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Abstract

On August 17 in 2017, a gravitational wave signal from a binary neutron star spiral was
observed at various wavelengths (GW170817). Now, observation of the gravitational
waves together with ordinary light and X-rays from pulsars and magnetars (neutron
stars with magnetic field strength of B ∼ 1015 G) are being searched for throughout
the world. Gravitational waves together with electromagnetic sources have opened an
era of multi-messenger astrophysics, which provides a powerful means for the precise
information on neutron stars and magnetars.

Recently, neutron star PSR J1614−2230 making a binary system with a white dwarf
has been discovered to have the mass of 1.97 ± 0.04M⊙. In 2013, mass of the neutron
star PSR J0348+0432 was measured as 2.01 ± 0.04M⊙. Furthermore, in 2019, PSR
J0740+6620 was observed by NICER and XMM−Newton and mass was measured as
2.072+0.067

−0.066M⊙. Existence of neutron stars with mass around twice the solar mass has
been now established. Such very heavy neutron stars give strong constraints on equations
of state (EoS) for nuclear matter.

In this thesis, mass and radius of a neutron star are calculated for twelve EoSs based
on the relativistic mean field (RMF) theory, and mass-radius relations (MR relations)
are obtained with or without strong internal magnetic fields. For different choices of the
observed constraints, we investigate which EoS is optimum in describing the structure
of a neutron star.

As the first constraints for EoSs, the observed maximum mass of 2.072M⊙ (PSR
J0740+6620), the upper limit radius of 13.76 km at 1.4M⊙, and radius 12.39+1.30

−0.98 km at
2.072M⊙ are considered. Here two EoSs with strong internal magnetic fields meet the
requirements of observations. As the second constraints for EoSs, the observed masses
and radii of two pulsars are considered for the following neutron stars: PSR J0030+0451
(R = 13.02+1.24

−1.06 km at M = 1.44+0.15
−0.14M⊙) and PSR J0740+6620. Here three EoSs with

strong internal magnetic fields meet the requirements of observations.
Furthermore, in this thesis, to search for a proper EoS with strong internal magnetic

fields, we have made an attempt to vary the strength B0 at the center, the strength
Bs at the surface, and two other shape parameters of the internal magnetic field, which
is a smooth function of the baryon number density. Consequently, mass and radius of
a neutron star take various values. We investigate which EoS is optimum in the sense
that mass and radius determined by a certain EoS are within the proper range of the
observed masses and radii.
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Chapter 1

Introduction

The neutron star is one of the possible evolutionary end points of massive stars. In
this chapter, we take a brief look at a neutron star, for which we now know how it was
discovered and how the internal structure looks like to some extent.

1.1 Neutron stars

A pulsar that emits radio waves periodically was observed in 1967 by a graduate student,
Susan Jocelyn Bell Burnell and her supervisor Antony Hewish. The pulsar is thought to
be a remnant of a supernova explosion at the evolutionary end point of a massive star.
It is thought to be a star almost made of neutrons, making highest-density material
observed in space. It has the typical mass of 1.4 times the solar mass (M⊙) and the
maximum mass is around 2M⊙, but its radius is very small, from 10 to 15 km. Therefore,
central density becomes highest to reach several times of the nuclear saturation density.
The shortest rotational period is as short as 1ms. The details of the internal structure are
yet mysterious, although the surface of a neutron star is composed of neutron rich nuclei
and electrons. It is thought that nuclei begin melting as one goes inside and a uniform
substance is formed in terms of baryons and leptons. We can consider a neutron star as
a huge atomic nucleus with radius about 10 km. Thus, knowledge of nuclear physics is
indispensable in understanding a neutron star.

Recently the possibility is suggested that R-process elements (elements synthesized
in the process of capturing neutrons rapidly) such as gold, platinum, rare earth, etc.
were created during the merger of neutron stars [1]. It has been found that R-process
elements can be explained without contradiction if they were created at the time of
coalescence of neutron stars.

In 2015, gravitational waves were observed for the very first time by LIGO collabora-
tion [2]. LIGO is abbreviation of Laser Interferometer Gravitational-Wave Observatory.
These gravitational waves were produced by the merger of two black holes and the event
was named as GW150914. In August 2017, for the first time, gravitational waves and
simultaneously various wavelengths of light are observed from the same event, namely,
a merger of two neutron stars, GW170817 [3, 4]. This observation marks the beginnings
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CHAPTER 1. INTRODUCTION 6

of ’multi-messenger astronomy’. In this event, R-process elements such as gold was
produced [1]. Now, researchers start working on understanding fundamental physics of
neutron star interiors with the merger of two neutron stars.

The possible range of values for mass and radius of a neutron star has been one of the
main themes in the study of neutron stars since their discovery. In 1933, Fritz Zwicky
and Walter Baade proposed the model that neutron stars are made by a supernova
explosion [5]. In 1939, Oppenheimer and Volkoff (and, independently, Tolman) applied
the Einstein equation to a neutron star and calculated numerically its mass in a non-
interacting, strongly degenerate relativistic gas of neutrons. They calculated its mass
to show that stable static neutron stars have a maximum mass of Mmax ∼ 0.71M⊙; the
so-called the Oppenheimer-Volkoff mass limit. A star was believed to become a black
hole when it surpasses this limit.

Cameron showed that the inclusion of the nuclear force can considerably stiffen the
equation of state (EoS) [6]. This inclusion can increase the maximum mass of the
Oppenheimer-Volkoff limit to about 2M⊙. The Brueckner–Bethe–Goldstone (BBG)
theory, formulated in 1954–1965, is a successful application of field-theoretical methods
to strongly interacting many-body systems. Strong repulsive nuclear forces (two- or
three-body) have been found to be necessary to explain maximum masses of neutron
stars within the nucleon’s degrees of freedom. Recently, some advanced studies use
microscopic EoSs based on the Brueckner–Hartree–Fock (BHF) many-body theory with
realistic two- or three-body nucleonic forces [7, 8] and also those EoSs based on lowest
order constrained variational (LOCV) many-body theory [9].

1.2 Problems concerning neutron stars

Discoveries of neutron stars with masses around twice the solar mass have made a strong
impact on nuclear physics community, who had once believed that the maximum mass
of a neutron star should not exceed 1.56 M⊙ [10, 11]. Indeed, neutron stars with
around 2M⊙ have been confirmed since 2010. The neutron star PSR J1614-2230 has
the observed mass of 1.97 ± 0.04M⊙ [12] and the NS PSR J0348+0432 has mass of
2.01 ± 0.04M⊙ [13]. Moreover, mass of the millisecond-pulsar (MSP) J0740+6620 was
measured to be 2.14+0.10

−0.09 M⊙ in 2019 [14], and with additional observation with the

XMM-Newton, a more exact value 2.072+0.067
−0.066M⊙ was determined in 2021 [15]. If neu-

tron star matter consists of only nucleons with strong two or three body repulsive forces,
massive neutron stars more than 2M⊙ can be easily described. However, hyperons are
energetically favorable when the baryon chemical potential is large enough in the inner
core of a neutron star. This leads to a reduction of the Fermi pressure to soften the EoS
and to a reduction of the predicted maximum mass less than 2M⊙. This is called the
hyperon puzzle. Since discoveries of massive neutron stars, many people have searched
for the optimal EoSs that can achieve masses over twice the solar mass.

There are some characteristic neutron stars: millisecond-pulsar which has a short
rotational period of less than 10 milliseconds, and magnetar that has a powerful magnetic
field on its surface. As a part of external conditions to support over the 2M⊙, the
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extremely rapid rotation and powerful magnetic field should be considered in the EoS
study. In our recent study [16], EoSs for the rapid rotational neutron star with some
deformation and with the internal magnetic field have been investigated. Although an
unrealistic rotational frequency can modify the neutron star mass from 1.89M⊙ to 2M⊙,
rotational effects on the mass increase are not significant for the realistic frequency range
of the observed millisecond-pulsars.

Neutron stars that have strong magnetic fields on the surface, are called magnetars.
Recently, up to 30 magnetars have been observed [17, 18]. Maximumly, about 1015 G of
the magnetic field on the surface has been found by the observation [17], but we do not
yet know the generation mechanism of the strong magnetic fields where and how they
come from.

Another constraint on the EoS comes from the NS radius. From the observation of
the GW170817 gravitational wave event, the upper limit radius is 13.6 km [19] at the
mass of M = 1.4M⊙. Moreover, another reports the upper limit radius 13.76 km [20]
at M = 1.4M⊙. The lower limit radius was reported as 10.68+0.15

−0.04 km [21] at M =
1.6M⊙. From the observations by NICER for PSR J0030+0451, mass and radius was
measured to be 13.02+1.24

−1.06 km at M = 1.44+0.15
−0.14M⊙ [22]. Also, the radius and mass of

the pulsar PSR J0740 + 6620 observed by NICER and XMM-Newton is 12.39+1.30
−0.98 at

M = 2.072+0.067
−0.066 M⊙ [15].

1.3 What are done in this thesis

In this thesis, we use the relativistic mean field (RMF) theory including hyperons, which
provide us with 12 different EoSs [23, 24, 25, 26, 27] depending on the different coupling
constants between baryons and mesons.

We will deal with the topics as follows. First, as will be given in Sect. 5, we show
the results of MR-relations in 4 different cases: (1) MR-relation of 12 EoSs, (2) with
rotation, (3) with magnetic field, (4) with rotation and magnetic field.

Next, as in Sect. 6, we discuss MR-relations by considering maximum masses of
neutron stars, upper limits of radius at 1.4 M⊙, and radius at 2.072 M⊙, which are the
constraints from observation. We also consider another constraint, the observed masses
and radii of two pulsars, PSR J0030 + 0451 and PSR J0740 + 6620 within 1 σ error.

Finally, we discuss the internal structure and mass and radius relation (MR-relation)
of a neutron star including hyperons by changing the form of the magnetic fields.

This thesis is organized as follows. In Section 2, nuclear physics and matter is given.
The details of observations are given in Section 3. The formulation of the calculation is
given in Section 4, and the results and discussions are given in Section 5 and Section 6,
respectively. Finally, summary is given in Section 7.



Chapter 2

Nuclear physics and nuclear
matter

2.1 Nuclear physics

Our universe consists of various elements from hydrogen to uranium. An element was
made by a nuclear reaction in a process of the evolution of universe. For example,
the generation of carbon, the important element for a living creature, was enabled by
exquisite balance of the nucleus structure. In this way, the nucleus is a main component
of the universe. The radius of nucleus is about a few fm (fm=10−15 m) and it has a
number of protons and neutrons (collectively called the nucleon). A nucleon is united
with ‘nuclear force’, one of the strong interactions. From the lightest nucleus, hydrogen
(1 proton) to uranium nucleus, which the atomic number (= proton number Z) is 92,
about 270 kinds of stable nuclei exist. Among nuclides, there are short life unstable
nuclides, which do not exist in nature. Theoretically, about 6,000 unstable nuclides are
said to exist, but at present only about 3,000 have been identified experimentally.

Study of unstable nucleus has advanced by the progress of the recent accelerator
technology rapidly. An interesting phenomenon is found to turn over common concepts
of the conventional nuclear physics, such as abnormality of the magic numbers and halo
nuclei. For most unstable nuclides, they conceivably exist in the combustion process of
the star, particularly in a supernova explosion or a binary neutron star merger. This
gives one of the keys to understand a nucleosynthesis process of the universe. It is
important in understanding the high-density object ”neutron star”, which is said to be
a huge atomic nucleus.

8



CHAPTER 2. NUCLEAR PHYSICS AND NUCLEAR MATTER 9

2.2 Nuclear matter

The binding energy of a nucleus with mass A(= N + Z) is given by

B(A,Z) ≡ Zmp + (A− Z)mn −M(A,Z)

= avolA− asurfA
2/3 − acoul

Z2

A1/3
− asym

(N − Z)2

A
+ δ(A). (2.1)

This equation is based on the liquid-drop model of nuclei, called Bethe-Weizsäcker for-
mula. In the right-hand side of Eq. (2.1), the first term is called volume energy and shows
the condensation energy of the liquid-drop. The second term is called surface energy
and shows the surface tension of liquid-drop. The third term is the Coulomb energy by
the proton in the atomic nucleus, and it is provided by supposing that electric charge Ze
is distributed over the nucleus inside the radius R uniformly. The fourth term is called
symmetric energy and to expresses the isospin symmetry of the nucleon. The fifth term
comes from the pairing interaction and is given from experiment as follows,

δ(A) =


∆ = 12√

A
MeV (even− even)

0 (odd)

−∆ = − 12√
A

MeV (odd− odd) .

