG coefficients are real. In the Condon-Shortley convention,

the CG coeflicients have symmetric properties as

(j1m jama|jm) = (=1)"T7277 (jymy j1ma| jm), (A.2.9)
(j1majama|jm) = (=1)" 277 (jy —my jo —malj —m), (A.2.10)
(jimajamalim) = (jo —maji —milj —m), (A.2.11)

and some explicit values are given as

(- "

T (A.2.12)

(jm00jm) =1, (jmj —m|00)=

A.2.2 Wigner 3-j Symbols

Wigner 3-j symbol is defined through the CG coefficients as

Ji J2 J3 i —my (J1M1 J2 M2 j3 —m3)
— (—1)r—i2—ms , A.2.13
( mi; Mg Mms ) ( ) V273 + 1 ( )

which has symmetry properties for even permutations of columns as

JvoJe gz N\ _ J2 gz gv N\ _( J3 1 J2 (A.2.14)
mi Mo M3 meo M3 My msg M1 Mo ’ o
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for odd permutations become equivalent by the multiplication of (—1)/1+72%73 ag
(_1)j1+j2+j3 J1 J2 Js
mi1 Mo M3

_( J2 v g3 N _ [ gz g2 \_( J3 J2 N
meo 1T M3 my Mg My ms Mo My '
and for negative directions of all the angular momenta Ji, Jo, and J3 as

JiJ2 J3 _ (1)irHa+ J1 J2 J3
mp Mz M3 —my; —Mmz —Mg3

The CG-coefficients follow the similar symmetric properties, which are derived as

(j1m1 jamaljm) = (_1)—j1+jz—mm< Ji )2 J )

mip MM —M

= (1) rtiz—m [95 1] J2 J i
(=1) V2j <m2 Sy
27 +1
271 +1

<j1 m1 Jo m2‘]m> = (_1)*j1+j2*m 2j + 1 < 1 J2 i )

mi1 ™Mo —M

= (=1) " HFm e (jamaj —ml|j1 —m1),

:(_1)—j1+j2—mm< JoJr 2 )

—m mip My

2j+1
252 + 1

— (_1)72j1+j2+j7m27m

(j —mjimi|ja —ma).

A.2.3 Wigner 6-5 symbol

Wigner 6-7 symbols are defined as

Ji J2 Ji2 (—1)7rtiztisti (1 J2) iz j ‘ iz Ja) s 5)
. . . = - - J1J2)J12737(J1\J273)J237)-
J3J  J23 V(2712 + 1)(2523 + 1)

(A.2.15)

(A.2.16)

(A.2.17)

(A.2.18)

(A.2.19)

Since the phase of (—1)71+72F43%J should be an integer, the inverse transformation is given as

{(j1j2) a2 Ja j|i1 (o Js) ja3 §)

:(_1)j1+j2+j3+j\/(2j12+1)(2j23+1) ]-1 ]'2 ]-12 ‘
Js 7 J23

The unitary nature of
Z<(j1 J2) Ji2 js J ‘jl (42 J3) Jos3 J><j1 (42 J3) Jo3 J‘]é (43 J1) J31 J>
J23

= ((j1j2) jr2 js J |j2 (3 j1) js1 J)

(A.2.20)

(A.2.21)
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gives the unitary properties for the 6-j symbols as

Z(_l)jmﬂéﬁj“ (2j23+1){ - ].2 j.12 }{ ]’2 J? ].23 }

o J3 J Je3 g Im
_ B s U (A.2.22)
J2 ) J12
Similar arguments give sum rules as
L i J!
N (it 27 414 = /(251 + 1) (2ja + 1)d 00, (A.2.23)
J J2 J2 J
ji g2 J -
d@r+ng 7 — (—1)201+d2), (A.2.24)
7 Ji gz J
ERIC AT ELY SR QU A.2.25
!
r; i oJe J

The 6-7 symbols are invariant by any permutation of columns
JvoJeogs () Js v Je | _ ) J2 Js 4
Ja Js Je J6 Ja Js Js J6 Ja
i Ll fon il (22
Js Ja  Je Ja Je  J4 J6 Js5  J4

and against interchanges of the upper and lower arguments in each of any two columns, e.g.

AR S AT (A.2.27)
Ja J5 Je Ja J2 I3

If jo3 = 0 in the definition, the 6-j symbols can be reduced as
J1 J2 Ji2 J1 J2 J12 (_1)j1+j2+]'12
. . = (5j1,j(5j27j3 . . = (5]‘1,]'(5]‘27]'3 - ' . (A_2'28)
g3 3 0 271 0 V(2 +1)(252 +1)

A.2.4 Wigner 9-5 symbol

The 9-5 symbol is defined by the relation of

((4172)d125 (J3ja)gsa, J|(J173)d13, (J2ja)goa. J)

i J2 iz
= V212 + 1) (2Zjaa +1) 213 +1) 2jza + DS Js ja Jaa (- (A.2.29)
J1z Joa  J
The 9-5 symbols are invariant under the transposition as
Ji o J2 Js3 kb
kl kz kg - j2 kz ZQ 5 (A230)

Lol 3 Jja k3 I3
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and have cyclic symmetry properties both for column and row as

J1 J2 J3 kv ko k3 J2 3 N
k?l kz k3 = ll l2 l3 = kg ]{33 ]Cl 5 (A231)
Lol 3 Ji J2 J3 la I3 L

which are deduced from the property under an exchange of any two columns or rows as

JiJ2 73 o ki ko ks
ki ko ks — (_1)]1+Jz+]3+k1+k2+k3+ll+lz+l3 J1 o Jjs . (A.2.32)
b o I3 bl I3

If J =0, the 9-j symbols can be reduced to the 6-j symbols as

Ji J2 iz (_1)j12+j13+j2+j3 J1 ja Jjiz
TS S 7
?3 ?4 J34 712,734 713,724 \/(2].12 T 1)(2].13 T 1) j4 j3 j13
J13 Joa O
JuoJ2 g2 (_1)j12+j1+j2 1 jo Jio
J3 Ja Jsa T 0512.55a051 a0 s
\/2 +1 0
0 0 0 J12 J2 N

(_1)2(j1+j2+j12)

= 650 a0 a0 s . A.2.33
J12,534 971,53 0527 \/(le +1)(2j2 + 1)(2412 + 1) ( |

A.3 Representations of Rotations
A.3.1 Wigner D-matrix
The rotation operators with finite angles are generated through the SU(2) operator J as
D(a, B,7) = e 7= Tveials (A.3.1)

where (a, 3,7) indicate a set of the Euler angles. The matrix elements of a rotation operator

D(a, B,7) are symbolized as
DY) (e, B,7) = (jm | D(cv, B,7)| jm) (A.3.2)

and the corresponding matrix is called Wigner D-matrix. Wigner d-matrix defined through the

D-matrix as
dY) () =DY) . (0,8,0). (A.3.3)
is also useful. In the representation where .J, is diagonal, the D-matrix is written as

DL @, B,7) = & 7d0) L (B)e™. (A34)
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Since the simplest representation of j = 1/2 is given by

1/0 1 1/0 —i 1/1 0
‘]x_2<1 0)’ Jy‘z(i 0 > JZ_2<0 —1)’ (A.3.5)

the d-matrix is given as

8 i
d(j:1/2) _ COS 5 S1n b . A3,
(8) —sin g cos g (A.3.6)

Here, we express the eigenfunctions by indipendent variables

N[

Xt =1i=bom =

and the differential operators are defined as

o = aaXT, 0, = 6?@ (A.3.8)
In this expression, the angular momentum operators are given as

Ty = % (10 +x101) 5 Jy = % 1O =x101),  J= = % (10t = x40y)

Jy = %XT(% Jo = %Xﬁr,

=G0, 5= 0o+ ndy). (A:3.9)

This expression leads to a useful way of representing the normalized eigenvectors of the angular
momentum as

Jj+m_ j—m
w(j,m) = ——t X (A.3.10)

VTG —m)’

where the eivenvalues of J? and J, are j(j + 1) and m, respectively. The products mean the direct

products of spinors and this representation is called spinor representations. Finite rotations are

represented as

B in B
By — [ €053z Sy A3.11
¢ < —sin 4 ) (A.3.11)

b COS b

so that the generating function of the d-matrix is derived as

j+m . j—m
D08 O B (XTcosg—Xising) <X¢sm§—|—xicos§) B
(0, 8,0)u(j,m) = TG TG =) = 9a(x1s X1)
jhm'jm’
= M d9) (B). (A.3.12)

o VGO =)
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Expanding the generating function with x4 and x,

9a(X1:x1) = NI mi!(j =) > (j i:jﬁ k) <j _nm>

kn

: B k+n 3 2j—k—n ‘
X (_1)J+m7k (COS 2) <sjn 2> X%fm+k7nxi+m,k+n

VG +m§!(j = 2 <j T n) (j ;m)

4 , B 2n+m’+m ,6 2j—2n—m/—m ) , ,
X (=1)7—m <cos 2) (sin 2> X%J“m X (A313)

where m’ = k — m — n, the Wigner d-matrix is explicitly given as
d9) (8) = (j+m’)!(j—m’)!2 j+m j—m
e G+m)(i—m)! == \j—m/—n n
2n+m’+m 2j—2n—m'—m
x (=1)7—m'—n (cos ’g) (sin g) . (A.3.14)

Thus, it can be concluded that the d-matrix is real.

A.3.2 The symmetries of the d-matrix and the D-matrix
It is easily shown from Eq. (A.3.12) that
A, (1) = (“1 "5 gy D) (—7) = (— 1) i, (A.3.15)

and thus, for example,

A (B =m) =D d) (=), (8) = (1™ Aoy (5). (A.3.16)
Therefore,

A (B) = Y i) (B m)d ), (=) = (<1777, (B +)

m/!

= (- =), (). (A.3.17)
It follows from Eq. (A.3.14) that
d) (=B) = d$).(8). (A.3.18)

Thus the complex conjugate of a D-matrix is given by

DY (e B,y) = e dD) (= B)e” ™ = e 1d0) (e~ = DY) (~a, B, )
= (-1)™ DY), (@, B,7), (A.3.19)

where Eq. (A.3.17) is utilized in the equality on the second line.
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A.3.3 D-matrix and orthogonal polynomials
Using Eqgs. (A.1.8, A.3.14), we obtain

P, _,(cosB)

s (L))o (o) e

_ Tll(l ~m)! zn: (n +l m> <i> (~1)in <cos g)mm <sm§>2l_2n_m, (A.3.20)
CECE NI ol (N [

2n+m 2l—2n—m
x (—1)l=m=n <cos g) (sin g) ; (A.3.21)
and then
G+m)! (1 —m)!
d’E?lz)O(ﬂ) = (l . m)' (_1) }Dl,_m(COSﬁ) = mpl,m(cosﬁ)a (A322)

where Eq. (A.1.9) is utilized in the second equality.
It follows from Egs. (A.3.4), (A.3.22), and (A.1.11) that

1

D (e, B,7) = (-1)™ ﬁlﬁm(ﬁm) (A.3.23)
1

DY) (0, 8,7) = 4/ rj:lem(ﬁ,a) (A.3.24)

D(()lo)(a, B,v) = Pi(cos B). (A.3.25)

Using the definition of the 3-j symbols (A.2.13) and Eq. (A.3.19), the products of D-matrices are
given by

Doy D0, ()
= (j1my |[D(w)| j1m1) (2 my [D(w)] j2 m2)
= > (i amb| ) (Grma jamal jm) DY) ()
jm’'m

= Z (_1)—2j1+2j2—m—m’(2j+1)< J1, J2 J / > ( JioJ2 J )D,(i,)m(w)

my mh —m my mo —m

jm'm
=> <—1>—2f1+2f2—2m<2j+1>< noke ) ( neor )DY‘%;‘/,_m(w)
— mp my —m mi; me —m
jm’'m
. Jio o Je J JiJ2 J )%
= @j+1) ( 2 > < )ijj’m(w). (A.3.26)
i mj ms m mi; me m
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It follows from Eq. (A.1.14) that

P'(m/_m,m/_’_m) (COS B)

j—m’

j—m' . . 2j—2m’ —2v 2v
S o[ TNt ) e

v=0

Comparing with Eq. (A.3.14), we obtain

) NP | m’+m m'—m

(J +m)!(j —m)!