(2.2)

The coefficient of each term in equation (2.1) is fitted to experimental binding energies,
and the adopted coefficients are given in Table 2.1.

Table 2.1: The coefficients in Bethe-Weizsäcker formula [28].

avol (MeV) asurf (MeV) acoul(MeV) asym(MeV)

16.2 19.0 0.76 23.5

Here the formula is adapted to nuclear matter, where mass number A becomes infinity
in nuclear matter. We can ignore the contributions except the volume energy and the
symmetry energy. Then the binding energy per nucleon for the symmetric matter (N =
Z) is constant,

B(A,Z)/A = avol = 16.2 MeV. (2.3)

Moreover, for the stable atomic nucleus, the approximate radius is

R = r0A
1/3,

r0 = 1.16 fm. (2.4)

If we assume a nucleus to be spherical, the number density of the nucleus is given as
follows.

ρ =
A

4
3πR

3
= 0.153 nucleons fm−3. (2.5)
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As shown from this equation, the nucleon number density of finite nuclei is approximately
constant irrespective of the mass number. We call this property the density saturation.

Neutron star matter has to be neutral electrically. This shows that neutron star
matter is a pure neutron matter in the first approximation. The energy per nucleon is
given by

ε

ρ
=
M

A
= mn avol + asym

(
ρn − ρp

ρ

)2

. (2.6)

Therefore, taking t = (ρn − ρp)/ρ, the symmetric energy coefficient asym is

asym =
1

2

(
∂2

∂t2
ε

ρ

)
ρ=ρ0

. (2.7)

Incompressibility K is one of the important quantities which express the behavior of
the equation of state at high density, and defined as follows.

K =

[
k2

d2

dk2

(
ε

ρ

)]
k=kF

= 9

[
ρ2

d2

dρ2

(
ε

ρ

)]
ρ=ρ0

. (2.8)

As shown from this equation, incompressibility is a quantity to express curvature of the
energy of the nuclear matter at the saturation density. This value does not influence an
equation of state at the normal density, but becomes influential at high density, and the
equation of state gets stiffer as the value gets larger.

Nucleon effective mass m∗ of saturation density is also one of the important quanti-
ties of high density nuclear matter, and from neutron scattering off the 208Pb nucleus,
following value is suggested,

m∗
S/m = 0.76 to 0.82. (2.9)

However, this m∗
S is non-relativistic effective mass and is given by the relations with

Landau effective mass m∗
L and Dirac effective mass m∗ as follows.

m∗
S ≃ m∗

L =
k

∂ε(k)/∂k

∣∣∣∣
k=kF

,

=
√
m∗2 + k2F . (2.10)

From equation (2.10), Dirac effective mass is,

m∗/m ≃ 0.7 to 0.8. (2.11)

Slope parameter L and curvature of the nuclear symmetry energy Ksym characterize
the density dependence of the nuclear symmetry energy around normal nuclear matter
density and thus provide important information on the properties of nuclear symmetry
energy at both high and low densities.
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An isospin asymmetry δ and density ρ, for neutron-rich nucleonic matter of neutron
density (ρn) and proton density (ρp), can be given as

δ =
ρn − ρp

ρ
, (2.12)

ρ = ρn + ρp. (2.13)

Its EoS can be written as [29]

E(ρ, δ) = E0(ρ) + Esym(ρ)δ2 +O(δ4) (2.14)

in terms of the energy per nucleon E0(ρ) ≡ E(ρ, δ = 0) in symmetric nuclear matter
and the nuclear symmetry energy Esym(ρ) at nuclear density ρ. For a given EoS E(ρ, δ)
from a nuclear many-body theory, it is customary to Taylor expand both the E0(ρ) and
Esym(ρ) as functions of

ρ− ρ0
3ρ0

, (2.15)

with coefficients given by their density derivatives at the nuclear matter saturation den-
sity ρ0 [30].

Esym(ρ) at ρ can be expanded around ρ0 as [31]

Esym(ρ) = Esym(ρ0) + L

(
ρ− ρ0
3ρ0

)
+
Ksym

2

(
ρ− ρ0
3ρ0

)2

, (2.16)

where L and Ksym are the slope parameter and curvature of the nuclear symmetry
energy at ρ0. The first term of Eq. (2.16), Esym(ρ0), is equal to asym. L and Ksym can
be written as

L = 3ρ0
∂Esym(ρ)

∂ρ

∣∣∣∣
ρ=ρ0

, (2.17)

Ksym = 9ρ20
∂2Esym(ρ)

∂2ρ

∣∣∣∣
ρ=ρ0

. (2.18)

As for J , it is the same as

J = asym = Esym(ρ0). (2.19)

2.3 Equation of State

There are various equations of state (EoSs) describing the internal structure of neutron
stars. Figure 2.1 shows one example of mass-radius relations (MR relations) for non-
rotating mass versus physical radius using various kinds of EoSs [12]. As for the blue
solid lines, EoSs are described only by nucleons, by nucleons and also hyperons in pink,
and by strange quark matter in green. The horizontal bands show the observed mass
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of PSR J1614−2230 (1.97 ± 0.04M⊙), similar measurements for two other millisecond
pulsars and, the range of observed masses for double-neutron-star binaries.

Figure 2.1: MR-relations using various kinds of EoSs [12].

For some other examples of EoSs, their basic properties and characteristics of the
models in relativistic mean field theory are shown in Table 2.2 and 2.3.

The characteristics of each EoS is shown in Table 2.3. GM1 and GM3 EoSs have a
non-linear self-interaction of σ mesons, which was made in 2000. TM1 EoS was made in
1994, oldest here, contains self-interacting terms for both σ and ω mesons. TM2-ωρ EoS
was made in 2017, which is stiffer than TM1 EoS and nonlinear ω, ρ term is added. NL3
EoS has non-linear self-interaction of σ mesons, which was made in 1997. NL3ωρ EoS
is containing self-interaction of σ mesons and coupling between ω and ρ mesons, which
was made in 2001. DDME2 EoS, which was made in 2005, has the coupling parameters
which are density dependent.
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Table 2.2: Properties of various EoSs
EoS B/A (MeV) ρ (fm−3) asym (MeV) K (MeV) m∗/m

GM1 [23, 24] −16.3 0.153 32.5 300 0.70
GM3 [23, 24] −16.3 0.153 32.5 240 0.76
TM1 [25] −16.3 0.146 36.9 281.2 0.634

TM2-ωρ [25] −16.4 0.146 32.1 281.7 0.63
NL3 [26] −16.299 0.148 37.4 271.76 0.60

NL3ωρ [26] −16.280 0.149 37.7 272.15 0.59
DDME2 [27] −16.14 0.152 32.3 250.89 0.572

Table 2.3: EoS characteristics.

EoS characteristics

GM1,GM3 Non-linear self-interaction of σ-mesons.
TM1 Self-interacting terms for both σ and ω mesons.

TM2-ωρ Stiffer than TM1, plus nonlinear ω, ρ term.
NL3 Non-linear self-interaction of σ-mesons.

NL3ωρ Containing self-interaction of σ mesons and coupling between ω and ρ mesons.
DDME2 Coupling parameters are density dependent.

2.4 Neutron star with quark matter

There may be such a neutron star containing quark matter. If there is a neutron star
with only quark matter, it will be a quark star. The quark star is an object made of
quark matter. The hypothesis about the quark star was first given by Soviet physicists,
D. D. Ivanenko and D. F. Kurdgelaidze [32] in 1965.

The existence of a quark star was confirmed neither theoretically nor astronomically.
Like the transition temperature between the hadron substance and the quark substance,
the EoS of the quark substance is uncertain. Theoretical uncertainty precludes making
predictions from the first principle. Experimentally, the properties of the quark sub-
stance are actively studied in the particle collision type accelerator, and it is the size of
the nucleus that can produce hot quark-gluon plasma matter.

2.4.1 MIT Bag model

MIT bag model is used to obtain an equation of state commonly used to describe a quark
star. MIT bag model is one of the models describing the properties of hadrons, which
was proposed in 1974 by a group of researchers in the MIT (Massachusetts Institute of
Technology).
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The Lagrangian density for the bag is written as [33]

L =

[
i

2

(
ψγµ∂µψ − (∂µψ)γ

µψ

)
−B

]
θυ(x)−

1

2
ψ(x)ψ(x)∆s, (2.20)

where ∆s is the surface delta-function, B is the bag constant. In the static spherical
case, one has,

θv = θ(R− r), ∆s = δ(R− r). (2.21)

The energy density, the pressure, and the quark density are given by [34]

E = 3× 2
∑

q=u,d,s

∫
d3p

(2π)3

√
p2 +mq

2 (fq+ + fq−) +B, (2.22)

P =
1

π2

∑
q

∫
d3p

p4√
p2 +mq

2
(fq+ + fq−)−B, (2.23)

ρq = 3× 2

∫
d3p

(2π)3
(fq+ − fq−), (2.24)

where 3 stands for the number of colors, and 2 for the spin degeneracy, and mq for
the quark masses. B represents the bag pressure and the distribution functions for the
quarks and antiquarks are the Fermi distributions

fq± =

{
1 + exp[(ϵ∓ µq)/T ]

}−1

, (2.25)

with µq being the chemical potential for quarks and antiquarks of type q and

ϵ =
√
p2 +m2

q . (2.26)

Quark EoS with strong magnetic fields

For a description of the magnetized quark matter, we adopt the MIT bag model [35].
NSs in the quark matter in the MIT bag model was studied in Ref. [36, 37].

In this work u, d, s quarks and electrons (e) are introduced. The effective mass m̄i of
a relativistic free charged particle of mass mi and charge qi (i = u, d, s, e) in the constant
magnetic field with strength B can be written as

m̄i =
√
m2

i + 2ν |qi|B − sκiB. (2.27)

Here ν = n + 1
2 − sqn (q) s

2 where n = 0, 1, 2, ... . Here κi is the anomalous magnetic
moment (AMM) with spin s (s = ±1). For a positive charged particle, one starts from
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ν = 1 in the spin down (s = −1) case. For a negative charged particle, one starts from
ν = 1 in the spin up (s = 1) case. Here ν can take the maximum value

νimax =

[
(µi + sκiB)2 −m2

i

2 |qi|B

]
, (2.28)

where µi is the chemical potential of each particle and [ ] is the floor function.
The relation between Fermi momentum kiF,ν and the chemical potential µi can be

given as

kiF,ν =

√
(µi)

2 − m̄2
i . (2.29)

The thermodynamic potential for each particle at zero temperature is

Ωi = −
+1∑

s=−1

νimax∑
ν

gi |qi|B
4π2

{
µik

i
F,ν − m̄2

i ln

(
µi + kiF,ν

m̄i

)}
. (2.30)

Here gi = 3 for quarks and gi = 1 for electrons. The total thermodynamic potential is

Ω=
∑

i=u,d,s,e

Ωi. (2.31)

The total energy density ε can be given with a Bag constant BBag as,

ε = Ω+
∑

i=u,d,s,e

µiρi +
B2

2
+BBag, (2.32)

where the number density ρi for each particle is

ρi =
gi |qi|B
2π2

+1∑
s=−1

νimax∑
ν

kiF,ν . (2.33)

Then quark EoS is obtained by imposing neutrality condition and beta stability condition
for a fixed baryon number density ρB.

The neutrality and the beta stability conditions are

2

3
ρu =

1

3
ρd +

1

3
ρs + ρe, (2.34)

µu + µe = µd = µs. (2.35)

The pressures of parallel and perpendicular to the magnetic fields are respectively
given as

P∥ = −Ω− B2

2
−BBag

=
∑

i=u,d,s,e

µiρi − ε, (2.36)
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and

P⊥ = −Ω−MB +
B2

2
−BBag

=
∑

i=u,d,s,e

µiρi − ε+B2 −MB. (2.37)

Here magnetization M is

M = −∂Ω
∂B

=
∑

i=u,d,s,e

Mi (2.38)

with

Mi = −∂Ωi

∂B
. (2.39)

In this work P⊥ is considered as pressure for the EoS because we assume the spherically
symmetric magnetic pressure. For the AMM, we take κe = 0.00116 µB, κu = 1.85 µN ,
κd = −0.97 µN , κs = −0.58 µN , where µN is the nuclear magneton and µB, Bohr
magneton.



Chapter 3

Observation

3.1 Rotating Neutron Stars

Pulsars are rotating neutron stars. The pulsar is an object that radiates periodic pulses
of the electromagnetic waves such as radio and X-rays. To have a short period, the star
is expected to rotate at a very high frequency. The motion of a surface particle with
mass m satisfies the following equation, assuming the surface speed v of the rotating
object m on the surface of rigid material of mass M and radius R,

m
v2

R
=
GmM

R2
. (3.1)

Here,

v =

√
GM

R
, (3.2)

where the maximum velocity in equation (3.2) is called Kepler velocity, and the matter
cannot stay on the star if it rotates much faster than this velocity. Then, period P is

P =
2πR

v
= 2π

√
R3

GM
. (3.3)

Here, mass M is

M =
4π

3
R3ρ, (3.4)

and substituting this into the equation (3.3),

P = 2π

√
R3

G

3

4πR3ρ
=

√
3π

Gρ
= 1.2 ms

(
1014 g/cm3

ρ

)1/2

, (3.5)

where ρ is the average density.

17
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If the rotating period of the object is 1 ms,

ρ = 1.22ms2 × 1014 g/cm3 × 1

12ms2

= 1.44× 1014 g/cm3. (3.6)

Therefore, average density of 1 ms periodic object becomes about the nuclear matter
density (ρ0 ∼ 1014 g/cm3). Thus pulsar is thought to be a neutron star.

For pulsars, Figure 3.1 shows the measurements of neutron star masses [38]. The
dots show double neutron stars (magenta), recycled pulsars (gold), bursters (purple), and
slow pulsars (cyan). It is seen from this Figure, masses of pulsars have a broad range,
namely from ≈ 1.1 to 2M⊙. Also from Figure 3.2, it is found that the top population of
masses is around 1.4 M⊙.

Up to now, about 3300 pulsars have been observed [39]. The largest measured
rotational frequency is 716 Hz [40].

If we define the angular velocity Ω, velocity of rotation v (Kepler velocity), and
orbital radius R, the relation is Ω = v/R. We can say that from this equation, velocity
v will not be higher than the limit of Kepler velocity v = c (c is the speed of light),
therefore,

Ω ≦ c

R
=

3× 105 (km/s)

10 (km)
= 3× 104 (Hz), (3.7)

assuming the radius of neutron star as 10 km. Accordingly, the upper limit of Ω is
3× 104Hz.
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Figure 3.1: The measurements of neutron-star masses [38].
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Figure 3.2: The inferred mass distributions for the different populations of neutron
stars [38].

3.2 Magnetic fields in Neutron Star

The magnetic fields in neutron stars have been observed since the 1970’s. The so-called
P-Ṗ diagram is shown in Figure 3.3. This Figure shows measured P and Ṗ using the
X-ray emission observation. Figure 3.3 gives all known radio pulsars in 2014. Pulsars are
shown in gray or blue dots. X-ray isolated neutron stars are plotted in yellow squares,
and magnetars in red stars. These magnetars have up to about 1015 gauss on the surface.



CHAPTER 3. OBSERVATION 21

Figure 3.3: P-Ṗ diagram for radio pulsars (gray or blue dots as indicated), X-ray
Isolated Neutron Stars (yellow squares), and magnetars (red stars) [41].

3.3 Gravitational waves

The gravitational wave is that of gravity itself, which was suggested by Einstein’s general
relativity. In general relativity, gravity is curvature of space, that is, distortion. If there
is a heavy object, the space around the object will be distorted. When two heavy objects
rotate around each other, space-time distortion spreads out to the surroundings as waves.

3.3.1 Gravitational wave observation

In recent years, at least 6 gravitational wave events were detected.
The first observation was in September 14, 2015. The LIGO collaboration directly

observed gravitational waves from the black hole binary GW150914 for the first time.
The masses of initial black holes are 36+5

−4M⊙ and 29 ± 4M⊙, and the final black hole
mass is 62± 4M⊙, with 3.0± 0.5M⊙c

2 being radiated in gravitational waves [42].
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Figure 3.4: Top : Estimated gravitational-wave strain amplitude from GW150914
projected onto the LIGO Hanford (H1). This shows the full bandwidth of the waveforms.
The inset images show numerical relativity models of the black hole horizons as the
black holes coalesce. Bottom : The Keplerian effective black hole separation in units of
Schwarzschild radii (RS = 2GM/c2) and the effective relative velocity given by the post-
Newtonian parameter v/c = (GMπf/c3)1/3, where f is the gravitational-wave frequency
calculated with numerical relativity and M is the total mass [42].

The second observation of gravitational waves was made on December 26, 2015,
and the Letter was published in June 17, 2016. The masses of initial black holes are
14.2+8.3

−3.7M⊙ and 7.5 ± 2.3M⊙, and the final black hole mass is 20.8+6.1
−1.7M⊙ [43]. Barry

Barish, Kip Thorne and Rainer Weiss were awarded the 2017 Nobel Prize in Physics for
leading this work.

The third, fourth, and fifth black hole binary merger gravitational wave observation
was made on January 4, 2017 [44], June 8, 2017 [45], and August 14, 2017 [46]. The
fourth detection of gravitational wave was the most lightweight black hole merger ever
observed before 2018, that the masses are 12+7

−2M⊙ and 7+2
−2M⊙ [45].

The sixth observation was made on August 17, 2017 and it was the neutron star
merger.

3.3.2 Gravitational waves from GW170817

One of the detected gravitational waves was from the double neutron star binary merger.
On August 17, 2017, the Advanced LIGO and Advanced Virgo gravitational-wave detec-
tors made their first observation of binary neutron stars in spiral. The signal, GW170817,
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was detected with a combined signal-to-noise ratio (S/N) of 32.4. A false-alarm-rate es-
timate of less than 1/(8.0× 104) years [3]. The measured masses of two components lie
between 1.00 and 1.89M⊙, and between 1.16 and 1.60M⊙ [47].

From a gravitational wave signal, not only the masses of two neutron stars are esti-
mated, but also tidal deformability of neutron stars gives a strong limit to the equation
of state.

Fortunately, gravitational wave and multi-bands of electronic waves from GW170817
were observed. Fermi telescope detected approximately two-second contiguous gamma
ray burst signal 1.7 seconds later after the merger[4]. Two facilities of LIGO, and Virgo
detected the gravitational wave signal. Due to its orientation with respect to the source
at the time of detection, Virgo recovered a small signal; combined with the signal sizes
and timing in the LIGO detectors, this allowed scientists to precisely triangulate the
position in the sky to 30 square degrees. The correspondence object of the gravitational
wave was identified optically in galaxy NGC4993 in the distance of about 40 MPc, 11
hours after the gravitational wave detection due to the result that telescopes all over the
world explored the region. Figure 3.5 shows the time scale measured by gravitational
wave, gamma ray, X-ray, ultra violet (UV), Optical, infrared (IR), and Radio.

When neutron stars were merged, some matter was released in the outer space, and
it was thought that an early neutron capture reaction (r-process) occurred in the matter.
It should be optical and IR emission, because the new composed elements made by r-
process heat up the emitted matter. Such a phenomenon is expected in theory and it is
called a kilonova. When lanthanoid elements (atomic number 57 to 71) are synthesized
by r-process, the kilonova is bright in IR emission than optical emission and had been
brightly longer than expected [48]. This is because an electron starts entering in the 4f
orbit in lanthanoid elements, and energy levels are more densely stuffed than elements
such as iron. This is caused by efficiently absorbing and emitting IR rays by bound
transitions.

It continues emitting IR brightly for around two weeks while it becomes suddenly
dark optically and this strongly suggested that the elements including the lanthanoid
elements were synthesized by the neutron star merger. Also, in r-process in GW170817,
lanthanoid elements were found and lighter elements were synthesized widely [49].
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Figure 3.5: Timeline of the discovery of GW170817 (by LIGO and Advanced Virgo de-
tectors), GRB 170817A (by the Fermi Gamma-ray Burst Monitor), SSS17a/AT 2017gfo
(by the electromagnetic spectrum leading to the discovery of a bright optical transient),
and the follow-up observations are shown by messenger and wavelength relative to the
time tc of the gravitational-wave event. Two types of information are shown for each
band/messenger. First, the shaded dashes represent the times when information was re-
ported in a GCN Circular. The names of the relevant instruments, facilities, or observing
teams are collected at the beginning of the row. Second, representative observations in
each band are shown as solid circles with their areas approximately scaled by brightness;
the solid lines indicate when the source was detectable by at least one telescope [4].
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3.4 Mass and Radius of Neutron star

3.4.1 Masses around 2 M⊙

Table 3.1: Masses of heavy neutron stars from observation

neutron star mass (M⊙) method

PSR J1614− 2230 1.97± 0.04 Shapiro delay [12]

PSR J0348 + 0432 2.01± 0.04 Shapiro delay [13]

PSR J0740 + 6620 2.072+0.067
−0.066

Bayesian estimation of

pulse-profile modeling [14, 15, 50, 51]

The neutron star is an object of radius about 10 km, and most have masses of
approximately 1.4 times the solar mass.

The observed masses of heavy neutron stars are shown in Table 3.1. In 2010, a strong
Shapiro delay signature from the binary millisecond PSR J1614−2230 was observed
(radio-timing observations) [12]. Neutron star PSR J0348+0432 with mass of 2.01 ±
0.04M⊙ was measured with radio-timing observations in 2013 [13]. In 2019, millisecond
pulsar PSR J0740+6620 was observed with mass of 2.072+0.067

−0.066M⊙ using pulse-profile
modeling and radio-timing measurements of X-ray data [15].

Existence of neutron stars with masses twice the solar mass is now established beyond
doubt. Such a very heavy neutron star gives a strong limit on equations of state for
hadronic matter.

3.4.2 Radius of neutron star

Observed radii of neutron stars are summarized as follows. Here we show the upper and
lower limits of the radii in Table 3.2. From Table 3.2, (1) and (3) is obtain as lower limits
for radius. (2) , (4), and (5) is the upper limit for radius.

In this thesis, we used (5) the upper limit from observed gravitational waves from
merger.
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Table 3.2: Radii of neutron stars from observation

mass (M⊙) radius (km) method

(1) 0.86− 2.42 7.6− 10.4 (lower limit) Black body radiation from surface [52]
(2) 1.2− 1.7 < 9.0− 13.2 (upper limit) Eddington limit [53]
(3) 1.4 > 6.6 (lower limit) Red shift of the absorption line [54]
(4) 1.4 ≤ 13.6 (upper limit) Gravitational waves from merger [19]
(5) 1.4 < 13.76 (upper limit) Gravitational waves from merger [20]

The details of method for each upper and lower limits in Table 3.2 are written in
follows.

(1) Black body radiation from surface

One of the methods to measure radius of a neutron star is by black body radiation
from the surface. Assuming Stephane-Boltzmann law, we can estimate the radius of the
neutron star from total luminosity, temperature, and distance from X-ray energy (cf.
Guillot et al.(2013) [52]).

Total luminosity L and observed flux F are given by,

L = 4πR2
∞σSBT

4, (3.8)

F =
L

4πD2
. (3.9)

where R∞ is the radius of the neutron star observed at infinity, and D is the distance
between the star and the observer, and σSB is Stephan-Boltzmann constant. From these
equations, we obtain the radius RNS ,

RNS =

√
FD2

σSBT 4

(
1− 2GMNS

RNSc2

)1/2

,

R∞ = RNS

(
1− 2GMNS

RNSc2

)−1/2

. (3.10)

From the above equation (3.10), we obtain RNS .

(2) Eddington limit

Another method to measure radius of a neutron star is using the Eddington limit [55].
Eddington limit is given when the radiation pressure is balanced against the force of
gravity. The observed luminosity L∞, effective temperature T∞ and apparent NS radius
R∞ are related with the luminosity at the NS surface L, the effective temperature
measured at the surface Teff , and the NS circumferential radius RNS and mass MNS
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by the following relations (Lewin et al. 1993 [56])

L∞ =
L

(1 + z)2
, T∞ =

Teff
1 + z

, R∞ = RNS(1 + z), (3.11)

with the redshift factor 1+z = (1−2GMNS/RNSc
2)−1/2. The gravitational acceleration

g on the NS surface is larger in comparison with the Newtonian one due to general
relativity effects

g =
GMNS

R2
(1 + z). (3.12)

Therefore, the Eddington luminosity is also large:

LEdd =
4πGMNSc

κe
(1 + z)

= 4πR2
NSσSBT

4
Edd. (3.13)

Here TEdd is the maximum possible effective temperature on the NS surface, κe =
0.2(1 + X) cm2g−1 is the electron (Thomson) scattering opacity, and X is hydrogen
mass fraction. If the radiation pressure is larger than the force of gravity, the matter of
the star will scatter, so,

4πGMNSc

κe
(1 + z) > 4πR2

NSσSBT
4
Edd. (3.14)

We must take the smaller radiation pressure than the force of gravity.
Now, we can get

RNS <

√
GMNSc(1 + z)

κeσSBT 4
Edd

. (3.15)

This gives the upper limit of the radius.