A.3.4 Integrals involving D-matrix
The D-matrix follows the orthogonality as
27 ™ 27 (1) (i)
or [ [ ] dasinpdsaply;, (@)D, (0, 6.9)
0 0 0
1
= 5j1j25m/1m/25m1m2 21 + 1 . (A329)

Combining this result and the products of D-matrices given in Eq. (A.3.26),

27 2
G ) (J2) (J3)
3 / / dasin BagayD),, (0, B, 1)DL,, (0,6,9)DY,, (@ ,)

_ J2 J3 v J2 Js (A.3.30)
ml mQ m3 ml m2 m3 e

is obtained. Thus, Eq. (A.3.25) is applied, in which m} = mf = m% = 0, to give

2
87r2 / sin 0dOdPY), m, (0, 0)Yiyms, (0, 0)Yigms (0, @)

:\/(2l1—|—1)(212+ DERi+1) (L 1 ho b ls ) (A.3.31)
4 0O 0 O mp M2 M3

A.4  Tensor Operators

A.4.1 Definition of Irreducible Tensor Operator
The rotation operator with respect to a set of Euler angles w = {a, 3,7} is given as
D(w) = D(a, 8,7) = e io-, (A1)

The representations of rotation operators in terms of |jm), which are eigenvectors of the angular

momentum operators J2 and J, with eigenvalues of j and m, respectively, are given as

DY) (w) = (jm’ [D(w)| jm). (A4.2)
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Thus,

w)|jm) = Zlym (jm’ |D(w)| jm) = ZDﬁjjm Yim?). (A.4.3)

The irreducible tensor operator (ITO) T, which is a set of 2k + 1 operators Tq(k) (g =—k,—k+
1,---,k —1,k), is defined by the property of the transformation under rotations of the frame of

coordinates as
D(w)T® D! Z 79D (w (A.4.4)
The Hermite conjugate of the definition (A.4.4) is

—q'—q

D(w)T® D1 ZT“‘“)TD(k)* ZT(k)T 17 =1p™, (). (A.4.5)

Here, the complex conjugate of the D-matrix is given in Eq. (A.3.19). It can be shown from this
equation that Tq(k) = (—1)"3_‘1T£/2)T satisfies the definition of the ITO as

D(w)(~)F T D7 w) = (-1)F Y TN (=) D) (). (A.4.6)

/

q

The particle creation operator c;m is one of the I'TOs. That acts on the vacuum to create an

eigenstate of J2 and .J, as

b 10) = [jm), (A.4.7)

am

so that
= > im/) (i’ |D(w)|jm) = YD)l |0). (A.4.8)

If ITOs are operated on the eigenvectors of J2? and .J,, we have

D(w)T® |jm) = ZD(’” YD) (W)T ). (A.4.9)

This means that the vector Tq(k) |jm) is transformed as the product representation D*) @ DU of the
rotation group.
j—m

The annihilation operator ¢;, = (—1) ¢j—m is another ITO, which is shown by taking the

conjugate of this relation as

(Olejm D (w) = Zomuﬁ( Jgm') (G| = (01" ¢jm DL ()

0|chm, ym =mpl) (). (A.4.10)
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In fact, it follows that

(01G7m D (w) = > (0[Em DY), (w). (A.4.11)

m’

The inverted expression is given as
Cim = (1)1 _p. (A.4.12)
A non-relativistic wavefunction is represented as

Srtjm(r) = (rinljm) = i' Ruy(r) Y (Tmy § ms|jm) Yim, (6, 8)Xm. - (A.4.13)

mpms

The time-reversal of the single-particle wavefunction is given by multiplying the operator K taking

the complex conjugate and the unitary operator
iy = e 2 (A.4.14)
in this order as shown in $§ XX. That can be explicitly given as

Drtjm (1) = TOnijm ()

= (i)' Ru(r) 3 (=1)™ (—1)" 2~ (Lmy g ms| jm)Yi (0, 0)X—m,

mimes

(1) R (1) T T gy ()
= (=17 nij,—m(r) (A.4.15)

1
where Yjr (0,¢) = (=1)7™Y] _m,(0,¢) and ioaXym, = (—=1)" 27" x_,, are used. For the many-

particle system,

A.4.2 Products of Irreducible Tensor Operators

Tensor products of two ITOs are given by

(k)
T = [T(’“) ® T(’”)} = 3" TEOTED (ky gy ko gol kg (A.4.16)
a q192
The scalar product is defined by
T® .70 =N (e T®) (A.4.17)

q

which is related to a tensor product as

(0)
T® 70 — (Z1)~F\/2k 1 1 [T(k) ® T(k)] . (A.4.18)
0
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The inverse transformation to Eq. (A.4.16) is derived from the unitary properties of the CG coeffi-
cients in Eq. (A.2.6) as

ST (kb g kage) =Y Y T TY (ki gf ko ghl k@) (Rl By ay ko go)

kq kg qiq5

k k
=TT (R (A.4.19)
The propagators of the I'TO products are given as

<0‘Tq(1kl)Tq(2k2) ’0> = 5k17k25Q1,*qQ Z<
q/

RN =

— Okq,k2 Q1,—¢12m

where the condition of k = ¢ = 0 reflects the rotational symmetry of the vacuum.

) (kid' k1 —¢'[00) (00| k1 gr ki — qu)

(0] [7® & T®] |0y, (A.4.20)

The recouplings of ITOs can be obtained by using a symmetric property in Eq. (A.2.11) as

|:T(k:1) ® T(kQ):| (%) — (_1)k1+k2—K |:T(k2) ® T(kl):| (K) , (A421)
Q Q
and then two single ITOs of rank k can be recoupled as
T o 7] Uk 769 & 7] v (A.4.22)
Q Q

and then odd K terms should be vanished.
For the recouplings of three I'TOs, using the 6-5 symbols, we get

12 (K)
HT(’%) ® T(k2)} (k12) ® T(k?3):|

Q

ki ke k
= Sy O Rk 1) R
- k?g K k23

(k23)7 ()
x [Tm 2 [Tum ®T(k3)] ] . (A.4.23)
Q

This transformation and the inverse transformation are discovered by using the 9-j symbols as

HT(m o 7] (ki) T(k?,)} )
Q
. HT%) o T ) e 10 70)] (’“3)] o
Q
kl k2 le
= V(@kiy + 1)(2ks + 1)(2k1 + 1)(2ks + 1) 0 ks ks
ka3 ki kes K

(k1) (kas)] ()
x [[T(k ) ®1} ® [T('”) ®T<’“3>} ]Q
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kas Kk
=Y (—1yFthethat K S0k + 1) (2kos + 1) !
ko3 k12 k2 k3

(k) o 11" o [plha) ) (’“23)](K)
><HT’c @1] @ [Tt @T)] )

:Z(_l)k1+k2+k3+K\/(2k12+1)(2k23+1){ kv k2 ko }

k?23 ]’Cg K ]’C23
(kas)] )
x [T(xﬂ) ® [Tum ®T<k3)] ’ ] , (A.4.24)
Q
(K)
[T(kl) ® [T(m ® T(ks)} “‘“23)}
Q
. 25)] )
_ Hﬂkl) @1] ™ g 1t T(ks)](k 3)]
Q
ki 0 ki
= V(2k1 +1)(2kas + 1)(2k12 + 1)(2ks + 1) ks k3 ko3
k12 klg ]{33 K

y (K)
x Hwkn ®T(k2)}(k & I ®T(k3)}(k3)]
Q

k ky Kk
=D (PR ks + )2k 1)
£ ki Kk

(%)
X HT(M @ T0)] ®2) [1@T0)] (’“)]
Q

ks Ky k
=Y ()RR Ok + ) 2R + 1) 0
< ki K ko

(1)
y HT(zﬂ) o 70 ki) T(kS)] ‘ (A.4.25)
Q
For k12 = O,

(K)

“Tucl) o 70| @ T(k«'ﬂ)}
Q

kv ki 0
= Oy ko Ok ic D (—1)2F172K3/2hog + 1 { kl kl 3 }
Koa 3 R3  Ra3

(k3)
X [T(kl) ® [T(kl) ®T(k3)](k23)] ’
Q

2ko3 +1
— 5]@1,]625]?371{ Z(_1)3k1+3k3+k23\/ 23

(2k1 + 1)(2ks + 1)

(k23) (K)
y [Tam @ [1%) & 7] ] ' (A.4.26)
Q

ka3
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For k‘23 == O,

(K)

|:T(’<?1) ® [T(kz) ® T(kS)} (0):|
Q

ky k 0
= 5k2,k35k1,K Z(_1)2k1+2k2 V 2k12 +1 { 2 2 }

" ki ki ke

. )
y HTW ®T<k2>}(’“ ’®T<k2>]
Q

2k10 + 1
_5 s -1 3k1+3k2+ki2 12
ko Ok K kZu:( ) (2 + 1)(2ka + 1)

(k1)
x HT(h) ®T(k2)}(k12) ®T(k2)] ’ (A.4.27)
Q

For K =0,
(0)

HTUcl) o 70| (i) T<k3>]
0

ki ko k
= 5k12 ks(_l)k1+k2+k3 \/(2k3 + 1)(2k1 + 1) ' ’ °
' ks 0 Ky
(0)
X [T(kl) ® [T(’fz) ® T(/fs)] (kl):|
0

(k1)@
= Oy (—1) 21202200 [Tu«l) ® [T(kz) ®T(ks>} ' ] , (A.4.28)
0

and

)] ©
|:T(k1) @ [10) & 7] (* 3)}
0

ks ko k
= 5k1,k23(_1)k1+k2+k3 \/(le + 1)(2k3 + 1) { kj 02 k; }
(k3) ©
% |:|:T(k1) ® T(b)} ® T(ks):|
0

(0)
® T(’“”)} : (A.4.29)

0

(ks)
= Oy gy (1) 2P 2R T2 HT(’“) ® T('“)} 3

By using the 9-5 symbols,

(K)

D g k)] ¥4 o Tpha) o (’“34)}
“T(’“ @TE)| " @ |70 @ 7] )

kv ke ki

= > V(2kio+1) 2ksa + 1) (k13 + 1) (Zkoa + 1) ks ka kg
kiskaa kis kos K
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(k13) (k2a)] ()
x HT(’“) @ T®)] " @ [T @ Tl ] . (A.4.30)
Q

For three single ITOs of rank 1,

@
“Tu) o 70| (ki) T(l)]

Q
(2)

@)
:HT(U@@T“)] ®T(1)] Sorn.2
Q

@
_ 52 [T(n@[T(l)@T(l)}@’]
12 2 o

@)
_5) L2 [Tu)@T(l)}‘”@T(l)
12 2

Q

2
__1 HT(U @Tu)} ® T(l)]( :
2 Q
2) (2@
- {T(l) ® [T(” ®T<1>} ] = 0. (A.4.31)

[[T“) ® T(l)] Y& T(l)]
Q

Q

A.4.3 Spherical Tensors

The coordinate vector is expressed in the spherical coordinates (r, 0, ¢) as

T r sin 0 cos ¢
r=|y | = rsinfsing |, (A.4.32)
z r cos 6
and then
2 2
r=\z?+y?+ 22, tanﬁzxi—w, tanqﬁ:g. (A.4.33)
z x
The spherical components of r are defined as
6 L (@ 4iy) = T reingetie (A.4.34)
ro=z=rcosf, ri; =F—(xLiy)=F——=rsinfe='?, 4.
0 +1 V2 Y /2
and then
- ( ) ! (re o) (A4.35)
r=——7(ry1—r_1), =—(r r_1). 4.
\/§ +1 1 ) \/§ +1 1

The differential operator is defined in the Cartesian coordinate as

9 0 d)g_i_cosﬁcosqﬁg_ sing 9
— SImyeoses, r 00 rsinf ¢’

ox

0 . . 0 cosfsing 0 cos¢p O
@_Sln081n¢§+7%+rsin9%’

0 0 sinf 0

% = COS 95 — T%, (A436)
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and the spherical components are defined through
r-V = T;(LI)VE}) = r(()l)v(()l) — r(jl)v(_lf — T(_ll)ViLlf (A.4.37)

The explicit forms are given as

(1) o 2 _ sinf 0
Vo' =g T sty T g
v(l) _ 0 1 ( 0 0 )
1= T
81"$1) V2 \0z 9y
L s (o 0 cosf 0 1 0
=T7T———e*' 0— — 4+ — . A4,
7_L\/ﬁe (sm 0r+ r 90 'rsing 6(;3) (A.4.38)

Note that the differential operator, counterpart of each spherical components of r, is reversely defined

in the scalar product (e.g. V41 corresponds to r41). It follows the commutation relation of

[vl(})’rg)] = (=1)"0,_y; v =0,%1. (A.4.39)

A.4.4 Creation-Annihilation Operators

Let us consider multi-particle system. A two-particle system is given as

) = [ef, @ 150100 = 30 G jamal T MYl 10): (A.4.40)

mima

The conjugate is

2 : .
(Wl = (0] Z (J1ma jama| J M) CjymyCiim,

mimso
= (_1)j1+j2+M<0‘ Z <]2 —maj1 — m1| J - M> Ejz—mzfcvh—ﬂh
mimo
. ()
= (=1 M| (e, @ T, - (A.4.41)

A three-particle system is made of the two-particle system as

()

3 Ji2
5o = e, @ )5 @ | o), (A.4.42)
and the conjugate is given as
o L Jia) 1D
<,¢J(3) ( 1)]1+32+33+M<0| |:Cj3 ® [ng ® C ]( M1)2] o (A443)

Similarly, the conjugate of a many-particle system, which is defined as

(J123)

; ()
.. 4 0 A4.44
Mi2s “ Cjn:|M | >7 ( )

50 = |-+ [l o )i ol
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is given as

W}(") = (- )J1+]2+13+ “+int+M (0] |: Q- [Ej:s ® [5]'2 ® Ejl] (J12) ]

The number operator in a j-shell defined by
NT] = Za’ijma"'jm’
m

are related as

} (0)

{%j ® aj—j 0 Z (jmj —m| 00>5ija’j'j—m

A.5 Matrix elements of tensor operators

A5.1 Wigner-Eckart Theorem

(Gmj —m|00) (<—1>J'-m6m,_m -

(J123) (J)
4W2—MnQ'}M' (A.4.45)
(A.4.46)
aijfmaij)
(A.4.47)
(A.4.48)

The reduced matrix elements of an irreducible tensor operator %) are defined through the Wigner-

Eckart theorem as

<j/m/

T®| jmy = (1)
! “7 > & V2k +1
) . ]C 3 -/ /
_ (_1)k—]+] < QJm|] m> <]/

V25 + 1

— ik g _
= (7
mq m

wmlimy —mlkq) /.
(] J | ><]/

)
)

T(k)H j> . (A5.1)

Let us consider that k is an integer. If j/ and j are integers, we have

<j/m/

(4705 0k0)

Tq(k)‘jm> - (—1)m<j/m/j —mlkq) <j/0 ‘To(k)‘j0>. (A.5.2)
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If j/ and j are half-integers, we have

./ /._ k>
T(k)’jm _ (cpymiimd —mlkg j’l‘T(k)’jl . A5.3
$am) = Com ey ([T E) (A5.3)