(3) Red shift of the absorption line

The other method to measure radius is to see the red shift of the absorption line [54].
Surface of a neutron star contains iron. The red shift of absorption line of the iron is
similar to the direct observation of RNS/MNS . Thus,

Eobs = Esurf

√
1− 2GM

Rc2
. (3.16)

Due toWaki et al.(1984), the neutron star radius was only about 1.6 times the Schwarzschild
radius.
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(4) Gravitational waves from merger

All tidal deformabilities are observed to follow the empirical function

Λ(RNS) = 2.88× 10−6(RNS/km)7.5. (3.17)

Because of the correlation between RNS and Λ, the LIGO & Virgo measurement leads
to a strong constraint on the possible radii of NSs: the 90% limit of Λ(1.4M⊙) < 800
is directly translated into an upper limit of R(1.4M⊙) < 13.6 km as we can see from
Figure 3.6.

Figure 3.6: The Λ for stars with M=1.4M⊙ as functions of the corresponding radius [19].

(5) Gravitational waves from merger

They model the EoS using RMF, namely ’FSUGold2 family’ in Fattoyev et al. (2018) [20].
While, the FSUGold2 family provides the flexibility to generate a continuum of realistic
models with varying neutron skins, the models span a fairly narrow range of neutron-
star radii. They use 10 representative set of RMF models to alleviate this problem. By
using figure, Λ1.4 a function of the radius of a 1.4M⊙ neutron star for ten RMF mod-
els. Also using the experiment model (PREX) at the Jefferson Laboratory in favor of a
neutron-rich skin in 208Pb [57, 58]: R208

skin = 0.33+0.16
−0.18 fm and Λ1.4 ≤ 800 limit deduced

from GW170817 [3], they have estimate, stellar radius of a 1.4M⊙ neutron star of

R1.4 < 13.76 km. (3.18)
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3.4.3 Both mass and radius observation of Neutron star

The observed mass and radius of two pulsars are shown in Table 3.3. There are two
pulsars, PSR J0030 + 0451 and PSR J0740 + 6620, which both mass and radius are
measured.

Table 3.3: Mass and radius of neutron stars from observation

neutron star mass (M⊙) radius (km) method

PSR J0030 + 0451 1.44+0.15
−0.14 13.02+1.24

−1.06 gravitational light-bending [22]

PSR J0740 + 6620 2.072+0.067
−0.066 12.39+1.30

−0.98

Bayesian estimation of

pulse-profile modeling [14, 15, 50, 51]
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Formalism

4.1 Metric

We use the following metric in general relativity for a slowly rotating neutron star with
axial deformation [59, 60, 61, 62],. This formulation was first given by J. B. Hartle. He
perturbatively treated the metric with up to second order of Ω, which is the angular
velocity,

ds2 = −e2ν0
[
1− 2h0 (r) + 2h2 (r)P2 (cos θ)

]
+ e2λ0

{
1 +

e2λ0

r

[
2m0 (r) + 2m2 (r)P2 (cos θ)

]}
dr2

+ r2
[
1 + 2k2 (r)P2 (cos θ)

]{
dθ2 + [dϕ− ω (r) dt]2sin2θ

}
. (4.1)

Here ω(r) is the rotational frequency at r. In this metric P2 (cos θ) denotes Legendre
polynomial of second order and h0, h2, m0, m2 and k2 are quantities of order Ω2. ω has
a radial dependence of order Ω. Here m0 is the mass increased by deformation.

4.2 Lagrangian

We employ the relativistic mean field (RMF) theory to give EoSs for hadronic matter.
We use the following Lagrangian which includes interactions between baryon octet and
σ, ω, and ρ mesons in the presence of magnetic fields. Occasionally σ∗ and φ mesons of
hidden strangeness are included. We determine some parameters in the model so that
the basic properties at nuclear saturation density are reproduced.

30
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Table 4.1: Baryon octet (Mass, anomalous magnetic moment from [63], others from
[23]).

mass (MeV) charge isospin strangeness anomalous magnetic
moment (µN )

p 938.27 1 1/2 0 2.79
n 939.57 0 −1/2 0 −1.91
Λ 1115.68 0 0 −1 −0.613
Σ+ 1189.37 1 1 −1 1.67
Σ0 1192.64 0 0 −1 1.61
Σ− 1197.45 −1 −1 −1 −0.376
Ξ0 1314.83 0 1/2 −2 −1.25
Ξ− 1321.31 −1 −1/2 −2 0.0531

Table 4.2: Mesons (Mass from [25], others from [23]).
mass (MeV) charge spin isospin strangeness flavor

σ 511 0 0 0 0 u, d
ω 783 0 1 0 0 u, d
ρ 770 −1,0,1 1 1 0 u, d
σ∗ 975 0 0 0 0 s
ϕ 1020 0 1 0 0 s

Table 4.3: Leptons
mass (MeV) charge

e 0.510999 −1
µ 105.658 −1
τ 1776.86 −1

In Table 4.1, unit of anomalous magnetic moment µN is called nuclear magneton.
The Lagrangian for the GM1 EoS is given in terms of σ, ρ and ω as,

L =
∑
b

ψ̄b (iγµ∂
µ −mb + gσbσ − gωbγµω

µ − gρbγµτ · ρµ)ψb

+
1

2

(
∂µσ∂

µσ −mσ
2σ2
)
− 1

4
ωµνω

µν +
1

2
mω

2ωµω
µ

− 1

4
ρµν · ρµν +

1

2
mρ

2ρµ · ρµ − 1

3
bmn(gσσ)

3 − 1

4
c(gσσ)

4. (4.2)

Here, τ is isospin operator.
In other cases we add terms of magnetic fields and other meson fields in the La-
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grangian. In this case the Lagrangian is as follows:

L =
∑
b

Lb + Lm +
∑
l

Ll + Lem, (4.3)

where,

Lb = ψb (iγµ∂
µ −mb + gσbσ + gσ∗bσ

∗ − gωbγµω
µ − gϕbγµϕ

µ − gρbγµτ · ρµ

−qbγµAµ − κbσµνF
µν)ψb, (4.4)

Lm =
1

2

(
∂µσ∂

µσ −m2
σσ

2
)
+

1

2

(
∂µσ

∗∂µσ∗ −m2
σ∗σ∗2

)
+

1

2
m2

ωωµω
µ − 1

4
ΩµνΩ

µν +
1

2
m2

ϕϕµϕ
µ − 1

4
ΦµνΦ

µν

+
1

2
m2

ρρµ ·ρµ − 1

4
P µν ·Pµν

− 1

3
bmn (gσσ)

3 − 1

4
c (gσσ)

4 +
1

4!
ξ
(
g2ωωµω

µ
)2

+ Λω

(
g2ωωµω

µ
) (
g2ρρµ ·ρµ

)
, (4.5)

Ll = ψl (iγµ∂
µ − qlγµA

µ −ml)ψl, (4.6)

Lem = −1

4
FµνFµν . (4.7)

Here b,m, l, em indicate baryons, mesons, leptons, and photons, respectively. The field
strengths are explicitly given as

Fµν = ∂µAν − ∂νAµ, (4.8)

Ωµν = ∂µων − ∂νωµ, (4.9)

Φµν = ∂µϕν − ∂νϕµ, (4.10)

Pµν = ∂µρν − ∂νρµ − gρρµ × ρν . (4.11)

4.3 RMF Theory

In chapter 5, we will employ various kinds of equations of state (EoS) (GM1, GM3,
TM1-a, TM1-b, TM2ωρ-a, TM2ωρ-b, NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b DDME2-a
and DDME2-b), whose parameters are listed in Table 4.4. As for the EoS, We use
relativistic mean field (RMF) Theory. RMF Theories are used to give EoSs for hadronic
matter. See Appendix A.
Here, gσ is the coupling constant of nucleons with the scalar-meson σ, gω is the coupling
constant of nucleons with the vector-meson ω , gρ is the coupling constant of nucleons
with the vector-isovector-meson ρ. The masses of these mesons are listed in Table 4.5.
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Table 4.4: EoS parameters
EoS gσ gω gρ b× 103 c× 103 ξ Λω

GM1 8.895 10.61 8.195 2.947 −1.070 0 0
GM3 8.162 8.712 8.541 8.659 −2.421 0 0
TM1 10.03 12.61 4.632 1.508 0.061 0.0169 0

TM2ωρ 9.998 12.50 11.30 1.763 −0.790 0.0113 0.03
NL3 10.22 12.87 8.948 1.028 −0.442 0 0

NL3ωρ 10.22 12.87 11.28 1.028 −0.442 0 0.03
DDME2 10.54 13.02 7.367 0 0 0 0

Table 4.5: mesons and masses
meson mass(MeV)

mσ 511.198
mω 783.0
mρ 770.0
mσ∗ 975
mϕ 1020

In the GM1 parameter set,

Rσh = gσh/gσN = 0.6, (4.12)

Rωh = gωh/gωN = 0.653, (4.13)

Rρh = gρh/gρN = 0.6, (4.14)

are adopted. For GM3 parameter sets,

Rσh = gσh/gσN = 0.6, (4.15)

Rωh = gωh/gωN = 0.568, (4.16)

Rρh = gρh/gρN = 0.6, (4.17)

are adopted. As for other couplings of hyperons with the vector and the vector-isovector
mesons, the SU(6) values are adopted in the a-parameter sets (TM1-a, TM2ωρ-a, NL3-a,
NL3ωρ-a and DDME2-a):

RωΛ =
2

3
, RωΣ =

2

3
, RωΞ =

1

3
, (4.18)

RρΣ = 2, RρΞ = 1, (4.19)

RϕΛ = −
√
2

3
, RϕΣ = −

√
2

3
, RϕΞ = −2

√
2

3
. (4.20)
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In the b-parameter sets (TM1-b, TM2ωρ-b, NL3-b, NLωρ-b and DDME2-b), we adopted
same parameter sets as a-parameter sets except

RωΛ = 1, (4.21)

which corresponds to the symmetry breaking of SU(6) symmetry.
The basic properties reproduced by various EoSs are shown in Table 4.6 [23, 24, 25,

64, 65]. These components suggest saturation number density ρ, binding energy B/A,
incompressibility K, symmetry energy J , its slope parameter L, and curvature Ksym at
the saturation point of uniform symmetric nuclear matter.

Table 4.6: Properties of various EoSs

EoS ρ (fm−3) B/A (MeV) K (MeV) J (MeV) L (MeV) Ksym (MeV)

GM1 0.153 −16.3 300.7 32.5 94.4 18.1
GM3 0.153 −16.3 240 32.5 89.7 −6.5
TM1 0.146 −16.3 281.2 36.9 111.2 33.8

TM2ωρ 0.146 −16.4 281.7 32.1 54.8 −70.5
NL3 0.148 −16.3 271.8 37.4 118.9 101.6

NL3ωρ 0.148 −16.3 271.8 31.7 55.5 −7.6
DDME2 0.152 −16.14 250.9 32.3 51.2 −87.1

4.4 Baym-Pethick-Sutherland (BPS) EoS

In order to describe the lower density region, the Baym-Pethick-Sutherland (BPS) EoS
is used [66] with the atomic masses given in Ame2012 [67, 68] and HFB-24 [69]. The
equations for obtaining EoSs in the presence of strong magnetic fields are summarized
in the Appendix B.2.

4.5 Tolman Oppenheimer-Volkoff equation

Here, we introduce differential equations so that structure of a relativistic star with
spherical symmetry can be calculated in the static frame.

Here we have the following equation, which is so-called Tolman Oppenheimer-Volkoff
(TOV) equation (see Appendix C for derivation),

dp

dr
= −

[
p(r) + ε(r)

][
M(r) + 4πr3p(r)

]
r
[
r − 2M(r)

] , (4.22)

dM

dr
= 4πε(r)r2. (4.23)
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Here, pressure p and energy density ε are defined in Appendix C.
For calculating TOV equation, we use gravitational unit. See Appendix D.

4.6 Hartle Equations

A theoretical method in a perturbative way to calculate additional masses and eccentric-
ities of axially deformed objects due to rotation was first introduced by J. B. Hartle and
others in Refs. [59, 60, 61, 62] in the framework of General Relativity. In the gravitational
unit (G = c = 1), the metric can be written as

ds2 = −eν [1 + 2 {h0 + h2P2(cos θ)}] dt2

+ eλ
[
1 +

2eλ

r
{m0 +m2P2(cos θ)}

]
dr2

+ r2 [1 + 2k2P2(cos θ)]
[
dθ2 + sin2 θ (dϕ− ωdt)2

]
, (4.24)

where ω(r, θ) represents the local angular velocity of a rotating star, and h0(r), h2(r),
m0(r), m2(r), and k2(r) are the second order perturbative terms with respect to the
angular velocity Ω, where Ω is the angular velocity observed far from the neutron star.
The second order Legendre polynomial is given as P2(cos θ) = 1

2(3 cos
2 θ − 1). Up to

second order of Ω, the Hartle equations are employed, which are explicitly given in
AppendixE.

In the zeroth order of Ω, usual TOV equations are employed :

dp0
dr

= −
(
M0 + 4πp0r

3
)
(ε0 + p0)

r (r − 2M0)
, (4.25)

dM0

dr
= 4πr2ε0, (4.26)

where energy density ε0 and pressure p0 are calculated by the RMF theory as functions of
baryon density. The radius R of a neutron star is so determined that pressure p0(R) = 0
after solving TOV equations. Then the total mass is given using an additional mass
m0(R) as

M =M0(R) +m0(R). (4.27)

4.7 Magnetic field

For the magnetic field, we use the following B(ρ).

B(ρ) = Bs +B0

(
1− exp

{
−α

(
ρ

ρ0

)γ})
(4.28)
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Here, Bs indicates the magnetic field at the surface and B0 indicates the magnetic field
near the center of the neutron star. Here, α = 0.05 and γ = 2 are adopted [70].

Mangnetic fields strength B(ρ) as a function of baryon number density ρ is shown in
Figure 4.1.
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Figure 4.1: Magnetic field strengths B(ρ) as a function of baryon number density ρ
(fm −3). Here, α = 0.05 and γ = 2 are adopted.

In this thesis, we have used spherically symmetric magnetic pressure (SSMP) (Figure
4.2, left). This magnetic field has spherically symmetric magnetic field, so that there is
no directions of magnetic field and it is spherical.

Since Equation (4.28) does not satisfy div B = 0 in general, this form of the magnetic
fields must be used with caution as a simple way to implement magnetic fields in an NS.
With this problem in mind, however, it should be emphasized that for particles in a very
small region of an NS, they feel almost a constant magnetic field, for which div B = 0
is practically satisfied. For more realistic magnetic fields, different equations might be
used [71].

Even if one assumes the form of Equation (4.28), one has free parameters α, γ, and
B0. In our work [72], we arbitrarily change α and γ to investigate their effects on the
radii and masses of NSs. In this thesis, we discuss more about changing α and γ in
Sect. 6.6.

On the other hand, in our work [73], we use poloidal magnetic fields (PMF) (Figure
4.2, right). PMF is a magnetic field with dipole magnetic field. The shape of neutron
star in PMF is deformed due to strong magnetic fields.
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4.7.1 EoS of hadronic matter with magnetic fields

Here, spherically symmetric magnetic pressure (SSMP) to add magnetic fields to neutron
star. The energy density ε and the pressure p of hadronic matter in the presence of the
magnetic fields are given as

ε = εm +B2/2, (4.29)

p = pm +B2/2, (4.30)

respectively, where εm is the energy density and pm is the pressure of hadrons where the
contribution B2/2 from the magnetic fields are neglected. However, it should be noted
that without B2/2 the effects of the magnetic fields to εm and pm are included through
particles ’magnetic moments. All the details are given in the Appendix of Ref. [16].

Figure 4.2: Magnetic fields in spherically symmetric magnetic pressure (SSMP) on the
left, poloidal magnetic fields (PMF) on the right.

4.7.2 Landau diamagnetism

We pursue the energy levels of a charged particle with mass m, electric charge q in a
constant magnetic field B = (0, 0, B). We choose the gauge of A = (0, Bx, 0). Then we
can write the hamiltonian as follows. We take a non-relativistic formalism in cgs units.

Ĥ =
1

2m

[
p̂2x +

(
p̂y −

qB

c
x̂

)2

+ p̂2z

]
. (4.31)

Now, the expectation of p̂y and p̂z, py and pz are conserved quantities because,[
p̂y, Ĥ

]
=
[
p̂z, Ĥ

]
= 0. (4.32)
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So, we can write the hamiltonian for the eigen-state of p̂y and p̂z as,

Ĥ =
1

2m

[
p̂2x +

(
py −

qB

c
x̂

)2

+ p2z

]
=

1

2m
p̂2x +

m

2

(
qB

mc

)2(
x̂− cpy

qB

)2

+
1

2m
p2z, (4.33)

E = ℏωc

(
n+

1

2

)
+

ℏ2k2z
2m

. (4.34)

Here, n = 0, 1, 2, · · · , and ωc =
qB
mc . These discrete energy levels are called Landau levels.

We obtain similar energy levels in a relativistic treatment. See Appendix B and F.

4.8 Eccentricity of neutron star

First we discuss on eccentricity of the neutron star. The eccentricity e is given by Hartle
& Thorn (1968) [61],

e(r) = e =

[
Re

2

Rp
2 − 1

]1/2
(4.35)

=
[
−3(υ2 − h2 + ξ2/r)

]1/2
, (4.36)

where Re is the radius at equator and Rp is polar radius and ξ2 is defined as follows,

ξ2 = −p∗2
(E + P )

(dP/dr)
, (4.37)

p∗2 = −h2 −
1

3
r2e−νϖ2. (4.38)

From equation (4.35), we can write down as

Re
2

Rp
2 = e2 + 1,

Re =
√
e2 + 1×Rp. (4.39)
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Results

In this thesis, we employ 12 different hadronic EoSs, namely, GM1, GM3, TM1-a, TM1-
b, TM2ωρ-a, TM2ωρ-b, NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b, DDME2-a and DDME2-
b [23, 25], all of which include hyperons in addition to nucleons as components. These
EoSs depend on the different coupling constants between baryons and mesons and having
similar saturation properties at nuclear saturation density.

The mass and radius relation (MR relation) of each EoS is compared with GM1 EoS
as a reference. TM1 and TM2 are different concerning the slope parameter L, where
L is closely related to the radius of a neutron star. The NL3 parametrization is fitted
to the ground-state properties of both stable and unstable nuclei. This parametrization
predicts very large, purely nucleonic neutron star maximum masses, but a symmetry
energy slope parameter L is too large. Thus, we also consider the parametrization
NL3ωρ with a softer density dependence of the symmetry energy due to the inclusion of
the nonlinear ωρ term. The GM3 EoS leads to neutron star with compactness smaller
than GM1 EoS. In this work, we use various values of the incompressibility K (240
– 300 MeV), and from this point of view, we can check how K affects neutron star
structure.

5.1 MR relations of EoSs

First, we calculate MR relations of 12 EoSs without considering internal magnetic fields
or rotation of a neutron star. Figure 5.1 shows the total mass M (M⊙) as a function of
its radius (km) (MR relation) without magnetic fields or rotation. The unstable region

(∂M(εc)
∂εc

< 0, where εc is the energy density at the center) is not shown for each EoS in
the figure. It is seen that NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b, DDME2-a and DDME2-b
EoSs surpass twice the solar mass and these EoSs have masses more than 2.072M⊙. For
each EoS the maximum mass (Mmax), the radius at M = 1.4 M⊙, and radius at M =
2.072M⊙ are shown in Table 5.1. The observed upper limit of the radius atM = 1.4M⊙
is 13.76 km [20] and maximum mass is 2.072 M⊙.

39
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Figure 5.1: MR relations of 12 EoSs without rotation and magnetic fields. The unstable
region in each EoS is not shown. The orange and light green dashed areas indicate pul-
sars PSR J0740+ 6620 and PSR J0030+ 0451 (68% (thick) and 90% (thin) credibility),
respectively. The arrow indicates the upper limit of radius for 1.4 M⊙ from the gravi-
tational wave event GW170817. The colored lines represent the following: black (solid
line), GM1 EoS; green (solid line), TM1-a EoS; green (dashed line), TM1-b EoS; light
blue (solid line), TM2ωρ-a EoS; light blue (dashed line), TM2ωρ-b EoS; purple (solid
line), NL3-a EoS; purple (dashed line), NL3-b EoS; dark blue (solid line), NL3ωρ-a EoS;
dark blue (dashed line), NL3ωρ-b EoS; red (solid line), DDME2-a EoS; red (dashed line),
DDME2-b EoS.

Table 5.1: Maximum masses (Mmax), radius at M = 1.4 M⊙ (R1.4M⊙), and radius at
M = 2.072 M⊙(R2.072M⊙

) for 12 EoSs without rotation or magnetic fields. The bar
indicates no solution.

EoS Mmax (M⊙) R1.4M⊙ (km) R2.072M⊙ (km)

GM1 1.784 13.49 —
GM3 1.299 — —
TM1-a 1.540 14.07 —
TM1-b 1.787 14.10 —

TM2ωρ-a 1.663 13.24 —
TM2ωρ-b 1.891 13.23 —
NL3-a 2.122 14.37 14.45
NL3-b 2.336 14.37 14.79

NL3ωρ-a 2.175 13.49 14.05
NL3ωρ-b 2.372 13.49 14.18
DDME-a 2.161 14.08 14.44
DDME-b 2.360 14.08 14.58
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5.2 MR relation of EoS with rotation

Next, we consider rotation of a neutron star and calculate MR relations of 12 EoSs. Here
rotation is considered perturbatively by solving Hartle equations, which is explained in
detail in Appendix E. Figure 5.2 shows the MR relations of the rotating neutron stars.
Here, Ω is taken as 6 × 103 Hz (Ω = 0.02 km−1 in gravitational unit), corresponding
to the fastest possible neutron star. This frequency corresponds roughly to the Kepler
frequency ΩK [23, 74] :

ΩK ≈ 24

(
M/M⊙
(R/km)3

)1/2

× 104 s−1. (5.1)

If we put M = 1.4 M⊙ and R = 13 km as a typical neutron star in eq. (5.1), ΩK is
about 6× 103 Hz.

A slight increase of mass is seen in all cases as shown in Fig. 5.2 and in Table 5.2.
NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b, DDME2-a and DDME2-b EoSs surpass twice the
solar mass. In this rotating case, the neutron star is axially deformed. The equatorial
radius at M = 1.4M⊙ is denoted as Re

1.4M⊙
, the polar radius at M = 1.4 M⊙, as

Rp
1.4M⊙

[59, 60, 61, 62], and the eccentricity e is defined by [61, 62]

e =

√(
Re

Rp

)2

− 1. (5.2)

Here we indicates the eccentricity at 1.4M⊙ as e1.4. It is found that rotation has a small
effect on mass even with the Kepler frequency (6× 103 Hz).
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Figure 5.2: Same as Fig. 5.1, but with rotation (Ω = 6× 103 Hz).
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Table 5.2: Maximummass (Mmax) of a rotating neutron star in unit ofM⊙, equatorial ra-
dius atM = 2.072M⊙ (Re

2.072M⊙
), polar radius (Rp

1.4M⊙
) and equatorial radius (Re

1.4M⊙
)

at M = 1.4M⊙, and eccentricity at 1.4 M⊙ (e1.4), respectively, at Ω = 6 × 103 Hz
(Ω = 0.02 km−1 in gravitational unit).

EoS Mmax (M⊙) Re
2.072M⊙

(km) Rp
1.4M⊙

(km) Re
1.4M⊙

(km) e1.4
GM1 1.851 — 12.43 14.51 0.86
GM3 1.368 — — — —
TM1-a 1.675 — 12.79 15.39 0.83
TM1-b 1.895 — 12.79 15.39 0.83

TM2ωρ-a 1.762 — 12.12 14.10 0.86
TM2ωρ-b 1.964 — 12.12 14.10 0.86
NL3-a 2.236 15.63 13.05 15.10 0.86
NL3-b 2.439 15.65 13.05 15.10 0.86

NL3ωρ-a 2.275 14.68 12.43 13.78 0.90
NL3ωρ-b 2.446 14.67 12.43 13.78 0.90
DDME2-a 2.273 15.31 12.82 14.78 0.87
DDME2-b 2.450 15.31 12.82 14.78 0.87

The MR relations for 12 EoSs in case with rotation at Ω = 6×102 Hz (Ω = 0.002 km−1

in gravitational unit) is shown in Fig. 5.3. Maximum masses (M⊙), equatorial radii at
2.072 M⊙ (km), polar radii at 1.4 M⊙ (km), equatorial radii at 1.4 M⊙ (km), and
eccentricities at 1.4 M⊙ with rotation (Ω = 6 × 102 Hz) are shown in Table 5.3. In
Fig. 5.3 and Table 5.3, there is a little increase in comparison with the no rotational case
(Fig. 5.1, Table 5.1). The most rapid frequency of observed pulsar is Ω = 716 Hz [40],
so that Ω = 6× 102 Hz is a realistic value for rotating neutron star. For NL3-a, NL3-b,
NL3ωρ-a, NL3ωρ-b, DDME2-a, and DDME2-b EoSs, their masses are over 2M⊙. As
for TM2ωρ-a, TM2ωρ-b, NL3ωρ-a and NL3ωρ-b EoSs, equatorial radius (Re

1.4M⊙
) at

M = 1.4 M⊙ is below 13.76 km.
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Figure 5.3: Same as Fig. 5.1, but with rotation (Ω = 6× 102 Hz).