The unitary properties of the CG coefficients (A.2.6) enable us to get the alternative expressions as
(7|79 5) = VIRFT Y (-1 (5 m = mlka) ('m0

The reduced matrix elements is computed in practice by choosing the easiest values of ¢, m,m’ to

<j/m/

T ) jm> . (A.5.4)

evaluate the CG coefficients (k' ¢’| i/ m' j — m). For example, the reduced matrix elements of rank-1

ITOs are computed with the use of the Wigner-Eckart theorem (A.5.1) with g =m =m' =0 as

(1) VU +1 1—141' <l/0 L(()l) l0> \/7<l/m/ Lél)‘lm>
V|8 = varF -y A h = VR T
( ) +1(=1) (1010]70) T gl )
=or I+ 1)(20+ 1), (A.5.5)
and
QU+ RE+1)20+1) (T kI
(v o] = -y \/( +1) (26 +1) (20 +1)
47 0 0 0
20+1) (2k+ 1
:(—1)’“\/( + 1) 2k + )<l'0k0\10>. (A.5.6)
47
For the case of half-integer j, choosing ¢ = 0,m =m/ = 3,
3
<% HSu)H %> =5 (A.5.7)
Note that the reduced matrix elements of the identity are not one, but
(G'N1)d) = 6553/25 + 1. (A.5.8)

A.5.2 Reduced matrix elements of tensor products

Let us consider tensor products of two ITOs T(F1) and T*2). The matrix elements are given as

<J’M’

|:T(k1) ® T(kz)} ;K) ‘ JM>

= Z (k1q1k2 2| K Q) <J/M/ Tq(fl)Tq(sz)

q1q2

=) (kiqikaqal KQ) Y <J/M/

q14q2 J// M//

JM>

k1
Ty

J//M//><J//M// Tq(;cz)

JM>, (A.5.9)
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and the reduced matrix elements are then given by using Eq. (A.5.4) as

7

[re 7] )

= V2K +1) (kigikago| KQ) > > (=) M(J'M'J - M|KQ)

q192 J"M'" M'M

x (7 [T | (g T |, (A.5.10)

A.5.3 Two different systems

Consider two tensor operators T%1) and U(*2) which operate on different systems such as the
orbital part associated with (ji,m1) and the spin part (ja,m2). The reduced matrix element of a

tensor product is given by using

. Ol
<(Ji]é)J'M’ {T(’“) ®T(k2)} ‘(3132)JM>

= Y {Gimigymbl M) (jima jama| J M)

! o !
m1m2m1m2

)| .
} Jimijams ), (A.5.11)

|:T(k1) ® T(kz)

-/ ! ! !
X <J1 my Jg Mgy

as

(K)
<<jij§>J’ 70 @ 7| H <j1j2>J>
i J1 k
= VRIF DRI+ VK + 1S & o ke p (51 |T® | n) (3 [T0)] 32) . (A5.12)
J/
In the case of U%2) = 1, where k; = K and ko = 0,
(Gts) 7 |79 Girga) T
b o K
= 013300/ @IF DRI+ DEE+ D@+ D3 2 g2 0 o (1 [T r)
J/
= 057,000V (2] +1)(2J" +1)(2K +1)(2j2 + 1)
_ 1)1+t +K g ' '
( ‘) ‘ Ji o J2 <]£ T(K)Hj1>
V2 +D2K+1) | i1 J K

/

L Jg e ,
— 5 80—\ 2T +K 7 1 ’
5]2125J J( 1) \/(2J + 1)(2J +1) { ihJ K <31

() H j1> . (A5.13)
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Here, (jo |1] j2) = v/272 + 1 is used. In the case of Tk = 1,

(Grs) 7 |u Griz) T)
J1 g1
= 05500/ RTA DRI+ DK+ D@+ D] 3 22 K ¢ (i3]0 iz)
J T
= 5j£jl5J,J\/(2J +1)(2J + 1) (2K +1)(2j; + 1)
(_1)j1+j2+J/+K gy je K <j' U(K)Hj2>
Vehi+DRE+1) | J T 4 2

- P
= 815,005 (=1)7H2H +K\/(2J+1)(2J/+1){ 2 2 }<j§ U(K)Hj2>. (A.5.14)

J I
Let us consider one of the most typical functions as f (7)Y, (0, ¢). Using the reduced matrix elements
of Y (A.5.6) and the relation of

. _ j+z+%
, }: ¢<( . (7'320053), (A.5.15)

-/
(roX0[10){ 7
l o +1)(2) + 1)

o= >

we obtain

(n',(13) f(r)Y‘”H“v (14)3)

;L1 -/ 1
=6]~/j<—1>l+2+J+W<2j+1><2j'+1>{*7l . ;}Wz'
J

s a4 . 5 iU
= 0;r;(—1) 72 V(25 + 125 +1) I
)

X <n’,l/ fr) n,l> % (_1),\\/(21’ n 127(TQA+ 1

p 1 1 i/ /
= 5j’j(—1)l +2+J\/(2] +1)(25" + 142(21 +1)(2A+1) <n/7 I
™

(I'0A0[10)

f(r)

n,l>
y (_l)j-‘rl—i-%
VU +1)(25 +1)

(27" +1)(2 1
7

(773205 3)

f(r)

n,0) (3" 520]53). (A.5.16)
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Appendix B

Nuclear effective interactions

B.1 Pairing interactions

Two-body interactions are generally given as

1
V=32 Viuelcacy, (B.1.1)
ikl

where two particles lying in single-particle levels k and [ are scattered into levels ¢ and j. The

two-body matrix elements Vj;i; of the interactions V' are anti-symmetrized as

Vi = 7 [(i3 V1 L) = G |V K1) = G5 [V Tk) + (i [VI8)] (B.1:2)
which follow the relation of

Viikt = —Viike = —Vijie = Vjik- (B.1.3)

Since an atomic nucleus is a spherically symmetric system, the angular momentum is one of the

good quantum numbers. The pairing operators of like-particles are defined as [14]

. (J) ) )
AL“JM (J172) = [c;l ®c}2}M = Z (j1mq jama| JJ M) c}lmlc}QmQ, (B.1.4)
mi1mso
+ . i o~ 1 . : T
Bl (Gij2) = [le ®cj2}M = Z (j1mq jama| J M) €l my Cizma - (B.1.5)
mimse

The conjugate operators are given as

Ajm (]1j2) = Z <]1 my Jo mQ‘ JM> CjamaCjimy

mimso
- Z <]1 mi j2 m2| JM> (_1)j1+j2+m1+ngj2—m25j1—ml
mimso
= (=1)PHEEMN T (G —my i — | T = M) Gy Gy
mimeo
L (J)
— (—1)frtiatM [Ej,z ®Ej1] . (B.1.6)
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The nuclear interactions are assumed to conserve the rotational symmetry. The two-body interac-
tions are then expanded in terms of the scalar products of the irreducible tensor operators as
V=Y Gy(iajsia) Al ys (Griz) Asar (jja)
Ji1j2jsja JM
(0)

= Z ZGJ(j1j2j3j4)\/2J+ (—1)Jst+ia= J|:|:C ®c ](J)®[Ej4®5j3}(J)] , (B.1.7)

J1j2gsja J 0

where the interaction strengths G ; (j1j27374) satisfy the relations that
Gy (j1j2jsja) = G (J3jajrjz)
= (=) 77Gy (21 ada)
= — (=1 G (jijagajs)
= (1) R YIG ) (fag1]ad3) - (B.1.8)

In order to calculate the matrix elements with respect to many-body wavefunctions, the Wick’s

theorem saying that any time-ordered products of creation and annihilation operators are given as
T [clcgcg . } =N [clcgcg -+ + (all possible contractions)} ) (B.1.9)

The contractions of two operators are defined as the difference of the time-ordered product and the

normal-ordered product. They are explicitly given as

M
cic; = cic; - N[cic}] = cic; + c;ci = {ci,c;} = 0ij, (B.1.10)
Giej =0, éeh=o. (B.1.11)

If two irreducible tensor operators are coupled with a rank J, the contraction is given as

r (7)
|:CJ/®CT]M = Z (7'm'jm|J M)c; m/c;m

_ 1
=" (5w jm| T M) (—=1)7 " e el
= (j —mjm|00) (=1)""6;;6500a10
= 5j’j5J05MO 27+ 1. (B.1.12)

The reduced matrix elements of the contraction are given as

AU IC)) (—1)I=Mi (D)
e ®CHM 1) = (I'Mj T — M;]00) (o[ ®c§]M M)

= 611651070000/ (21 + 1)(25 + 1). (B.1.13)

The contractions of two operators in a product of more than two operators are defined as

T nl 1t
CiCiy * G, CiCjy <+ G5, = (1) Cicics, - ci ¢y - ¢4,

(=1)"dijci, - €i, Gy oo ¢

(B.1.14)

m*
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101
Since the two possible contractions of the two-body interactions are evaluated as
[
L Tho |T )] ©
[% ® Cji} ® [le ® cjz}
0
g
J2 N1 J ~'—|T (K) ~|—|Jr (K) (0)
= 72(2J+ ].)(QK + ].) jl jg J |:|:Cjé &® Cj1:| &® |:Cji & Cjz} :|
K K K 0 0
g J
=—(2J+1)S g1 G2 J X8558V (25 + 1) (252 + 1)
0 0 0
= 76%7]-16]417]-2 V2J 41, (B.1.15)
| o ; |T(‘])(O) L
H% ®c;)  ®|d, od,] } — (1) X 8 VT F 1, (B.1.16)
0
the propagators of the two-body interactions are given as
SR 1€/ B S 161 L
(0] H% ®Cj1] ® [le ® Cj2:| ]O 0)
[
LTy ol |T @ ol o ; |T ()]
= chg ®Cj1] ® [le ®Cj2} ]0 + H% ®Cji} ® [% ®Cj2} ]
= [(—1)j1+j2_‘]5j1’j15jé7j2 — 5j§,j15ji,j2] Vv2J + 1. (B.l.l?)
Let us construct two-particles states, which obey the orthonormalized condition of
(grjz; J' M| jrja; IM ) = 610 1601 aa (B.1.18)
where
|jrdas JM Yy = NAY (1) [0) (B.1.19)
is a two-particle state and N is the normalization constant. The overlap is calculated as
(jrja; J' M| j1j2; TM)
= N2 (0| Ayrarr (aja) A4S g (G172 0)
. , SR (O (J)
= N?(=1)rF72tM <0 [ch ® le] o [CL ® 022]M 0>
e (_1)J1+J2+J . 1D t N (J)
=N 5J’J5M’MT+1 0 [Cjz ® le] ® [le ® ¢y } 0
— N2551 760001 [1 - 5j1,j2(—1)ﬂ'1+j2”}. (B.1.20)

The whole tensor operator should be coupled with rank-0 due to the rotational symmetry of the

vacuum. The terms in the square bracket become two if j; = jo, and the two-particle state is then
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orthonormalized as

1
|j1ja; JM) = \/ HTAT]M (j1j2) |0). (B.1.21)
71,72

The two-body matrix elements of the tensor operator in the two-body interactions are given as

. P )@
(0[Ayr0 (j12) |:|:Cji ® cjé:| ® [ng ® Cjé] } Al (J3a) [0)
0
2K’ +1 .
= J+K Z (0[Agr0 (j12)

2] +1)(2K + 1)

X

B [ ) (1]
[C}i ® c;ﬂ ® H% ® cjé} ® [c;3 ® C}J ] ] |0)

— 1 2K’ +1
— (_1)]1+]2+KZ (5J’,J
227+ 1V 2K +1

J)q (0
() B I N C.o BT E/ (L) Rl B
ed) o |[Emew] olded)] o

|:Ej2 ®Ej1} ® j
0
. 1 2K +1
— (—1)rti2+K o7
(=1) Z2J+1\/2K+1']’J
K/

x (0]

, "1 (0
S & B €11 [ I R ¢S B ST E (L)
x (0] {Cﬁ@%} ®[ng®%5} ® [Ca;;@%} ®{Cj3®cj4} 10)
0
S —1)Jrta2+J
700K, 7(=1) 571
X [( 1)]1+32 755, 310j2.35 = 0521 0, .72i|
o [( 1)J3+]4 J5J§ j36j!17]4 5J4 335]§ 34]7 (B'1'22)

where the left four and the right four operators should be reduced separately among them in each
half. Thus, we have

(jrja; J' M|V |jsja; JM) = 65 y6nr s {jrjo; JO|V | jsja; JO)

1 7 ./
= 80,00M M Gk (j1i5isis) V2K + 1(—1)Jsta—K
\/(1 + 5j1j2) (1 + 5j3]4 j/]/zj;]4 ;

}(K)

bt @
X <0’AJ/0 (]1j2) |:|:Cj£ ®CJ£ & |:Cj4/1 ®C]é:| :| AJ() (]3]4) |O>
0

1

=00 ,70m 0 N (F)PERAG, (4 b b))
\/(1 + 5j1j2) (1 + 5j3j4) 54345434
4
J
X [( 1>]1+]2 5]173{ 5]2&2 6j27j{ 5j1,jé}
J
X [( 1)j3+]4 5J§7j35]fpj4 5]2,135]§7j4]

4
=05 gop Gy (j1j27374) - B.1.23
J',JOM M\/(1 +5j1j2) (1 +5j3j4) J(Jl]2]3j4) ( )
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B.2 Monopole-pairing Interaction

The pair-creation operator Pl(:j\jﬁ and the quadrupole operator Q(T%J’\Z/[)T are defined by
1,0 . o 1,2 . .
P;E,M)T = Z ps (J1j2) ALLJM (j1j2) QL,M)T = Z q (3192) Bip2nm (J1j2) s (B.2.1)
J1,J2 J1,J2
with
. V271 +1
Po (J1j2) = T(Sjljw (B.2.2)

. . /. . 1 . .
2 (Grja) = q (jrja) = 7 <Jl Hﬂy@)” 32> =z (naly ||r2] mats) <l1]1 HY@)H 5232>. (B.2.3)
In this paper, we adopt p; = 1 for higher order (J > 2) pairing operators. The conjugate of
pair-creation operator is given by
=(1,J) _ 1,J
PD = (-nMp,
o i~ _ 1@
= Z pJ (]1]2) (_1)]1 72 [CJQ ® le}
— o, M
J1,J2
= ps(rd2) ()" M Ay (i)
J1.J2
= ()Y s () [6, @,
J1,J2

:| (17'])

: B.2.4
o (B.2.4)

Assuming that the effective interactions are Hermite and rotational, parity, and time-reversal
invariant, the isovector pairing (P) interactions and the quadrupole-quadrupole (QQ) interactions

are given by

i =~ ~ (0)
H}(}’)j,lr) = _gNJP;SLJ)T . P;ELJ) - _guJ(_l)J 2J +1 |:P;51’J)T ® P/,(LLJ)}O , (B25)
(0)
Y = —x, N [QE?” : Qfﬁ)} = —VBxuu N HQE?” ®fo,)]0 } . (B.2.6)

It should be noted that the scalar product is taken only for J-space except for isospin space.

i = £1 for the pairing interactions between like particles, and u = 0 for isovector np pairing
interactions. u = ' = £1 for the QQ interactions between like particles, and (u, p') = (+1,—1) or
(—1,+1) for those between neutron and proton. The phenomenological coupling strengths g, and
X are determined to represent spectra and electromagnetic transition rates.

In the later sections we will utilize abbreviated forms of the pairing interactions as

Hl%ur) _ —guJP/ELJ)T . 13/51,J)

= =g > (=DM ps (rgz) AL sas Grdz) Y pa Gisda) (=) Ay ar (sja)
M

Ji,J2 Js.Ja
= —gu (D" > py(ud2) po (sia) Y AL su (dz) Avus—n (sja) . (B2.7)

J1,J273,J4 M
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or
(pair) _ DNt P,
Hu?J — _QuJP;Sl . plgl )
.. .. 1,J) r_ 1@
= g0 (=17 Y pa G2 pa Gain) [, @l | (6, 2]
J1J2J3Jj4 ’ H
.. .. T T (17']) - ~ (LJ)
= Z Gu(jrj2, jsja; J) {le ® CjJ : [ch ® Cj4] ; (B.2.8)
J1j2J374 " "
where
Gu(G1jas jsja; J) = gus(=1)"ps (1j2) ps (jaja) - (B.2.9)
Since the Hermitian nature of the Hamiltonian and the reality of the CG coefficients,
Gu(jriz, jajas J) = Gu(Jsjas jrjz; J). (B.2.10)

For the monopole-pairing interactions between like particles,
<j1j2; J ‘H,(LTQ,J‘JSJM J>

= g (=1)7 N "o (7145) Y po (7444) <j1j2; J ‘ALLJM (J172) = Avpsna (j:/’)jf;)‘ J3Ja; J>

Ji.34 J5:34
= I (g i574) /1 + (=1)76;, 500 /1 + (=1)76,,; B.2.11
- J1J2 J3Ja- i
5T 1Po (7172) o (j374) +(=1) +(=1) ( )

B.3 Quadrupole-Quadrupole interactions

The quadrupole-quadrupole (QQ) interaction between like nucleons is given by a normal-ordered

form of
(QQ) ) . @) @) o @] ?
HT:M:N[Q Q }:N \/S[Q ®Q }0 : (B.3.1)
where the quadrupole operator is defined as
2) o 1P
QY = Z le,jz [cjl ® Cj2:| : (B32)

J1jz2
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The Q@ interaction can be decomposed as

T RO L
H(QQ):\/g Z Qj17j2Qj37j4N [[Cﬁ@cjz] ®[cj3®cj4} :|

J1j2J3Ja 0
J1 J2 2
=—V5 > Qi Qs Y BRK+1)S g3 gy 2
J1Jj2J3ja K K K 0

X Hc}l @cl,] e (. 03] (K)] :0)

- i 2 2
=5 Y QjjnQjyg. Y (-1 2K+1{ Lo }

J1J2J3J4 K i js K
+ + (K) . " (K)
X [le ® cjs] ® |:Cj2 ® 014}
0
L . . 9
B S SN
J1j2J3Ja K jx js

LSS (1))@
X chl ®ch] ® [cﬂ ®cjz} ] . (B.3.3)

Here the reduced matrix elements of the spherical harmonics is given by

(0)

/ T4+1 1 1 !
<z’ Y(’f>Hz>:(—1)l \/(21 +D)Rk+1)@I+1) | U ko | (B.3.4)
47 0 0 0
/ " k1
/ (k:) — (_ l /
<z C Hz> (1) /2 +1)(21+1){ 0 oo } (B.3.5)
Then
1 . . S
Qinia = = (1 [|[@®][ 12) = (07 Qu (B.3.6)
There is only one contracted term given by
(0] %% o)

2) 7@
- \[ Z Q31712Q13:J4 <0‘ H Tj1 ®a7'jz] ® [ai'js ®a7'/j4} ] |0>

J1j2J3Ja

. M@ 1, @
— _\/5 Z ]3 J4Q]1JQQJ3]4<O‘|:|:7']1®a7—j2:| ®[a7/j4®a7/j3} ] |0>

J1J2J3J4
Ji J2 2
=V Z ]3+]4Q31 J2Q33 J4 Ja Js 2 5j1j45j2j3
J1j27374 0 0 O

ol oot



106 Appendix B Nuclear effective interactions

. . 9 N ©) |
? 52le’j2Qj2’j1 { ]'1 .7'2 0 }<O‘ {aiﬁ ®a7"j1:| ‘O>\/m577—/

J1J2 J2

J1 o J2 2 1 :
:—5ZQj1,j2Qj27j1{ . 0 }mNle\/méTT’

JiJz J2 1
= -)H Z(—1)91+32Qj1,j2Qj2,j1 mNle(STT/
J1j2
1
_5 URCIE N Ba
‘%; (QJIJZ) 2]1 + 1 J1 ( )

The octupole-octupole interaction is similarly given as

H(Octupole) - N |:Q(3) . Q(B)i| ’ (B38)
where
23 _N"® [+ s 1@ B.3.9
@ _ZlevJé S ® Cjy ( e )
JiJ2

are octupole operators. Then,

1) _ 11O
o -7 5 g2, ¢, [[4 5] o 10

J1J2J374 0
JioJ2 3
3 3 . .
:_ﬁ Z QEl?szg's?j4Z7(2K+1) Jj3 Ja 3
J1j2J3Ja K K K 0
i S ) (0)
et
0
~1 X o Sy 2 0
J1J2333a K Ja J3 K
i 0 ) (0)
X chl ®cj3] ® [ch ®cj4] ]
0
_ (3) (3) is+j Ji g2 3
1J273J4

TR (CO R IS Y
x chl ® Cj3] ® |:CJ'4 ® Cj2] :| . (B.3.10)
0
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B.4 Neutron-proton monopole-pairing interactions
B.4.1 Isovector-pairing

Let us consider the monopole-pairing interaction between neutron and proton. Since
T ol
Aporo (77) \[Z (jmj —m|00) (57 7—7"1O> CrjmC—rj—m
=3 Z (jmj —m|00) chch_Tj_m
:fz ]m]—m|00>( +c el )
ujm 71'] m Tim-vj—m

(©
= |, @ cjr]}o , (B.4.1)

. 1 o
Aooro (77) = 5 > (imj = ml00) (rjmmCujm + Cuj-mCrjm)

m

1 o - - -
= _5 Z <.7 myj — m‘ 00> (ijmcyjfm + Cujmcﬂjfm)

. - 100
— |:C,/j ® CWJ} 0 (B.4.2)
the neutron-proton pairing interaction is given as

(pair)
HJP 0,u= 0

= —5900 Z Py (j12) Z Pooto (jzja)

J1<j2 J3<Ja

1 , , O _ 10

5’
1 ‘ : © [ 101©
= 5900 Z V(27 +1) (25 +1) Hcij ® c:rm} ® [cl,j/ ® cﬂj/} ]
4’ 0
1 - -
= ~ 5900 Z \/(23 +1) (25" +1)
17
J J 0 (0)
" (K) " (K)
X Z CK+1)< 4 4 0 [[clj ® cyj/} ® [cij ® cﬂj/} ]
K K K 0 0
+

= —%goo Z V(25 +1) (25" +1)

Gl B A LU _
XZ (2K +1 K—|—1 K {cij@)cyj/} ®{cjrj®cwj/}

J J

(0)

0

= —5900 Z V(2 +1) (2 +1)

35’
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(0)

1)E+i+i’ _q(E®) (&)

SV en] o [om ] ]
V(2 +1) (27 +1)

(0)

1 L _ 1) 1K)
= — 5900 g V2K +1 Z(—l)K“ﬂ ch,j ® c,,j/} ® [cjrj ® ij’} ] . (B.4.3)
K ij’

0

0

B.4.2 Isoscalar-pairing

The isoscalar pairing interaction is defined by
Hr=o = Z Z Zk‘J J1J2, J3ja ZAJMOO J1j2) Agaroo (Jzja) - (B.4.4)
J1<j2J3<ja J

Here we adopt k; (j172,J3ja) = ko as a phenomenological constant common to any J. The isoscalar

pairing operator is expressed as

1
ATJMoo ]1]2 Z Z ]1m1j2m2|JM><2 5 T

00> 7/101j1m16i7j2m2
mimez T 1 + 5j1j2

. . 1 1
- Z <‘71 miJz m2’ JM) N NG [Cljlmlc;ﬂ'jzm2 o ijjlmlcj’jzmz]

mimsa Vv 1 + 6j1j2 \/i

1 |: T T (']) . o J + (J)
RV IEEN TR V®w} + (=1 [V®W] : B.4.5
2(1+,5,) [ nene = 2 M (B.45)
If 7 # 7/, using ¢ jm = (—=1)71"Cr .
t RICAN t f
[ Crjy ® T]2:|M = Z {(71ma j2 ma| J M) ( Crjima Crr sz2)
mimeo
= Z <]l m1 Jo m2‘ JM> Cr'jomoCrjima
mimso
== > (=) G —ma o —ma| T — M)
mimso
X( 1)]1+mlc‘r]1 ml( 1)]2+m267 'j2—ma
J+M J)
= _( 1) [07'11 ® Cpr ]2i| (B‘4'6)
Thus,
. (—1)/+M - R IC) ; (J)
A S . A [V. W-} 1)i1+i2= [,, a } . (BAT
7Moo (J1J2) 5110, Cujy @ Crjy _M+( ) Cujs @ Crjy Y ( )
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and

H._o = —k Z ZABMOO (J1J2) Asnroo (J172)
J1<j2 JM

t o

~t0 3 S s [ o k] v o ]
RS

(J)
(1 + 5]‘13’2) Cvis © Cris -M + ( 1)J1+]2 ! |:CVJ2 ® C7’I‘]1i| M:|

- ZZlJr(S

]1<‘72 JIM J1J2

. ~ 1 ()
X |:|:CVj1 ®Cﬂj2} M+( 1)]1+]2 J[CVJQ ®c7r]1} M:|

(N _ 1
|: u]l ® C7r]2:|M [Cuﬁ & Cﬂj2]_M

L (N ~ ()
+ (_1>]1+32 J[ vj1 ® cmz]M [Cujz ® C7Tj1} B

. D )
+ (_1)]1+32_J[ vjo ® Cﬂ']l]M |:CVj1 ® CTFJ'Q:| B

(J) L (J)
T +j2—J T
[l o]l - o))

J+M

EP I e

]1<‘72 JIM J1Jj2

(Do G
|: vj2 ® cﬂjl}M |:CVj2 ® cﬂ'jli| ul’ (B.4.8)

where the anti-symmetric property is applied to get the last line. Using the explicit value of a CG
coefficient (—1)"*M = /2J +1(J M J — M|00) for integer J, the first term is

(J) (J)
J+M ~ ~
%(_1) * [ 11;_]1 ® CjTJz:|M |:cl’j1 ® cﬂ'j?} M

_ Z\/2J+ H e m}w ® |:Euj1 ®Em}w](0)

0

g2 J

== V2J+1) QI+ QRK+1DS g1 jo J
J K K K 0

: & e e
ol ™o o]

_Z<2J+1)Zm(_1)jl+j2+J+K{ noj2 J }
K

7 21 K
" H IT,JI © Cuh}(K) % [Cih ®5ﬁj2}(K)}

= > (~DFV2K +1) (—1) it (2J+1){ o K }
J

e J2 g2 J

; (K) 1. (K)
X |: ygl ® cVJl} ® |: 71']2 ® Cﬂ']z}

0

(0)

0

(0)
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(K) #)]©
= S (DX VK + 1) (271 + 1) ()2 + D)dxo HC’T”I @] ® e, © ) ]
K

0

(0) N _ (0)
= —\/ (251 +1) (232—1—1){ ®cyh] {cﬂh ®cﬂj2}

, (B.4.9)
and the second term is
o S T )
Z(_1)31+12+M[ o, ® c;fm}M |:CVj2 ® cﬁjl} B
JM
. D @@
= Z(_l)]l-f—h-‘rJ 2J+1 |:|: Vi ® Cﬂjz] X |:C,,]‘2 & Cﬂjl} :|
J 0
g2 J
== ()RR LTIy 2T+ 1) 2K+ 1) G2 g1 J
J K K K 0
_ )]
X Hcijl ® cl,jQ} ® [ ;rm ® le} }
0
=3 ()R (27 1) YO V2K ¢ (-1 T /
7 I Ji Jje K
; S T TR
x |: Ujl ® CVJQ} ® |:C7Tj2 ® Cﬂ'jl}
0
= (1) S (C)RVIK 1) (27 + 1) g2
K J Jl J2 K
T (C I SR T
" [[% I CL }
0
. (K) ()]
= () S (DR VK 1 1 Hcljl ®’c}j2} ® [cjrjz ’c}jl] ] . (B.4.10)
K 0
Similarly the third and the last terms are given as
_— (J) (J)
1+j2+M =~ =
S (i, o]0,
. _ 0 _ 0@
= (—1)71t2 Z(_l)K‘/2K +1 ch’h ® c,,jl} ® [cjm ® cm] ] (B.4.11)
K 0
(. ~ 1
Z(il)J—i_M[ vj2 ®c ;rrh}M |:CVj2 ® C7Tj1i| _
JM
(0) ~ 100
= _\/ (251 +1) (242 + 1)[ ® cm] [ Crjy @ cm} ) (B.4.12)

The first and the last term are combined as

ko 1 . .
— —/(2 1) (2 1
5 Zl+5jlj2\/(J1+)(Jz+)

J1<J2

HT:0(14) = -

; Oy _ 1@ [, @, 70
X |: Vi1 Y CV]I] |:C7rj2 ® C7rj2:| + |:Cuj2 ® CVj2:| [ 7r]1 X Cﬁ]l]
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k 1 - (0) ~ 10
= ;j;ZH%\/(Qthl) (232+1)[ ®Cwl} { ;rm ®C7U2}

. , | . o _
- Y VR DR D[, 98] [y 7
J127J2

~ 10 _
= —ko Z (251 +1) [cijl ® cl,jl} [erjl ® cﬂjl]

J1

(0)

(0)

o Z V(21 +1) (22 + 1) [Cijl ®'5uj1} (0)[ Crii ®Em‘z] v

J1#J2

(0) ~
Z V@it 1) (22 ¥ 1)[ ® c,,h] [chQ ® cm}

J1.J2

(0)

_ ko 5 NN (B.4.13)

where
(0)
Ny =Sl erm = Z V2 + 1|, @) (B.4.14)
Tjm
is the number operator.