Table 5.3: Same as Table 5.2, but with rotation (Ω = 6× 102 Hz).
EoS Mmax (M⊙) Re

2.072M⊙
(km) Rp

1.4M⊙
(km) Re

1.4M⊙
(km) e1.4

GM1 1.785 — 13.46 13.51 0.997
GM3 1.300 — — — —
TM1-a 1.541 — 14.03 14.09 0.996
TM1-b 1.788 — 14.07 14.13 0.996

TM2ωρ-a 1.664 — 13.20 13.28 0.994
TM2ωρ-b 1.891 — 13.19 13.27 0.994
NL3-a 2.123 14.46 14.34 14.37 0.998
NL3-b 2.337 14.80 14.34 14.37 0.998

NL3ωρ-a 2.176 14.06 13.46 13.52 0.996
NL3ωρ-b 2.372 14.20 13.46 13.52 0.996
DDME2-a 2.162 14.45 14.04 14.12 0.995
DDME2-b 2.361 14.61 14.04 14.12 0.995

5.3 MR relations of EoSs with internal magnetic fields

Next, we calculate MR relations of 12 EoSs with magnetic fields. Next, magnetic fields
−1

4F
µνFµν in Eq. (4.7) are considered for 12 EoSs. In Fig. 5.4 – 5.7, we show MR

relations with magnetic fields with different magnetic fields strength at the center of a
neutron star B0 = 2.5 × 1018 G and B0 = 3 × 1018 G, and different magnetic fields
strength at the surface Bs = 1012 G and Bs = 1015 G.

In Fig. 5.4 – 5.5 and Table 5.4 – 5.5, the strength of magnetic field at the center
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is adopted as B0 = 2.5 × 1018 G. As shown in Fig. 5.4 and Table 5.4, Bs = 1012 G is
employed. EoSs except GM3, TM1-a, and TM2ωρ-a EoSs give masses above the two-
solar-mass. The strength of magnetic fields at surface Bs = 1015 G is shown in Fig. 5.5
and Table 5.5. Also, EoSs except GM3, TM1-a, and TM2ωρ-a EoSs give masses above
the two-solar-mass.

Moreover, considering the upper limit of radius R = 13.76 km at 1.4 M⊙, TM2ωρ-b,
NL3ωρ-a and NL3ωρ-b EoSs are in the range of the observation with respect to radii in
both Bs = 1012 G and Bs = 1015 G cases.

Considering the maximum mass and the radius at 2.072 M⊙, only TM2ωρ-b EoS is
in the range of the observation.

However, NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b, DDME2-a and DDME2-b EoSs are not
in the range of the observation with respect to radius, but their masses surpasses twice
the two-solar-mass.

0.0

0.5

1.0

1.5

2.0

2.5

 10  11  12  13  14  15  16

M
 (

M
o•
)

radius (km)

GM1
GM3

TM1-a
TM1-b

TM2ωρ-a
TM2ωρ-b

NL3-a
NL3-b

NL3ωρ-a
NL3ωρ-b

DDME2-a
DDME2-b

Figure 5.4: Same as Fig. 5.1, but with magnetic fields (B0 = 2.5×1018 G, BS = 1012 G).
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Table 5.4: Same as Table 5.1, but with magnetic fields (B0 = 2.5 × 1018 G, Bs =
1× 1012 G).

EoS Mmax (M⊙) R2.072M⊙ (km) R1.4M⊙ (km)

GM1 2.049 — 13.90
GM3 1.730 — 13.32
TM1-a 1.882 — 14.46
TM1-b 2.060 — 14.44

TM2ωρ-a 1.978 — 13.58
TM2ωρ-b 2.135 13.17 13.58
NL3-a 2.313 14.93 14.52
NL3-b 2.486 14.99 14.52

NL3ωρ-a 2.359 14.37 13.69
NL3ωρ-b 2.512 14.38 13.69
DDME2-a 2.345 14.77 14.26
DDME2-b 2.505 14.79 14.26
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Figure 5.5: Same as Fig. 5.1, but with magnetic fields (B0 = 2.5×1018 G, BS = 1015 G).
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Table 5.5: Same as Table 5.1, but with magnetic fields (B0 = 2.5 × 1018 G, Bs =
1× 1015 G).

EoS Mmax (M⊙) R2.072M⊙ (km) R1.4M⊙ (km)

GM1 2.050 — 13.91
GM3 1.731 — 13.32
TM1-a 1.883 — 14.45
TM1-b 2.060 — 14.45

TM2ωρ-a 1.979 — 13.58
TM2ωρ-b 2.135 13.17 13.58
NL3-a 2.313 14.93 14.53
NL3-b 2.487 14.99 14.53

NL3ωρ-a 2.360 14.38 13.70
NL3ωρ-b 2.513 14.39 13.70
DDME2-a 2.345 14.77 14.27
DDME2-b 2.505 14.80 14.27

MR relations and the details (Maximum masses, radii at 1.4 M⊙, and radii at
2.072 M⊙) with the magnetic field strength B0 = 3 × 1018 G are shown in Fig. 5.6
– 5.7 and Table 5.6 – 5.7.

In the case of Bs = 1012 G are shown in Fig. 5.6 and Table 5.6. All EoSs except GM3
and TM1-a EoSs give masses over the two-solar-mass. Moreover, considering the upper
limit of radius R = 13.76 km at 1.4 M⊙, TM2ωρ-a and TM2ωρ-b EoSs are in the range
of the observation concerning radius. Moreover, considering the radius at 2.072 M⊙,
TM2ωρ-a and TM2ωρ-b EoSs are in the range of the observation concerning radius.

As for the B0 = 3× 1018 G and Bs = 1015 G case, the results are shown in Fig. 5.7
and Table 5.7. Here, also EoSs except GM3 and TM1-a EoSs give masses over the
two-solar-mass. Again, considering the upper limit of radius R = 13.76 km at 1.4 M⊙,
TM2ωρ-a and TM2ωρ-b EoSs are in the range of the observation concerning radius.
Moreover, considering the radius at 2.072 M⊙, TM2ωρ-a and TM2ωρ-b EoSs are in the
range of the observation concerning radius.

However, GM1 and TM1-b EoSs are in the range of the observation concerning radius
at 2.072 M⊙ and surpass 2 M⊙.
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Figure 5.6: Same as Fig. 5.1, but with magnetic fields (B0 = 3×1018 G, BS = 1012 G).

Table 5.6: Same as Table 5.1, but with magnetic fields (B0 = 3 × 1018 G, Bs =
1× 1012 G).

EoS Mmax (M⊙) R2.072M⊙ (km) R1.4M⊙ (km)

GM1 2.135 13.11 14.04
GM3 1.858 — 13.61
TM1-a 1.992 — 14.58
TM1-b 2.149 13.86 14.58

TM2ωρ-a 2.129 13.32 13.76
TM2ωρ-b 2.215 13.56 13.72
NL3-a 2.383 15.05 14.69
NL3-b 2.540 15.09 14.68

NL3ωρ-a 2.424 14.48 13.91
NL3ωρ-b 2.562 14.45 13.91
DDME2-a 2.410 14.86 14.44
DDME2-b 2.556 14.86 14.44
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Figure 5.7: Same as Fig. 5.1, but with magnetic fields (B0 = 3×1018 G, BS = 1015 G).

Table 5.7: Same as Table 5.1, but with magnetic fields (B0 = 3 × 1018 G, Bs =
1× 1015 G).

EoS Mmax (M⊙) R2.072M⊙ (km) R1.4M⊙ (km)

GM1 2.135 13.11 14.05
GM3 1.859 — 13.62
TM1-a 1.993 — 14.59
TM1-b 2.150 13.86 14.60

TM2ωρ-a 2.079 12.76 13.72
TM2ωρ-b 2.215 13.56 13.72
NL3-a 2.381 15.05 14.69
NL3-b 2.541 15.09 14.69

NL3ωρ-a 2.424 14.46 13.91
NL3ωρ-b 2.562 14.45 13.91
DDME2-a 2.410 14.87 14.44
DDME2-b 2.557 14.86 14.44

5.4 MR relation of EoS with rotation and magnetic fields

Finally, the MR relations are calculated in the presence of both rotation and magnetic
fields. This case with both rotation and magnetic fields is considered here because of
the emergency of a millisecond magnetar in the occasion of a neutron star merger [75],
though it is not so common.

The MR relations with rotation (Ω = 6 × 102 Hz) and magnetic fields (B0 = 2.5 ×
1018 G, Bs = 1012 G) are shown in Fig. 5.8. Maximum masses of neutron stars, two
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kinds of radius and eccentricity with both rotation (Ω = 6×102 Hz) and magnetic fields
(B0 = 2.5× 1018 G, Bs = 1012 G) are shown in Table 5.8.

Also, the MR relations with rotation (Ω = 6 × 102 Hz) and magnetic fields (B0 =
2.5 × 1018 G, Bs = 1015 G) are shown in Fig. 5.9. Maximum masses of neutron stars,
two kinds of radius and eccentricity with both rotation (Ω = 6× 102 Hz) and magnetic
fields (B0 = 2.5× 1018 G, Bs = 1015 G) are shown in Table 5.9.

EoSs except GM3, TM1-a, and TM2ωρ-a EoSs give masses over twice the solar mass
in the presence of both rotation and magnetic fields (in the case of both Bs = 1012 G
and Bs = 1015). For TM2ωρ-b, NL3ωρ-a and NL3ωρ-b EoSs, surpasses 2.072 M⊙ and
meet the observation with respect to radius (R ≤ 13.76 km in 1.4 M⊙) in both case
of Bs = 1012 G and Bs = 1015 G. Moreover, considering the radius at 2.072 M⊙, only
TM2ωρ-b EoS is in the range of the observation concerning radius.
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Figure 5.8: Same as Fig. 5.1, but with both rotation (6× 102 Hz) and magnetic fields
(B0 = 2.5× 1018 G, BS = 1012 G).
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Table 5.8: Same as Table 5.2, but with both rotation (Ω = 6 × 102 Hz) and magnetic
fields (B0 = 2.5× 1018 G, BS = 1012 G).

EoS Mmax (M⊙) Re
2.072M⊙

(km) Rp
1.4M⊙

(km) Re
1.4M⊙

(km) e1.4
GM1 2.050 — 13.88 13.92 0.997
GM3 1.730 — 13.29 13.34 0.996
TM1-a 1.883 — 14.41 14.47 0.996
TM1-b 2.061 — 14.41 14.47 0.996

TM2ωρ-a 1.979 — 13.53 13.61 0.994
TM2ωρ-b 2.135 13.19 13.53 13.61 0.994
NL3-a 2.314 14.94 14.50 14.54 0.998
NL3-b 2.487 15.00 14.50 14.54 0.998

NL3ωρ-a 2.360 14.39 13.66 13.72 0.996
NL3ωρ-b 2.513 14.40 13.66 13.72 0.996
DDME2-a 2.346 14.79 14.23 14.30 0.995
DDME2-b 2.505 14.82 14.23 14.30 0.995
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Figure 5.9: Same as Fig. 5.1, but with both rotation (6× 102 Hz) and magnetic fields
(B0 = 2.5× 1018 G, BS = 1015 G).
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Table 5.9: Same as Table 5.2, but with both rotation (Ω = 6 × 102 Hz) and magnetic
fields (B0 = 2.5× 1018 G, BS = 1015 G).