The second and the third terms are combined as

H._o(23)
ko 1 -
= —(—1) 2y (—1)EV2K + 1
2 jgj 1+ 5j1j2 ( ) ;( ) *

: ) e
Jlioma] o ol

_ ko
2

U (0 I S (001 R
+ |:Cl/j2 ®CV.711| ® [ 7r]1 ®Cﬂ']2]

0 0

(0)
(—1)1‘1+J'2Z(—1)K\/mﬁciﬁ®5m}(K)®[Lz@o’c“m]m] - (B4.15)

J1,J2 K 0

The reduced matrix elements according to many-body bases

(JoJe) TM) = > (Jy My Jo M| J M) |J,M,) | T My), (B.4.16)
M, M,

are given by

(J|[Hr=0(23)[| J)

kO J1+j2 K T - (K) 1 . (K) (0)
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" Jup Jnp J
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t . 1E) t 1K)
X (JupMyy [cujl ® cujQ} JoiMy; Jng My [C7rj2 & Cﬂ'jl] Jri Mz

)




112 Appendix B Nuclear effective interactions

:@ (_1)j1+j22(_1)1< QK+ 1) (27 + 1) (—1)TvitImstJ+K {Jyf Jep }

A % VeIt DRE 1) | Jei Jui K
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|:C,jj1 ® Cujs JV'L'MVi JﬂfMﬂ'f

P
X JVfMVf [ijg ® Cﬂjl] Jni My
ko i+ . Jup Tnp T
= — -1 JitJ2 VoJ +1(-1 Joitdap+J
)
|:Cyj1 ® C]/j2:| Jm'Mm‘

J1,J2
RS
[cwj2®cﬂj1] JniMs ). (B.4.17)

X <Jl,fMl,f

X <J7rfM7rf

B.4.3 Isospin
We evaluate the expectation value of isospin
T =T,T_ +T?-T., (B.4.18)

where Ty are ladder operators expressed in second quantized form as

T, = Zcijmcﬁjm = Z( 1)7tme iij}T] m

jm

_Z j+m —Jj+m /2]+1<jm] _m‘00> ijcﬂ] m
(0)
- —ZVQJ +1 [ ®0m} ) (B.4.19)

(0)
T_ = Zcmmcwm = - Z V25 +1 [ ®Eyj]0 . (B.4.20)

jm

First the uncontracted term is given as

(0) (0)
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0
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Jj’

K 0

The first term is same as a part of the isoscalar pairing interaction H,—y(23) except for the factor.

B.4.4 Tensor interaction

Under the rotational invariance and the parity invariance, possible two-body interactions except

of central forces are the spin-spin interactions proportional to si-ss, and the tensor interactions

defined as

2) 2) 1
[Sgn 2 sg”} , [7,<1> ® 741)} = (81-7)(s27) — 3(31-32)72, (B.4.22)

where s; and s, indicate the spin matrices, and r = r{ — 75 is the relative coordinate of two nucleons.

The right expression can be deduced as follows. Starting from the the first term of the right-hand,

|:[8§1) & r(l)} © ® [Sél) ® T(l)} (0):| (0)

0
1 10

(k) QI

=Y @+ 110 [[sg”@s;”} ® [r(1)®r(1)} ]
k=0.2 k k0 0
1 (k) (k)1©

> m{ 0 }[[s?)@séﬂ ® [r® @r] ]
k=0,2 1 k 0

_ Z Vv2k+1 HS(I) @ sél)} (k) @ [r(l) - r(l)} (k)] (0)

1
3
k=0,2 0
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=3[0 est) " o [ 0rt] “”}:” + 2l @] 0 [r0 6] 7]

(0)

0

Ol = W

1 (2) ©)
(51-82) 7% + 3 [sgl) ® sél)} : [1"(1) ® 7‘(1)} . (B.4.23)

(1)
Here, [r(l) ® T(l)} = 0 is used to abandon the k = 1 term in the first equality. This relation for
the rank-1 coupling of the same two tensor operators is deduced from the CG-coefficient properties
of

(1m1 1m2|1M> = —<1m2 1m1\1M>,
(1m11m2]1M>:—<1—mll—mgll—]\/ﬁ. (B424)

The second term in the right-hand is given as

2) @) (0) 1@ 1
[sﬁ” ® sgl)} : [r(l) ® r(l)} = 3“3§1) ® r(l)} ® [sél) ® r(l)} ] ~3 (s1-82) 72
0
1
=(s1-7r)(s2 1) — 3 (51 - 82) 7% (B.4.25)

B.5 Particle-Hole transformation for P+QQ interaction
B.5.1 Particle-Hole transformation

Here we consider n-particle states |n-particles) in a single j-shell. The particle-hole transformation

operator I' is defined by
[ |n-particles) = |n/-holes) , (B.5.1)

where n’ = 25 + 1 — n is the number of holes in the same shell. T is an unitary operator, which

satisfies
Ir=1rf =1, (B.5.2)
since I' transforms one complete orthonormal set of |n-particles) into another complete orthonormal

set of |n-particles).

We define the hole operator as
bl = —Ta,I", (B.5.3)
which is accompanied with one-hole states
[jm)n = b5, 0} (B.5.4)
The hole annihilation operator can be constructed by the same expression as the particle’s as

bjm = (—1Y""bj_py = —(~1)¥Tal, I'T =Tal ', (B.5.5)
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The hole vacuum state is defined by

|0)5, = I'|full shell),, (B.5.6)
where
|full shell), = al (S+) |0) (B.5.7)

is the normalized full occupied state with J = 0. Here

Sy = (=1)'""alaf (B.5.8)

m>0

is the S-pair creation operator and 2 = j+1/2 is the degeneracy. It can be immediately shown that
bim|0)s = 0. (B.5.9)
Thus it is revealed that the hole operators b;r»m and gjm are ITOs. These states are related as follows:

0= Fa ., |full shell),, = I‘aT . TTT|full shell), = JmIO) (B.5.10)
0= rb}m\fuu shell);, = rb}m (B.5.11)

Let us consider the fermion characters. The hole operator is defined by ¢, = (=1)7"™¢;_,. The

anti-commutation relations are given by

{Ejm’C}m/} = (=1 78,50, (B.5.12)

The contraction is then

1
=" (imyg m/[J M)Ejmch,,,

M mm/

= (jmj —m|JM)(=1)7"5; ;. (B.5.13)

m

— ()
|:E]m X C] m :|

For any two-body interactions, J = 0, then

=Y (Gmj —m|00) (=1)7 78, ;0 = /25 + 16, . (B.5.14)

0 m

— (0)
|:E]m X C] m :|

B.5.2 Pairing Interactions

The pairing interactions are given by

air o ) 1. _ (J)
H,L(LI,)J ) = Z GM(]1.727]3J4; J) |: le X C'r ]2i| . |:C7—j3 (] CT/j4i|
J1j2J3Ja

OO S TCOR
— ( ) J /20 + 1 Z j1j2’]3]4’ J) |:|: le ® Crr ]2] ® [CTjg ®Cr’j4i| :| .
J1J2J3J4

(B.5.15)
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Applying the particle-hole translation b;r-m = —Qjm, bjm = al

gm?

J) o~ ~ ()

](J)

ir .o .. (
J1J29374
T B AP
= Z Gu(j1327j3j4;J) |:a7'j1 ®a7—’j2i| . |:Cl7_j3 ®(17,j4

J1J24374

(B.5.16)

First we consider the two-body interactions in the normal ordered form, namely, uncontracted term
in Eq. (B.5.16). That term is

air oo () ~ - (J)
Hﬁf’(} ) (hole; uncontracted) = Z G (4172, J3jas J) [aijs ®al ] . [ale ® arsz}

7' ja
J1J2J354
R L S M It
= Z Gu(]1]2a]3]4;‘])[a7j1®a7—’j2] '|:a7'j3®a7'/j4:| )
J1j2J3Ja

(B.5.17)

Here G (j3ja, j1j2; J) = Gu(j1je, jsja; J) readily obtained from the definition is used. This is the
same form as in the particle picture. Thus in the following we concentrate on one-body and constant
parts which are arisen by the particle-hole transformation.

In order to form the one-body part, we first consider the contraction of ai j, and Grj,- In this case

ai, ;, and @rj; can be anti-commuted with each other. Thus this term can be recoupled as follows

I U E)
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= m(sjljséjzﬂNT/jzv (B518)

e}

where = means taking a contraction.
c
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The other contractions are given by the same way as

1 D )
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c

V2J +1
meﬁma%m- (B.5.21)

For the monopole pairing interaction, J = 0 and j; = jo, between like particles 7 = 7/, there are

no contributions to the one-body Hamiltonian.

For the quadrupole pairing interaction, J = 2, between like particles 7 = 7/, we take couplings as

G(j1J2, J3ja;2) = Qjy s Qiis g (B.5.22)
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Thus we get
\/5 Z le,]é Qj37j4
J1J2J3Ja4
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For higher order multipole pairing interactions, J > 2, between like particles 7 = 7/, we retain the

property of ps(j1j2) = ps(j271). Thus we have a contribution

Nrj
L. B.5.24
1 (B.5.24)

427 +1)> p5 (o) o

J1Jz

B.5.3 Quadrupole Quadrupole Interaction

The QQ interactions for holes are rewritten by the particle-hole translation as

(0)
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B.5 Particle-Hole transformation for P+QQ interaction 119

We should consider two contracted terms which may be coupled with J = 0, given as

Q@

v/ (hole; contraction of j; and j3)

=5 Z Q]1’14Q]2,]32\/7 )]2+j3{ .7:1 j4 2 }

J1J2J37a J3 J2 K
J1 Jj2 K
x2K+1)% js ja K
0O 0 O

~ i 19 ~ i 1 (0)
X Ham ®a7,j3} ® [cwh ®aTj4] } 0jrjs Ojna

_5ZQ31 JQQ]27j1Z\/7 )]2+j1{ .7:1 j:2 2 }

e noJj2 K
—1)E+i2+0 i i K
><(2K+1)7( ) g
2K +1 J2 J1 0

_ O RRTOI
c[paoata]" o o]
JioJ2 2 o2 K
=5 Z Q152 @iz Z(_l)K (2K +1) { . K } { . . 0 }
G1j2 K Ji o J2 J2 1

_ IO RRTOI
) “a”l ®“T’JJ © [a”? ®aw‘z] }

. (0)
Z i g1 0 ~ © . (0)
= 5 le,jQQjQ,jl { . . 2 } |:|:a‘l'j]_ ® aj_/]‘11| ® |:a:7'/j2 ® a/’.if.'j2:|

172 J2 J2
=5 Q‘:’Q'a'l \/2]1+1577’ |:a'r' ®a7':|
c 312 J1,J2°%J2,] \/(2 .1 T+ 1)(2]2 T 1) 72 j2
(—1)i s
:_526‘2317]2@]27]1 2] +1 57'7 NT]Q
JiJz
=9 Z le Jz 2 + 1577' NTJQ? (B.5.26)
JiJz
and
Hﬁ?,Q)(hole; contraction of jo and j4)

i 0 re © OI
= 52Qj1,j2Qj2,j1 { .1 .1 9 } |:|:a7'j1 ® a;r'/j1:| & |:CLT’]'2 ®aij2i|

J1j2 J2J2
(—1)dr+iz RO
= 5 N ; Q s y 2 + 5‘I"I' |:aT ® a‘r i|
- jEle Qj1,j2 @z g \/(2j1 D)2+ 1 \/ J2 J1 J1

( 1)]1+Jz
:_5ZQJ1J2QJ2J1 2] +1 57'7 NTJ1

JiJz
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s 1
=53 (Qj2)? 500 Ny B.5.27
5j1j2 (Q]l»]Q) 2]1+1 J1 ( )

Then the contracted terms are written by using this relation as

2 1 1
52 (Qj17j2) (2j1 T 1N7—j1 + 2 + 1N7'j2> Orr
J1J2
1
2
- 102 <Qj17j2) mNledTT" (B528>

J1Jz2

B.6 Two-body matrix elements
B.6.1 Radial eigenfunctions in the spherically symmetric harmonic oscillator

The isotropic harmonic oscillator in the three-dimensional space is described with a potential of

1
V(r)= §mw2r2. (B.6.1)
In general, the wavefunctions decomposed as ¥ (r) = R;(r)Y;m(0,¢) in a spherically symmetric

potential V' (r) are given by

_ L dalr)
2m  dr?

I(l+1)
2mr?

+ |:V(T') + ] xi(r) = Exi(r), (B.6.2)

where the radial part is defined as

Ry(r) = le) : (B.6.3)

The angular components Y, (6, ¢) are the spherical harmonics. For the harmonic oscillator potential,

in the limit of » — oo, the centrifugal potential is negligible and the radial part is simply given as
1 2
xi(r) ~e 2 r — 00. (B.6.4)
In the other limit of » — 0, it is found that
xi(r) ~ 7t r — 0. (B.6.5)

Thus, an ansatz for the radial part defined as

1
xi(r) = rl"'le*gmwﬁf(r) (B.6.6)
is considered.
The radial part can be regarded as a function of z = r?, and the Schrédinger equation is then
given as

d*f(2)
dz?

df(z) 201+3
dz + 2

—2z + {2mwz — (21 + 3)} mwf(z) =mEf(z). (B.6.7)
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The series expansion of f(z), which is explicitly given as

f(z) =) axz",
k=0
d Py [o.¢] o0
J;( ) = Zkakzkfl Z(k + Dag12",
o k=0 k=0
[ () -
s Zk: k+ Dapa 2" = (k+ 1) (k + 2)apyo2", (B.6.8)
k=0 k=0

leads to the equations for the coefficients ax as

- 2+ 3
sz [ 2k(k + 1)ags1 + 2mwkay, — (20 + 3)(k + Dags1 + ;mwak] = mEz apz”
=0 k=0
(B.6.9)

and thus recursion relations as

apr1 _ E— (242w m
o @R A+3)k+ 1)

are given. The series of f(z) should be zero at some k = n, so that the series will be converged in

(B.6.10)

the far distance. This requirement is realized if the eigenvalues are given as
E=Q2n+1+3)w. (B.6.11)

In order to get an explicit form of the eigenfunctions, the Schrodinger equation (Eq. (B.6.7)) is

rewritten by = mwz = mwr? as

2
[md(iz + (2l;—3 — x) % + n} f(z)=0. (B.6.12)

Comparing this with the Sonine’s differential equation, it is found that f(z) is given with the Sonine

polynomial as f(x) o< S, ;41/2(x). Thus, the radial function is given as

l T
Ry(r) = Nz2e 25, 1112(2), (B.6.13)

with normalization constant A. Using the orthogonality of the Sonine polynomials,

> Y 1 1
/O‘ Rnl(T)Rnll(T)’]’zdr = |N’2/aj‘l€ Sn7l+1/2<x)sn/7l+1/2(x) X Wx2dx
WI* T(n+1+3)
= On'ns B.6.14
2(mw)3/2 n! ( )
and thus
1.3 2n! 1 2
Ryi(r) = (mw)2 74 n e 2T S, e (@)
2

1 n
= ’r‘l67§mwrz ZanlkT‘Qk’ (B615)
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where

L. 2n! (—D)*C(n+1+3)
T(n+l+3)kl(n—k)T(+k+3)

Anlk = (mw)

= (mw)?2

Kl(n— )\ (2n+ 20+ D)I/7 (20 + 2k + 1)1

1, 3 (=1)kok+1 1 n!(2n + 21 + )N
— (mw)2+k+4
k'(n — k) (20 + 2k 4+ 1! o=l /7

is obtained. A system of units in which m = w =1 is used below.

This phase convention of a.,;; satisfies
lim R, (r) = lim Tlanhk:(] > 0.
r—0

r—0

0 < k < n. Another convension is given by multiplying (—1)" as

5 n
r / 2k
E Anir”™
k=0

, (—1)ntk 2+l n! (2n + 20 + 1)!!
a = .
R RN (n — ) (2k + 20+ 1)!! o=l /7 ’

N[

) =7l

so that

2
. . _r_
Jim Ry (r) = lm e ap e > 0.

B.6.2 Matrix elements of r

In order to evaluate the matrix elements of r,

(—1)k gk-+1 \/n! (2n + 20 + 3)!!

Lypsd (—1)k\/ onI2n+H+L (2 b2l + 1),
(

Qn,i+1,k = A (n _ k)' (Qk‘ + 20 + 3)” 271,7!71\/771—
2(2n + 20+ 3)
Qnlk,
2k + 21+ 3
B (—1)F 2k+1 (n—1)!(2n+20+ 1)
On—1,14+1,k = k! (TL —k— 1)' (2]{,‘ + 9l n 3)” 271—[—2\/,7-r
n—=k 2

= TR (k
k213 i k<n)

(B.6.16)

(B.6.17)

(B.6.18)

(B.6.19)

(B.6.20)

(B.6.21)
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are utilized. Here,

EERER
Rppga (r) =r"1e727 Y an 1™
k=0
1o~ \/2(2n+20+3)
— 1+1 3T 2k
e ) ok 12013 nTo
k=0
1, n—1
Ry_q41 (1) =rlTle 2" Q1,141,572
k=0
15 n—=k 2
_ o+l —5r 2k
=r''e 2 ——— — kT
;2k+2l+3\/ﬁ ik

Thus

1, /
rR,,; (7’) = ’I”l+1e_§r Z anlkr% =4/n+1l+ an,H-l (7“) — \/ﬁRn—l,l—H (7“)
k=0

is given for n > 1.
On the other hand,

An+41,1—1,k+1 = (k’ T 1)'(7'L — k)' (2l T 2k+ 1)” 2n—l+2\/77-
vn+1

= k1 o

_ (—1)ktiokt2 1 n!(2n + 20 — 1)1
Il = e N —k— 1) (2 + 2k + )\~ 2n—1 /7
2(n — k) 1

an
k+1 L@nt20+1)

(—1)k+1gk+2 1 \/(n+ 1)1(2n + 21 + 1)

lead to

) n+1
l—1 _—5mwr 2k
Ryp10-1(r)=r""e" 2 E Ant1,1-1,kT
k=0
1 . n+1
_ 41 —5muwr 2(k—1
=r'e 2 g Ap+1,1—1,k7 (k—1)

k=0

n
1 2
_ I+l —5smwr 2k
=r'e 2 E An+1,1—1,k+17
k=0

n =
— _rl+1€f%mwr2 n+1 2k

n
_1 2 _
— 7“l+16 5 mwr § :an,l—l,kTQ(k 1)

k=0

(B.6.22)

(B.6.23)

(B.6.24)

(B.6.25)

(B.6.26)



124 Appendix B Nuclear effective interactions

n—1

1
— Tl—i—le—imwrz Z an,l—l,k—l-lr?k
k=—1

1 "\ 2(n— k) 1

— rl+1€f§mwr Z k
A kvl nr2r)
1 n _
—pltlemamert §° 2(n — k) ! r2k, (B.6.27)

P kE+1 2n+2l+1

and thus, for [ > 1,

1 2 / 1
TRnl< l+1 _2 Z anlkr = —Vvn+ 1Rn+171_1(7“) + n—+ l + ile_l(T). (B.6.28)

In summary, using the recursion relations as

3
rRy(r) =/n+1+ §Rn,l+1 (r) —vnRu_1141(r), n>1, (B.6.29)
1
rRu(r) = —vVn+1Ryq1-1(r) +/n+1+ iRnJ_l(T), [ >1, (B.6.30)

the matrix elements of r are given as

(n, L+ 1lrn, 1) = /n+1+ g, (n—1,1+1rn,l) = —/n, (B.6.31)
1
(n,l —1|r|n,1) = \/n-l-l—k? n+1,1—1|rn,l) = —vn + 1. (B.6.32)

B.6.3 Matrix elements of 7

The recursion relations in Eqgs. (B.6.29) and (B.6.30) are utilized to calculate the matrix elements
of higher order factorials of r.
For n > 2, using Eq. (B.6.29),

r? R (r) = \/<n +1+ 2) (n +1+ Z)Rn,wz(r)
- 2\/7mRn—1,1+2(7’)

+v/nn—1)R,—242(r). (B.6.33)

For n > 1, using Egs. (B.6.29) and (B.6.30),

Ry (r) = —\/(n +1) <n +1+ ;)Rn—kl,l(r)
+ (2n—|—l—|— g) Ry (r)

—/n (n +1+ ;>Rn1,l(r). (B.6.34)
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For | > 2, using Eq. (B.6.30),

Ry(r) = +/(n+ 1)(n + 2)Ryy21-2(r)

- 2\/(n +1) <n +1+ ;)Rn+1,l—2(r)

+ \/(n +1— ;) <n +1+ ;)Rn,l—Q(T)- (B.6.35)

The matrix elements of <n’ U |r2‘nl> are given in Table B.1.

Table B.1: Two-body matrix elements of (n'l’ ’rQ‘nl> are given.

I'=1+2 l 1—2
n =n+2 (n+1)(n+2)
n+1 —\/(n+1)(n+l+%) —2\/(n+1)(n+l+%)
n \/(n+z+g)(n+z+g) (2n+1+2) \/(n—i—l—%)(n—l—l—l-%)
n—1 —2\/n(n+l+%) —\/n(n+l+%)
n—2 n(n—1)

The same procedures are followed to get matrix elements of 3. For n > 3, applying a recursion

relation in Eq. (B.6.29) to Eq. (B.6.33),

3 5
3 Ry (r) = \/<n +1+ 2) (n +1+ Q)ar,HQ(r)
3
—24/n (n + 1+ 2)1"Rn_17l+2(r)

+vnn—1)rR,—2,142(r)

:\/<n+l+2) (n+l+2) (n+l+;)Rn,z+3(T)
- 3\/n (n +1+4 2) (n +1+4 2>Rn_1,z+3(7“)

+ 3\/n(n -1) <n +1+ 2>Rn2,l+3(r)
—v/n(n —1)(n —2)Ry_3,13(r). (B.6.36)

For n > 2, applying a recursion relation in Eq. (B.6.30) to Eq. (B.6.33),

3R (r) = \/<n +i+ 2) (n +i+ g)ar,z+2(7“>
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/ 3
—24/n (Tl + 1+ Z)Y’RnLlJrg(T)

+v/nn—1)rR,_g142(r)

3 5
= _\/(”+ 1) (TH‘H‘ 2> (n—l—l—l— 2>Rn+1,l+1(7“)
/ 3 5
+ n+l+2<3n+l+2> Rn,l—&-l(T)

— B+ 20+ 2)R, 1 41(7)

+ \/n(n _1) (n i ;>Rn2,l+1(7~). (B.6.37)

For n > 3, applying a recursion relation in Eq. (B.6.29) to Eq. (B.6.34),

Ry (r) = \/(n +1) <n +1+ ;)TRnJrl,l(?")

+ <2n +1+ 2) rRyi(r)

1
—y/n <n +1+ 2)7’Rn1,l(r)

3 )
:\/(ﬂ*l»l) <’I’L+l+2) <’I’L+l+2)Rn+17Z+1(T)
/ 3 )
+ n+l+2<3n+l+2> Rn,l+1(T)

—VnBn+20+2)R, 1 41(r)

+ \/ n(n — 1) (n e ;>Rn_2,l+1(r). (B.6.38)

This relation is identical to Eq. (B.6.37). For n > 2, applying a recursion relation in Eq. (B.6.30) to
Eq. (B.6.34),

Tanl(T‘) = —\/(n + 1) <’I’L + 14 ;)TRn—i-l,l(r)

3
+ (Qn +1+ 2> rRpi(r)

1
—y/n (n +1+ 2>ar1,l(r)

= \/(n +1)(n+2) <n + 1+ 2) Rpio1-1(r)

—Vn+1(3n + 20+ 3)Ryi1,1-1(r)

1 3
Jm/nJrlJr5 <3n+l+2> Ry i-1(r)
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_ \/n <n . ;) <n o ;>Rn1,”(r). (B.6.39)

For n > 3, applying a recursion relation in Eq. (B.6.29) to Eq. (B.6.35),

P Ru(r) =/ (n+1)(n+2)rRyia_2(r)
— 2\/(n +1) <n +1+ ;)TRnH,l?(T)

+ \/<n +1- ;) (n +1+ ;)TRn,l—Z(T)

- \/(n +1)(n+2) <n +1+ g)Rn+2,l1(T)

— V1304204 3)Rpy14-1(r)

/ 1 3
1 1
_ \/n <7’L +1 - 2> <n + 1+ 2>Rn1y11(7‘). (B.6.40)

This is identical to Eq.(B.6.39). For m > 2, applying a recursion relation in Eq.(B.6.30) to
Eq. (B.6.35),

Ry (r) =+/(n+1)(n + 2)rRpy2,1-2(r)
— 2\/(n +1) <n +1+ ;)TRn+1,l2(T)
+ \/<n +1— ;) (n +1+ ;>ar,z—z(7“)
= —/(n+1)(n+2)(n+3)Ruiz3(r)

+ 3\/(” +1)(n+2) <” +1+ ;) Rpt21-3(r)

- 3\/(n +1) <n +1- ;) <n +1+ ;)Rn—kl,l—?)(r)

3
+\/n+1— §Rn7l_3(r). (B.6.41)
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Appendix C

(' P-odd nuclear moments

C.1 Schiff's theorem

Let us consider a system consisting of non-relativistic point-like particles. It is well known that
the electric dipole moments (EDMs) of the ingredients are invisible at least directly with the use of
an external electric field Eqy;. The shielding effect was first indicated by L. I. Schiff [151], so that
the assertion is called Schift’s theorem. The proof is given as follows.