EoS Mmax (M⊙) Re
2.072M⊙

(km) Rp
1.4M⊙

(km) Re
1.4M⊙

(km) e1.4
GM1 2.050 — 13.89 13.93 0.997
GM3 1.731 — 13.29 13.34 0.996
TM1-a 1.884 — 14.42 14.48 0.996
TM1-b 2.061 — 14.42 14.48 0.996

TM2ωρ-a 1.980 — 13.54 13.62 0.994
TM2ωρ-b 2.136 13.19 13.54 13.62 0.994
NL3-a 2.314 14.95 14.51 14.54 0.998
NL3-b 2.487 14.96 14.51 14.54 0.998

NL3ωρ-a 2.360 14.34 13.67 13.73 0.996
NL3ωρ-b 2.513 14.41 13.67 13.73 0.996
DDME2-a 2.346 14.79 14.23 14.31 0.995
DDME2-b 2.506 14.82 14.23 14.31 0.995



Chapter 6

Discussion

6.1 Two-solar-mass problem

In Chapter 5, MR relations have been calculated for the 12 EoSs. Calculated maximum
masses (M⊙) are shown in Table 6.1. Maximum masses for NL3-a, NL3-b, NL3ωρ-a,
NL3ωρ-b, DDME2-a and DDME2-b EoSs are over twice the solar mass with neither
rotation nor magnetic fields.

Masses calculated by GM1, TM1-b and TM2ωρ-b EoSs with magnetic fields (B0 =
2.5 × 1018G and B0 = 3 × 1018G) become over twice the solar mass. In Ref. [76], MR
relations were calculated with magnetic fields of B0 = 3.1 × 1018 G. Using GM1 EoS,
they obtained a mass of over twice the solar mass. Their results are consistent with ours.
Masses are calculated by all 12 EoSs with rotation of Ω = 6× 102 Hz (Ω = 0.002 km−1

in gravitational unit), for which about 0.001 M⊙ increase is seen.

52
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Table 6.1: Maximum masses (M⊙) for 12 EoSs with neither rotation nor magnetic fields
(M), with only rotation (Mrot; Ω = 6 × 102 Hz), with only magnetic fields (Mmag2.5 ;
B0 = 2.5 × 1018G, Bs = 1012G), with only strong magnetic fields (Mmag3 ; B0 =
3 × 1018G, Bs = 1012G), and rotation (Mrot,mag2.5 ; Ω = 6 × 102 Hz) and magnetic
fields (B0 = 2.5× 1018G, Bs = 1012G).

EoS M Mrot Mmag2.5 Mmag3 Mrot,mag2.5

GM1 1.784 1.785 2.049 2.135 2.050
GM3 1.299 1.300 1.730 1.858 1.730
TM1-a 1.540 1.541 1.882 1.992 1.883
TM1-b 1.787 1.788 2.060 2.149 2.061

TM2ωρ-a 1.663 1.664 1.978 2.129 1.979
TM2ωρ-b 1.891 1.891 2.135 2.215 2.135
NL3a 2.122 2.123 2.313 2.383 2.314
NL3b 2.336 2.337 2.486 2.540 2.487

NL3ωρ-a 2.175 2.176 2.359 2.424 2.360
NL3ωρ-b 2.372 2.372 2.512 2.562 2.513
DDME2-a 2.161 2.162 2.345 2.410 2.346
DDME2-b 2.360 2.361 2.505 2.556 2.505

6.2 Radius at 1.4 M⊙

The upper limit radius at 1.4 M⊙ is determined by the observation of the GW170817
gravitational wave event. The obtained radius at M = 1.4 M⊙ is 13.6 km [19], and
also another source reports the upper limit radius as 13.76 km [20]. In this thesis, the
largest radius at 1.4 M⊙ (13.76 km) is taken into account. The radius of the pulsar
observed by NICER observations is 13.02+1.24

−1.06 km at M = 1.44+0.15
−0.14 M⊙ [22]. Also, the

radius of the pulsar observed by NICER and XMM-Newton observations is 12.39+1.30
−0.98

at M = 2.072+0.067
−0.066 M⊙ [14, 15, 50, 51].

The validity of each EoS in this respect is discussed here. The neutron star radii
at 1.4 M⊙ are summarized in Table 6.2, which shows that radii predicted by TM1-a,
TM1-b, NL3-a, NL3-b, DDME2-a and DDME2-b EoSs are over 13.76 km in any case.
For the GM1 EoS, the radius becomes smaller than 13.76 km only in the case of no
magnetic fields. For the GM3 EoS, there are no solution in the case with only rotation,
but the radius is smaller than 13.76 km in the case with magnetic fields. As for TM2ωρ-a
and TM2ωρ-b EoSs, radii become smaller than 13.76 km in all the cases. For NL3ωρ-a
and NL3ωρ-b EoSs, radii are in the range of observation in the case except with strong
magnetic fields (B0 = 3× 1018 G).

Considering the observed maximum mass 2.072M⊙ and the upper limit of the radius
13.76 km at 1.4 M⊙, TM2ωρ-a and TM2ωρ-b EoSs are the most suitable of the 12
EoSs in the case with magnetic fields or with both rotation and magnetic fields. Also,
NL3ωρ-a and NL3ωρ-b EoSs without strong magnetic fields (B0 = 3× 1018 G) meet the
requirements of observations.



CHAPTER 6. DISCUSSION 54

Table 6.2: Radius atM=1.4M⊙ for each EoS. Each row indicates as follows, R1.4; radius
without rotation or magnetic fields, Re

1.4rot; equator radius with rotation (6 × 102Hz),
R1.4mag2.5; radius with magnetic fields (B0 = 2.5 × 1018 G, BS = 1012 G), R1.4mag3;
radius with magnetic fields (B0 = 3 × 1018 G, BS = 1012 G), and Re

1.4rot&mag; equator

radius with both rotation (Ω = 0.002 km−1) and magnetic fields (B0 = 2.5× 1018 G) for
each EoS.

EoS R 1.4 Re
1.4 rot R 1.4 mag2.5 R 1.4 mag3 Re

1.4 rot&mag

GM1 13.49 13.51 13.90 14.04 13.92
GM3 — — 13.32 13.61 13.34
TM1-a 14.07 14.09 14.46 14.58 14.47
TM1-b 14.10 14.13 14.46 14.58 14.47

TM2ωρ-a 13.24 13.28 13.58 13.76 13.61
TM2ωρ-b 13.23 13.27 13.58 13.72 13.61
NL3-a 14.35 14.37 14.52 14.69 14.54
NL3-b 14.35 14.37 14.52 14.68 14.54

NL3ωρ-a 13.49 13.52 13.69 13.91 13.72
NL3ωρ-b 13.49 13.52 13.69 13.91 13.72
DDME2-a 14.08 14.12 14.26 14.44 14.30
DDME2-b 14.08 14.12 14.26 14.44 14.30

6.3 Radius at 2.072 M⊙

The radius of the pulsar observed by NICER and XMM-Newton observations is 12.39+1.30
−0.98 km

at M = 2.072+0.067
−0.066 M⊙ [15]. This pulsar is the heaviest observed one and the radius is

known by observations. Here, we discuss the radius at 2.072 M⊙.
The radii calculated by 12 EoSs are shown in Table 6.3. From the observation, the

radii should be in the range of 11.41 km ≤ R ≤ 13.69 km. For GM3, TM1-a, TM1-
b, NL3-a, NL3-b, NL3ωρ-a, NL3ωρ-b, DDME2-a and DDME2-b EoSs, there are no
corresponding radii within the range. As for GM1 and TM2ωρ-a EoSs, the radii become
smaller in the case with strong magnetic fields (B0 = 3 × 1018 G). For TM2ωρ-b EoS,
the radius becomes smaller in the case with magnetic fields, or with both rotation and
magnetic fields.

Considering the observed maximum mass 2.072 M⊙, the upper limit of the radius
13.76 km at 1.4 M⊙, and radius 12.39+1.30

−0.98 km at 2.072 M⊙, TM2ωρ-a EoS with strong
magnetic fields (B0 = 3× 1018 G), and TM2ωρ-b EoS with magnetic fields or with both
rotation and magnetic fields meet the requirements of observations.
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Table 6.3: Radius at M=2.072M⊙ for each EoS. Each row indicates as follows,
R2.072; radius without rotation or magnetic fields, Re

2.072rot; equator radius with ro-
tation (Ω = 6 × 102Hz), R2.072mag2.5; radius with magnetic fields (B0 = 2.5 × 1018 G,
BS = 1012 G), R2.072mag3; radius with magnetic fields (B0 = 3× 1018 G, BS = 1012 G),
and Re

2.072rot&mag; equator radius with both rotation (Ω = 6 × 102Hz) and magnetic

fields (B0 = 2.5× 1018 G) for each EoS.
EoS R 2.072 Re

2.072 rot R 2.072 mag2.5 R 2.072 mag3 Re
2.072 rot&mag

GM1 — — — 13.11 —
GM3 — — — — —
TM1-a — — — — —
TM1-b — — — 13.86 —

TM2ωρ-a — — — 13.32 —
TM2ωρ-b — — 13.17 13.56 13.19
NL3-a 14.45 14.46 14.93 15.05 14.94
NL3-b 14.79 14.80 14.99 15.09 15.00

NL3ωρ-a 14.05 14.06 14.37 14.48 14.39
NL3ωρ-b 14.18 14.20 14.38 14.45 14.40
DDME2-a 14.44 14.45 14.77 14.86 14.79
DDME2-b 14.58 14.61 14.79 14.86 14.82

6.4 Constraining masses and radii from two observed pul-
sars

In this Sect. 6.4, we discuss two observed pulsars, namely. PSR J0030 + 0451 and PSR
J0740 + 6620. The radius of the pulsar PSR J0030 + 0451 observed by NICER ob-
servations is 13.02+1.24

−1.06 km at M = 1.44+0.15
−0.14 M⊙ [22]. Also, the radius of the pulsar

PSR J0740 + 6620 observed by NICER and XMM-Newton observations is 12.39+1.30
−0.98 at

M = 2.072+0.067
−0.066 M⊙ [15].

The following EoSs go through 68% credibility with respect to the range of masses
and radii from observation of PSR J0740 + 6620 and PSR J0030 + 0451.

In the case with magnetic fields (B0 = 2.5×1018G, Bs = 1012G), GM1 and TM2ωρ-
b EoSs are in the range from the limit of observations. Also in the case with magnetic
fields (B0 = 2.5× 1018G, Bs = 1015G), GM1 and TM2ωρ-b EoSs are in the range from
the limit of observations.

For the case with magnetic fields (B0 = 3 × 1018G, Bs = 1012G), GM1, TM2ωρ-a,
and TM2ωρ-b EoSs are in the range from the limit of observations. As for the case with
magnetic fields (B0 = 3 × 1018G, Bs = 1015G), also, GM1, TM2ωρ-a, and TM2ωρ-b
EoSs are in the range of observations.

Considering the results, the magnetic fields are necessary to go through the limit of
observations.
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6.5 Comparison of the case with/without hyperons with
magnetic fields

Here, we compare the case without or with hyperons for GM1 EoS [23]. Fig. 6.1 shows
the comparison of MR relations for GM1 EoS with hyperons (purple line) and without
ones (black line), and MR relations including magnetic fields (dashed lines) or not (solid
lines) with the magnetic field. Here, B0 = 2.5× 1018 G and Bs = 1012 G are employed.
The free parameter of magnetic fields is taken as α = 0.05 and γ = 2, whose values
are standard in the literature [70]. The orange and light green dashed areas indicate
pulsars PSR J0740+6620 and PSR J0030+0451, respectively. The thick area shows the
one within 68% credibility and the thinner area shows the one within 90% credibility.
Each EoS curve must go through these areas if they satisfy the observational constraints.
The arrow indicates the upper limit of radius for 1.4M⊙ from the gravitational wave
event GW170817. The effect of a strong magnetic field is obviously seen in Figure 6.1.
The strong magnetic field makes mass larger irrespective of hyperon-inclusion or not.
However, inclusion of hyperons makes mass smaller; this is the hyperon puzzle. The
maximum masses and the radii at 1.4M⊙ with or without magnetic fields for GM1 EoS
are tabulated in Table 6.4. The GM1 EoS with only nucleons gives mass more than
2M⊙, regardless of the presence of magnetic fields. The GM1 EoS with hyperons gives
mass over 2M⊙ in the case a strong magnetic field. The radii without magnetic fields
are within the observed range, regardless of the case whether hyperons are included or
not, while radii with magnetic fields are larger than those allowed by the observation.
The maximum mass becomes smaller in the case where hyperons are included. The

Table 6.4: Maximum masses without magnetic fields (M), maximum masses with mag-
netic fields (Mmag) radii at 1.4M⊙ without magnetic fields (R) and radii at 1.4M⊙ with
magnetic fields (Rmag) for GM1 EoS with/without hyperons.