The point-like particles interact with a homogeneous electric field Eqy through the electric charges
e; and the EDMs d; as

Vit = V(charge) V(edm)

ext ext

c()ftharge) Z € ¢ext Tz
Vi) = Zdi'Eext- (C.1.1)

The constituent particles interact with each other as

Vit = V(chargc) + V-(cdm)7

int int
V(charge) A
e Z i — TJ|
yledm) — di-Viy C.1.2
1nt Z _ 7“]\ ( R )
i#]
L. I. Schiff introduced a unitary operator of e’® accompanied with a Hermite operator of
1 Z
i=1
The interactions due to the electric charges of the particles are transformed as
CVLED @ s VL) 1 Q| < v e,
1Qv(charge) —iQ Vvu(lctharge) |:Q, ‘/lfliharge)} ‘/H(lctharge) + V;Ezdm)’ (014)
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where the higher order terms of the EDMs are negligible. Thus, the Hamiltonian of this system can

be written as
2
_ p; 1Q 1y (charge) ,—iQ
H= g S +e'~V e ", (C.1.5)

(charge) __ V(Charge) + V(Charge)

where the interaction terms due to charges are gathered as V it

If the ingredients have no EDMs, the Hamiltonian can be written as
p; (charge)
Hozzmi + Y (charge), (C.1.6)
(2

Let us denote the eigenstates of the unperturbative Hamiltonian Hy as |n). The eigenstates of the

Hamiltonian H including EDMs are then written as e!?|n). Indeed,
He®n) = e'QHy|n) = E,e'?n) (C.1.7)

thanks to [p;, @] = 0. Thus, it is concluded that the system is not affected by the EDMs. Here, it is
assumed that stationary states |n) exist, which requires that the total charge of the system is zero.

Another intuitive explanation is given as follows [152]. The non-relativistic Hamiltonian for a
system consisting of point-like particles located at r; and with masses my, charges e, and intrinsic

EDMs dj, is given as

H = Hy+ Hg,
2
_ D - _ E
Ho=) 5 +) erd(ri), Ha=—  di-Eun(rs), (C.1.8)
k k k
where the charged particles induce the internal electric field Ei,(ry) = —V¢é(ry) with the elec-

trostatic potential ¢(ry). Considering the purely electrostatic interactions as above, the C'P-odd

interaction is written as

g9 .1
= 71—

Hy = —d,-E;, d
d k t('rk) k* 8rk e

[dy. i, Ho] - (C.1.9)

The C P-odd interactions would be perturbatively treated with respect to C P-even interactions. Let

us denote the C'P-conserving eigenstates of the system as |n). The C'P-mixed state is then given as

|m) m|Hd|n , 1
Z o 1+zzk:€kdk pi | n). (C.1.10)

The interactions between the intrinsic EDMs and the internal electric field induce additional EDMs

WZ elnm = <n\ (1 — ZZ 1dk'pk> Zelrl (1 —i—iz 1dk'pk> |n>
] x Gk ] r Gk
= (nliy_ = [ri. di-pi] In)
Kk
= —(n|Y_ dk|n). (C.1.11)
%
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The expectatoin values of the intrinsic EDMs are given as
(nldx[n) = (n| Y di|n), (C.1.12)
k

where the second order contributions in perturbation are neglected. Thus, the intrinsic EDMs cause
the rearrangement of the charge distribution to induce EDMs, which exactly cancel the intrinsic
EDMs of the ingredients.

C.2 Nuclear Schiff moment

Let us consider a finite-size nucleus with the charge distribution of p,(r’), which is normalized as

/pq(r')d3r' =1. (C.2.1)

The charge distribution of the nucleus causes the electrostatic potential

!/
Peharge(T) = Ze/d3r’ Palr) _ Ze/d?’r/pq(r’) [i + r/oV% +0(r?)], (C.2.2)

r—r
where 7’ indicating a position inside the nucleus is much smaller than 7 indicating the positions of
electrons in the atom. If the nucleus has a permanent EDM dy with the distribution of pg(7’), the

EDM also contributes to the electrostatic potential in the form of

1
Pedm(T) = /dgrlpd(rl)dN'VM- (C.2.3)
The first order contributions of 7’ /r in the electrostatic potential are given as
O (1) = e (1) + O ()
1 1
= Ze/d?’r’pq(r’)rl-vr + /d?’r'pd(r')dN-VT. (C.2.4)

The Schiff’s theorem says that the expectation value of the first term with the P-mixed state can

be replaced by

Ze/d3r’pq(r')<r’>'~Vi _ —/di”r’pd(r’xdm.vi _ —/d3r’pd(r’)<dN)’-Vi, (C.2.5)

where the bracket (---) means the expectation value with respect to the P-mixed state, and (---)
means that with respect to the P-even state. The EDM is T-odd and P-even, so that only the
dominant parity state plays a role as (dy)’ = (dn). Here, one ignores the contribution from the
subdominant parity state, which is the second order term of parity-mixing perturbation. Thus, the
first order contributions are exactly canceled.

In the following, the charge distribution is simply denoted by p(r) and the nuclear EDM is ex-

pressed as

d= Ze/r’p (r") d®r'. (C.2.6)



132 Appendix C CP-odd nuclear moments

The nucleons are assumed as point-like particles located at r’. The electrostatic potential of a

nucleus is given as [153,154]

¢(T) = ¢charge(T) + ¢edm(r)7 (CQ?)

[ )
¢charge(r) - /d |T‘ — ’I"/| ) (028)
¢edm(r) = d’V(bcharge(T) = (dV) /dST, |rp(_r2/’, (029)

where ¢eam () is introduced instead of the coupling of the nuclear EDM and a homogeneous external
electric field. The electrons at = in an atom interact with the electrostatic potential, so that the
positions 7’ in a nucleus are typically much smaller than r. In order to explore the leading order

contributions to the electrostatic potential, the elementary relations of
Opf (Ir —r'[) = =0if (Ir —7']),
0,1 (Ir —v') = 00, (fr —v'l) = 0i0; f (v — '),
8;8;-8;]" (|r=7'|) = —818}(9,’€f (|r = 7'|) = —=0:;0;0f (|]r — r'|) (C.2.10)

are helpful. It can be shown from the first line that the zeroth order term of ¢e¢qm, which is given as

o0 (r) = d-V%, (C.2.11)

edm

must vanish with the first order term of ¢charge, Which is given as

1 1
Dhege(T) = —e/d3r’p(r/) (Vr> 7 =V (C.2.12)

This equality means the Schiff’s theorem saying that the EDM of a nucleus as a point-like particle
is screened by the charge-induced dipole moment. The second line shows that the second derivative
of @charge and the first derivative of geqm are also canceled. Thus, the leading order contributions

come from the third line and those are given as

¢(r) = —%e <ai6jaki> /P(r')réré—r;d?’r’ + %di (&-@-(%i) /p(r’)r;r;d‘gr’. (C.2.13)

Here, the spherical components of the vector r and the gradient operator V(!) are defined as

o (z £1iy) & - ( ) A (ren+r-1)
Ty = xEiy), ro=2 x=— Tyl —7T_1), = r r_
+1 /2 Yy 0 /2 +1 1 Yy /2 +1 1
0 1 d
ol _ o _ 9 C.2.14
+1 87";1’ 0 87"0 ( )

The spherical components (u, v = 0,+1) follow the commutation relation of

[v,(}),rgl)] = (~1)"6, . (C.2.15)

However, this relation is not related to the following argument since the spherical components of 7’

are integrated out.
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The tensor product of 9;0;7ir’; is given as
1 1
- (v< ) .T/<1>) (vu) .r/u))
3

- H v g r’(l)} © {V(” . rl(l)](o)} (0)

0

110
(k) (k)1O
= (2k+1)¢ 1 1 0 HV“) ® V(l)} ® [7‘/(1) ® r’(l)} ]
k 0,2 L k O 0
1 0 (k) (k)71©
= > V2k+l HV(” ®V<1)} ® [7“'(1) ®r’<1)} ]
=0,2 1 k 0
(0)
- 2k+ [ RGE v(l) *) o [r0) ®T,(1>}(’“>]
k 0,2 0

1 0 7@
_ 3“V(1> 2 v0] g [0 0] ]0

- \f HV(” ® V(”} ¥ & [r’(l) ® 7"(1)} (2)] Y

0
1 V5 2) 2)7©
= 1) v@) (1) | (1) A (1) (1) /(1) (1)
g(v v (00 4 . Hv @ VO] g [ @) ]0 . (C.2.16)
and then
1 (2) 2)71©
0i0jrir; = =0;0;7"%8;5 + ﬁ[[v(l) ® V(l)] ® [r’(l) ® r’(l)] }
3 0
1 12 ! ! 1 12 1 12
= alaj g?“ 6ij + Tirj - g’f‘ 52-]- = 5818] [7" 6ij + Qz]] . (0217)

The first term is an irreducible rank-0 tensor operator, and the remaining term is an irreducible

rank-2 tensor operator. The quadrupole moment is defined as

Qi; = (3rirly —1"63;) , (C.2.18)
and the spherical components are given by

Q® = xf[ ) ®7"(1)}( ) (C.2.19)

Actually, using explicit values of CG-coefficients as

(1010]20>:\/§, (111—1\20>:\/g, (C.2.20)
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it is found that

L @ _ [sa) o 0@
\/EQO —[7" QT ]

= (1010]20) rjry +2(111 —1|20) 7",

-y
\/7[3;:’2 (2 +y"* + 2"?)]
\/>sz (C.2.21)

The rank-2 part can be reduced further as

_ \}g (d(l) .V(1)> Hv(l) ® V(l)]@) 2 [T’/(l) 2 7ﬂ,(l)](z)h

1) o o] o (1) o ) (2)](0)](0)
®Hv ®v} ®[r @ } 0

(0)

ESERE ©

N =

k=1,3

}
= Z(2k+1){

(0)
X

0

0

371
@ [du) @ [ ®r/(1)](2)} ]

0
o)
_ 2 [du)@ E /(1>®T/<1>](2’} Ty?

(27®7"Y
® l:d(l) ® [T/(l) ®7J(1)] } . (C.2.22)
0

3)

v g [y ®v(1>}( ok
15
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Here,
(1)
Hvu) & V0] ©g v(l)]
R
_ Hvu) ®v<1> @ v 1] ]
Lo (k) 17®
=3 3/@E+DS 1 0 1 [V(1)®V(1)] ® [V(1)®1} ]
k=0,2 E 1 1
101 @ o om]® a - O
- Y @+ 1) ) VO ev®] g v o]
k=0,2 1 1
2k + 1 (k) N
-y V( 3+ )|:[v(1)®v(1)} 2 [V(1)®1} ] , (C.2.23)
k=0,2
namely,
) ) (0) 1)
Hv“) ®v<1>} ®v<1>] == Hv“) ®v<1>} ®v<1>] (C.2.24)
is used. Using a CG-coefficient of
2
(1020]10):—\/; (C.2.25)
we get
(1)
[d(n o [0 @ r )] (2)]
0
\/7d(1)|: /1) . /(1):|(2) n
e
—4 /ﬁdZQZZ + (C.2.26)
Another tensor product 0;0;0xr;r’r), is decomposed as
(vu) .7«’(1)) (vm .r’(1)> <v<1> .T/m)
(0) (0)7©
= -3V3 HV“) ®r’(1)} ® {V(” ®r’(1)] } [V“) ®r’(1>
(0) 0] 0) ()
— V3 Hvu) o 7] o [r®) g )] ] @ [ @Tm)}
0
(0)
@) @1 (0)
— f“[v(l) ®V(1)} [r’“) ®r’(1)} ] ® {V(” ®r’<1)] ] (C.2.27)

0
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The first term is given as

(0) (0)
Hvu) o 7] @ [ )] (0)} & [v0 0 7/0)] (0)]
0
000 )
(1) (1)
=3{ 110 “[V“) ®V(1)}(O) ®v<1)} ® Hr“l) ®r’(1)}(0) ®r/(1)] ]
1 1 0 0

0 0 0 ©
=Vv3
\[{1 1 1}

(1) (1)
_ [Hvu) & V0] @ v(l)] @ Hr«l) @10 @ T/(l)} ]

(1) (1)
“Vu) & 7] g V(l)] - Hrm) @10 @ rr(l)] ]

0
)

0

1
= ——VH'? (V) C.2.28
A (V-r') ( )

and the second term is given as

i (0) ©
Hvu) o 7] S 0] (2)} & [v0 0 7/0)] (0)]
) 0

2 2 0
=) @k+1)S 1 1 0
= k k0
(k) (k)7 (©)
XH[V(U(@V(U}@)@V(I)] ®Hr’(l)@)r'(l)}(z)@r'(l)} ]
0
2 2
z DR T 1 ¥
5 11 k
)

(k) (2) k)
[ V0 o 0] ®v<1>] @ Hrm o1/ ®T/(1>}

0

o7 + : @) (k) (2) (k)] ©
Z [ V(l) ®V(1)} ®V(1)} ® Hr/u) ®r’(1)} ®74/(1)}
k=1 0
- _ V2 12 V ,r,/
15\ﬁ rvr)
(0)
(2) (3) (2) )
4 \/E Hv(l) ® V(l)} ® V(l)] ® Hr’(l) ® 7“'(1)] ® r'(l)] . (C.2.29)
0

In conclusion, we get

03001357,
3 (3) ©
— gV274/2 (V-T,) o \ﬁ

3)
va o V0] @ v(l)] - H,,J(l) o1/ @ Tr(l)} ]

0
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1 1
= (9iaj8k [57’,2 (rgéjk + T;(Ski + 7’235,‘3‘) + {7’/7'/ 7’2: 5 (Tg(sjk + T;-(Ski + T;C(Sij) }] .

(C.2.30)

The first term is an irreducible rank-1 tensor operator, and the remaining term is an irreducible
rank-3 tensor operator.

It has shown that the leading order contributions to the electrostatic potential are given as

1 1 1
Poctupole(T) = -5 (8¢8j(9kr> /ep(r’) [r’r;r; - 57“ 2 (ribjn + 70k + 7“;@57;]'):| dr’ (C.2.31)
Psenir(r) = 4w S V5P (r), (C.2.32)
where V2(1/r) = —476®)(r) is used. The Schiff moment operator S is expressed as

Sk = %0 [/ ep( )T‘/2’I";gd3 r_ gdk <T2>Ch . ;dj /p(’f‘/)ij(’f’/)dS’f'/], <0233)

where

(r*) :/p(r’)r’2d3r' (C.2.34)
is the charge mean square radius. The nuclear Schiff moment should be proportional to the nuclear
spin. Thus, the T-odd nuclear moment produces a P, T-odd electrostatic potential ¢gcnig. The
interactions of electrons with ¢gcnip mix atomic states of opposite parity, and then induce a P,
T-odd atomic moment, atomic EDM.

If nucleons inside a nucleus are point-like particles, the charge distribution is given by

A

p(r) =) 63 (r—m). (C.2.35)

i=1

In this case, the Schiff moment operator without the third term is rewritten as

1 & 5
S = TO ;6,5 [T’?T‘i — g <T2>ch ’I"i] . (0236)

In order to take into account the internal structure of nucleons, the positions of nucleons r; are
replaced with the positions of charges inside nucleons r; + £, and the terms are integrated with the

charge distribution p(r; + &). An integral over inside a nucleon can be carried out as

[otri+ =1, (C.2.37)

and the Schiff moment operator is then given as

(r; +€)° (n+£)—f< o (ri + )

S=— 10 €z/d3§,0 Tz+£)

(r7 +2r;-&)ri + 7€ — 5( N i+ 8| +0(8)

:10 e,/dﬁprl—i-ﬁ)

_ gl + glint) (C.2.38)
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where

S(Ch) = % Z €; [7“1'27“1‘ — g <T2>ch ’I“l‘:| s
A
g(int) _ 1 Z [2 (ri-dE")) r+ rfdgn) _2

1 - 2 2 d™ 1 = am 2d(n)
= S0t () = ot

The first term is induced by the charge asymmetry in a nucleus, and the second term is caused by
the nucleonic EDM. The nucleonic EDM is defined as

(C.2.39)

a” =i [o(ri+ et (C.2.40)

C.3 Schiff moment calculations in the shell-model framework

In order to evaluate the expectation value of the nuclear Schiff moment, we express the Schiff

moment operator and the PT-odd interaction in the form of tensor operator as

1) )
O =3 sus[chv @]+ L s [dhied]

(C.3.1)
i'j ij’
(J) )1©
J ~ ~
7’(113'5) Z Z (j)kl H Crir ® CTzJ] ® {Cﬁk ® CT?l} ]
J ikl 0
i ) _ 1@
+ Z Z Uz(jJ’)k:l Cj_li ® Cj’zj/:| & |:C7'1k ® Crol
J ij'kl L- - -0
i ) 1@
B3 DUAICIT A S
J ijk'l L= - -0
i ) @
+ Z Z 'Ufjjk?l/ Cj'l’i ® Cj-jS| ® |:CT]_k ® CT‘Zl/ (C32)
J gkl L" - -0

where a single-particle level indicated with ¢, j’, k’, 1’ has the opposite parity to those of the others

in each term. Here, the Hermite conjugate of the first term in the Schiff moment operator is given

as

<25”[ Crir ®cm](1)) Zs” i'm’ jm|1M) ( Ccru m’C”]m>T

i'j
e

Cﬂ—jfmcwi’—m’

—Zs” i'm' jm|1 M) (-
Zzsz"a‘(*
i

YIIEM G i —m!|1 = M)l G

. 5! ’
7r]fmc7” -m
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— Zsi/j(fl)i’—j+M [erj ® ’cvm/] (_1])\4 (C.3.3)
Thus, if the one-body matrix elements follow that
sijr = (—1) 7 Mg, (C.3.4)
the Schiff moment operator S](\i,) is simply given as
SW =3 sij el @] Y e (C.3.5)
i'j

The PT-odd interaction can be summarized as

PAPT) Z Ty L (PT) (C.3.6)
where
PT1 ~(J) i f ) ~ ~ 1D ©
ZEEES 95 o /N ENEE Ry O Ml
J i'jkl 0
(PT2) _ ) [ ad 1Pl ax 197
VT17'2 Z Z Vijk'l |: Crii ® C'rzj] ® [Cﬁk/ ® CT2l:| : (C37)
J ijk'l 0
The two-body matrix elements defined as
~(J J ij—d (]
U(’])kl U(’])kl — (=" ng('i’)k:l’
~(J J ‘—J (J
T = v — CDF o, (C33)
follow that
~(J i ~(J —J1AT i ~(J
B = (TR0, = ()RR — (—) (C3.9)
The Hermite conjugate of V(PT) jg given as
) 7@
~(J) ~ ~
i =S Y o] Ve 0z ]
J ikl 0
(PT2)t =) | [t SR (G S (G
7’17'2 = Z Z Vijkl |:C7'1k/ ® CTzl} ® [CTli ® 0721} . (0'3‘10)
J igk’l
Thus, if ’171%)[ = 61%)]'7 we have VAPV — (PT2) 1 q Hermite PT-odd interactions are given as
(PT) _ ICON ) SR @
VT17’2 Z Z Ol ik { Cri @ cm] ® [cﬁk ® 0721} + h.c. (C.3.11)
J i'jkl 0

Even if C'P-odd hadronic interactions exist, they should be greatly suppressed in comparison to
the well-known C P-even hadronic interactions such as one-pion exchange. The ground state in the

C P-even effective Hamiltonian is expressed as

|gsi IM) =D alE |0 T7v) @ [l J7), (C.3.12)
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where ’1/)7(1T)> is the neutron (7 = v) or proton (7 = 7) part of the nth configuration with a spin-parity

of J™.
In the perturbative manner, the nuclear Schiff moment can be calculated as
ASES)

. (1) .
<S((]1)> _ Z Z <¢g.s.7 JM}SO ‘;’bk><l_/}kl‘?kﬁﬂ'2 ‘¢g.s.a JM> + c.c., (0313)
g.s.

T1T2 k

where ‘¢k> is the kth excited state with the same spin and the opposite parity to the ground state,

and Ej, is the excited energy.
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C.4 Valence excitations

C.4.1 One-particle-one-hole excited states

First, we consider the case that i, j, k, [ are single-particle levels in the valence space. The intruder
orbital is only the single-particle level which has the opposite parity to those of the other valence
orbitals. However, that has a large angular momentum compared with the others, and that cannot be
connected by the rank-1 Schiff moment operator. In fact, for 1?Xe and ?°Hg, the proton orbitals in
the valence space are 25y /5, 1d3/2, 1d5,2, 0g7/2, and 0hqy /5. Thus, the excited proton with 4’, 5/, &', I’
should be in beyond the valence space. In order to emphasize this point, the proton creation and

annihilation operators for the high-lying orbitals outside the valence space are indicated as a,;; and
T

il

aj”., instead of ¢, and ¢ This kind of excitation is called valence excitations.
As discussed above, all the excited states that can contribute to the nuclear Schiff moment are not
given in the nuclear shell model with only one harmonic oscillator shell. We take just one-particle-

hole excited states from the ground state, which is defined as

~ (1)
ptts 1) = [[aty 0] " © e )]

~ (L) ()
= [lals @ %] @ 71 o)

~ 1) p(J
= > (LMyJMy|IM) [al, @]y T4)|0) (C.4.1)
My My
for the intermediate states in the perturbative formula (C.3.13). The ground state is created by
a weighted sum T]EZJ)T of tensor products of creation operators, where each terms are coupled with

(J, My). Here, the norm of the ground state is given as

(s IM s TM) = (0](=1) 7T, 717 o)
— (=1)7*M (] — My J M,|00) (0] [T & T )0)
1

= = O[T e TV 0). (C.42)

Thus, in order to normalize the ground state,

(O[T o D1 D)0y = V2T +1, (C.4.3)
should be sustained. The excitation energies are approximately given as

EZ(Pjh) = ey — €5, (C4.4)

where ¢; indicates a single-particle energy in the Nilsson potential.

In the valence excitations, we have the anti-commutation relations of

{asim i} = {akiom cnjm } = 0 (C45)
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126
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: PT
V7'(17'2 )
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Figure C.1: The valence excitations indicate the contributions of excitations from the valence space,
the single-proton orbitals between the magic numbers 50 and 82 for 12Xe and '*Hg, to the above

by the PT-odd interactions.

for all the combinations of ¢ and j. The Hermite conjugate of the one-particle-hole operator is then

given as
[am., ® cﬂJ]ML = Z (i"m" jm)| L) @it Crim
m’'m
= S (i G| M) (~1) " (<1
m’m
= (~1)"Me [G @ oY) (C.4.6)
Qi Cﬂ-] —My" 4.

The conjugates of one-particle-hole excited states are given as

WE M| = (0] 3" (L My T My|TM) (=) T s (—) P [ @ cf 1Y)
M, M,

~ 5 1@

= (—1)7+HM (] [T(J) ® [Gnsr ® cl ] }_M

B _ )@

= (—1) LM |:<wg.s.;J‘ ® [dnir ®cij] ]_M

= > ()FME(T ML~ My|T ~ M) (g M| [Gn @l )"
My My,
(C.4.7)
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where TV](V‘[]]) = (—1)/~Ms Tg&[l] are ITOs of rank-J. The overlaps of one-particle-hole excited states

are then given as

<1/}(Ph) I Ml’w(ph) IM>

z] L z]L’

/ ~ » @)D (D) (I)
= o1r.10a 2 (1) [TD) @ [, @ el 17| [al, @20, ] @ 7O o)
5 (71)J+LLI
=01 M,’Mﬁ
ol [7D) & 1z PRI ISR (OO DI S v 0 C.4.8
x (0| [ ®[am/f®cwjf] } ®[[am;®cmi] ® } i |0). (C.4.8)

The matrix elements can be calculated as
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K J L L j, K
Thus, we have

(it s M iF0 5 1)

= 8 10 N/ QL+ 1)L + 1)(2K + 1)(—1) '3/ ittt
K

I L J Jjr L' i ' t ~ 1(K) )
X { K 7L } { L . K (Ygs;d| el © Cnji] [vgs.; ). (C.4.10)
The spin of the one-particle-hole state is indicated with I, where I = J+ L, J+ L —1,---,|J — L|

can be realized. However, since the PT-odd scalar interactions are assumed, only one-particle-hole

states with I = J and the same magnetic quantum number as the ground state can contribute to
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the Schiff moment. The overlaps of one-particle-hole states are finally given as

(it s MO TM)

=80 > VL 1)L +1)(2K + 1)(—1) T2/ Hitict b
K

JoLo Sy L )
X{K J L’}{ L j K <¢g~s-?<]H[erjf®iji] [Vg.s5 ), (C.4.11)

and the norms used to normalize the one-particle-hole states are given as
h h
(s TM[37))5 1)

= ()M RL+ 1) Y V(2K +1)
K
J L J hoL oy N
X{ K J L }{ L h ][)(}<1’ng~s~;JH[erh®C7rh](K)ng-S~;‘]>‘ (C.4.12)

C.4.2 PT-odd interactions

Since the matrix elements of PT-odd interactions can be taken as real, we have
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The expression for between two protons is given by taking 75 = 7 in the general form as
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and that for between neutron and proton is given as
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x (p; Iy

C.4.3 Schiff moment

It is assumed that the PT-odd interaction is scalar, so that we should take into account the

one-particle-hole states with spin J and the third component M.

(g TMISSV [0S0, TM)
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C.5 Core excitations
C.5.1 One-particle-one-hole excited states

In the nuclear shell model, it is assumed that all the single-proton levels below the magic number
50 are fully occupied for '?°Xe and '*”Hg and then those protons ompose an inert core. In this
section, we consider the one-particle-one-hole excitations from the core to the valence space. The

excitated configurations are given as
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Here, the proton annihilation operator in the core region is transformed to the proton-hole creation

operator as

T

Tim?

= drjm. (C.5.2)
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The proton creation and annihilation operators in the core region follow that
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The Hermite conjugate of the one-particle-hole operator is then given as
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The conjugates of one-particle-hole excited states are given as
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Figure C.2: The contributions of the excitations from the inert core to the valence space are called

core excitations.

and the overlaps are then given as
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The matrix elements can be calculated as
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the norms are given as
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C.5.2 PT-odd interactions

The matrix elements of the PT-odd interactions with the one-particle-one-hole excited states,

which are contributed from the core excitations are calculated as
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C.5.3 Schiff moment

The matrix elements of the Schiff moment operator with one-particle-one-hole excited states con-

tributed from the core excitations are calculated as
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By exchanging the subscripts of the one-body matrix elements, we have
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C.6  Over-shell excitations

C.6.1 One-particle-one-hole excited states

(C.5.11)

(C.5.12)

Finally, we consider the excitations from the core region to beyond the valence space. Those kinds

of contributions are called over-shell excitations in this paper. The excitated configurations are given
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Figure C.3: The protons in the inert core can be excited beyond the valence space. Those contribu-

tions are indicated by over-shell excitations.
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The notations of the creation and annihilation operators are the same as above subsections.
The overlaps of the one-particle-one hole excited states can be calculated as the same with the

core excitations. The results are given as
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and it is found that those states are automatically normalized as
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