EoS M(M⊙) Mmag(M⊙) R(km) Rmag(km)

GM1 (without hyperons) 2.38 2.47 13.7 14.0
GM1 (with hyperons) 1.78 2.05 13.5 13.9

maximum mass increases in the case where the magnetic field is included in both the
case of only nucleons and the case of hyperons included. The average radius decreases in
the case where hyperons are included. It increases in the case where a strong magnetic
field is included.
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Figure 6.1: MR relations of only nucleons (purple solid line) and those including
hyperons (black solid line) for GM1 EoS. Each dashed line indicates the case with the
magnetic field strength (B0 = 2.5×1018 G, α = 0.05 and γ = 2). The unstable region in
each EoS is not shown. The orange and light green dashed areas indicate pulsars PSR
J0740+6620 and PSR J0030+0451 (68% (thick) and 90% (thin) credibility), respectively.
The arrow indicates the upper limit of radius for 1.4M⊙ from the gravitational wave
event GW170817.

6.6 Magnetic fields with different forms

In this section, we discuss free parameters α and γ of magnetic fields. First, we consider
the case of changing free parameters α and γ of magnetic fields of GM1 EoSto see how it
affects mass and radius in Sect. 6.6.1. Next in Sect. 6.6.2, we discuss searching optimum
α and γ of the magnetic field for 12 EoSs.

6.6.1 Change of α and γ in magnetic fields

In this Sect. 6.6.1 and Sect. 6.6.2, B(ρ) in Eq. (4.28) is also employed for magnetic fields,
but this time α and γ parameters are changed as free parameters.

We consider GM1 EoS in this Sect. 6.6.1. First, we change α parameters and next
change γ to see how it works on mass and radius of a neutron star.

The B(ρ) as a function of baryon number density ρ for various α parameters is shown
in Fig. 6.2. Each line indicates a magnetic field with B0 = 2.5× 1018G, Bs = 1012G,
and γ = 2. In Fig. 6.2, as α becomes larger, the strength of the magnetic field B changes
more abruptly. The MR relation for GM1 EoS by changing the α parameter is shown in
Fig. 6.3. As α is increased, the maximum mass increases monotonically. For α > 0.06,
the maximum mass surpasses the observed neutron star maximum mass (2.072 M⊙). It
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is evident from the figure that as α is made larger, the maximum mass of MR relation
gets larger. Furthermore, the radius at 1.4M⊙ gets larger in the case where α gets larger.

Next, the magnetic field B(ρ) as a function of baryon number density ρ for various
γ parameters is shown in Figure 6.4. Each line indicates a magnetic field with B0 =
2.5×1018 G and α = 0.05. For ρ > 0.3 fm−3, B(ρ) is almost constant B0 = 2.5× 1018 G.
Here, magnetic field strengths at saturation density ρ0 are given as B(ρ0) = 1.23× 1017G
for any value of γ. Magnetic field strengths B(ρ0) at saturation density ρ0 are shown in
Table 6.7.

The maximum mass, radius at 1.4M⊙, and radius at 2.072M⊙ by changing α and γ
in Eq.(4.28) are shown in Tables G.3–G.2 for each EoSs. The MR relations by changing
α and γ are given in Figures G.3–G.2 for those EoSs with various incompressibility,
which satisfy the observational constraints.
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Figure 6.2: B(ρ) as a function of α with B0 = 2.5×1018 G and γ = 2. The colored lines
represent the following: black (solid line); magnetic fields B(ρ) with α = 0.01, purple
(solid line); magnetic fields B(ρ) with α = 0.02, green (solid line); magnetic fields B(ρ)
with α = 0.03, light blue (solid line); magnetic fields B(ρ) with α = 0.04, orange (solid
line); magnetic fields B(ρ) with α = 0.05, dark blue (solid line); magnetic fields B(ρ)
with α = 0.06, black (dashed line); magnetic fields B(ρ) with α = 0.07, purple (dashed
line); magnetic fields B(ρ) with α = 0.08, green (dashed line); magnetic fields B(ρ) with
α = 0.09, brown (solid line); magnetic fields B(ρ) with α = 0.10.
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Figure 6.3: MR relation for GM1 EoS of changing α in magnetic fields. The colored
lines of MR relations are the same as in Fig. 6.3. Each line indicates an inclusion of the
magnetic field (B0 = 2.5 × 1018G, Bs = 1012G). Here, γ = 2 is employed. The arrow
and colored hatched areas are the same as in Figure 6.1.

Table 6.5: Maximum mass Mmag (M⊙), radius of 1.4 M⊙ R1.4M⊙ (km), and radius of
1.4 M⊙ R2.072M⊙ (km) by changing γ in the magnetic field for GM1 EoS.

α Mmax (M⊙) R1.4M⊙ (km) R2.072M⊙ (km)

0.01 1.810 13.50 —
0.02 1.867 13.57 —
0.03 1.927 13.66 —
0.04 1.989 13.78 —
0.05 2.049 13.90 —
0.06 2.107 14.03 12.93
0.07 2.161 14.16 13.47
0.08 2.214 14.30 13.85
0.09 2.265 14.44 14.16
0.10 2.313 14.59 14.43

Next, the magnetic field B(ρ) as a function of baryon number density ρB for var-
ious γ parameters is shown in Fig. 6.4. For ρ > 0.3 fm−3, B(ρ) is almost constant
B0 = 2.5× 1018G. Here magnetic field strengths at saturation density ρ0 is given as
B(ρ0) = 1.23× 1017G for any value of γ.
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Figure 6.4: B(ρ) as a function of γ with α = 0.03, B0 = 2.5× 1018G and Bs = 1012G.
The colored lines represent the following: black (solid line); magnetic fields B(ρ) with
γ = 1, purple (solid line); magnetic fields B(ρ) with γ = 2, green (solid line); magnetic
fields B(ρ) with γ = 3, light blue (solid line); magnetic fields B(ρ) with γ = 4, orange
(solid line); magnetic fields B(ρ) with γ = 5, yellow (solid line); magnetic fields B(ρ)
with γ = 6, dark blue (solid line); magnetic fields B(ρ) with γ = 7, red (solid line);
magnetic fields B(ρ) with γ = 8, purple (dashed line); magnetic fields B(ρ) with γ = 9,
brown (solid line); magnetic fields B(ρ) with γ = 10.

Figure 6.5 shows the MR relations for the GM1 EoS by changing γ parameter in the
magnetic field. Here, α = 0.05 is employed. The unstable region in each EoS is not
shown. The orange and light green dashed areas indicate pulsars PSR J0740+6620 and
PSR J0030+0451 (68% (thick) and 90% (thin) credibility), respectively. The arrow indi-
cates the upper limit of radius for 1.4M⊙ from the gravitational wave event GW170817.
Each line indicates an inclusion of the magnetic field (B0 = 2.5× 1018 G, Bs = 1012G).
As γ is increased, the maximum mass increases up to 3.5M⊙ approximately at γ = 10.
For γ > 3 the maximus surpasses the observed maximum masses (2.072M⊙).
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Figure 6.5: MR relations for GM1 EoS by changing γ in magnetic fields with magnetic
fields (B0 = 2.5 × 1018 G, Bs = 1012G, and α = 0.05). The colors of the line of MR
relations are the same as in Fig. 6.4. The arrow and colored hatched areas are the same
as in Fig. 6.1.

The maximum masses (M⊙), radii (km) at average mass (1.4 M⊙) and radii (km) at
2.072 M⊙ by changing γ in the magnetic field for GM1 EoS is shown in Table 6.6. Here,
B0 = 2.5× 1018G, Bs = 1012G, and α = 0.02 are adopted. For the cases of γ < 2, the
maximum mass increases monotonically and surpasses twice the solar mass by changing
γ. Due to observation of GW170817, radius should be below 13.76 km. For GM1 EoS,
none of the radius is within the range of the observation by changing γ in the magnetic
field.

Table 6.6: Maximum mass Mmax (M⊙), radius of 1.4 M⊙ (R1.4M⊙) (km), and radius
of 2.072M⊙ (R2.072M⊙) (km) by changing γ in the magnetic field of GM1 EoS. Here,
α = 0.05 is adopted.

γ Mmax (M⊙) R1.4M⊙ (km) R2.072M⊙ (km)

1 1.829 13.83 —
2 2.049 13.90 —
3 2.421 14.09 14.13
4 2.732 14.27 14.73
5 2.960 14.42 15.07
6 3.125 14.53 15.31
7 3.250 14.62 15.49
8 3.346 14.69 15.62
9 3.424 14.74 15.72
10 3.488 14.79 15.80
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Table 6.7: Strengths of the magnetic field at saturation density ρ0 = 0.153 fm−3 ( B(ρ0)
in unit of Gauss) for 12 EoSs with B0 = 2.5× 1018 G and γ = 2.

α B(ρ0)

0.01 2.59× 1016

0.02 5.05× 1016

0.03 7.79× 1016

0.04 9.90× 1016

0.05 1.23× 1017

0.06 1.47× 1017

0.07 1.70× 1017

0.08 1.93× 1017

0.09 2.16× 1017

6.6.2 Searching optimum α and γ in magnetic fields for each EoS

In this Sect. 6.6.2, we solve the Tolman–Oppenheimer–Volkov (TOV) equations to obtain
masses and radii for 12 EoSs by changing α (0.01 – 0.10) and γ (1 – 10) parameters of
magnetic fields freely. First, we show and discuss the results of MR relations with
magnetic fields, which is B0 = 2.5 × 1018 G and Bs = 1012 G (pulsar). Next, we show
and discuss the results of MR relations with magnetic fields, which is B0 = 2.5× 1018 G
and Bs = 1015 G (magnetar). For both Bs = 1012 G and Bs = 1015 G case, we
consider two pattern of condition given by observations. In case (1), the MR relations
are verified with respect to the constraints that maximum masses are within the range
of observed masses over maximum mass 2.072 M⊙ and the radii at 1.4 solar mass are
less than 13.76 km. And in the case (2), the MR relations are verified with respect to
the constraints that go through 68% credibility with respect to the range of masses and
radii from observation of PSR J0740 + 6620 and PSR J0030 + 0451.

In the case without magnetic fields, only three EoSs (NL3a, NL3ωρ-a, and DDME2-
a) barely satisfy the MR constraints (within 90% credibility for the maximum mass), but
among them, only NL3ωρ-a satisfies the radius constraint at 1.4M⊙ (K = 250.1MeV).
It should be noted that DDME2 is a relatively soft EoS at nuclear saturation density,
but it becomes harder in a higher density region.

As general features, the maximum mass becomes smaller when hyperons are included,
but the maximum mass increases when the magnetic field is imposed in both the cases
with only nucleons and with hyperons included. The average radius decreases when
hyperons are included. It increases when a strong magnetic field is implemented.

(1) Changing α and γ (Bs = 1012 G ; pulsar )

Here, we compare the case with magnetic fields (B0 = 2.5× 1018G and Bs = 1012G).
See Appendix G for Figures and Tables.
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The MR relations of each EoSs with magnetic fields are shown in Fig.G.1 – G.12.
For each EoS the maximum masses (Mmax), the radii at M=1.4M⊙, and radii at M =
2.072M⊙ are shown in TableG.1 – G.12.

(1-1) Considering Mmax, R2.072M⊙ , and R1.4M⊙

Considering the observed maximum mass 2.072 M⊙, the upper limit of the radius
13.76 km at 1.4 M⊙, and the radius at 2.072 M⊙, the following EoSs with α and γ
satisfied the limits above are shown in Table 6.8. Here, 4 EoSs (GM1, GM3, TM2ωρ-a,
and TM2ωρ-b) are satisfying the limits from the observations.

Table 6.8: Free parameter γ, α, and reference of Figure and Table for each EoS satisfying
the limits (Mmax ≥ 2.072, R1.4M⊙ < 13.76, and in the range of R2.072M⊙) with B0 =
2.5× 1018 G and Bs = 1012 G.

EoS γ α Figure & Table

GM1 3 0.02 Figure G.3, TableG.3
4 0.01

GM3 3 0.04 Figure G.4, TableG.4
4 0.02

TM2ωρ-a 3 0.02 Figure G.11, TableG.11
4 0.01

TM2ωρ-b 2 0.04 Figure G.12, TableG.12
2 0.05
2 0.06
3 0.02
3 0.03
4 0.01

(1-2) Considering two observed pulsars

Next, we consider the limit from two pulsars that the masses and radii are observed.
EoSs go through 68% credibility with respect to the range of masses and radii from
observation of PSR J0740 + 6620 and PSR J0030 + 0451 are shown in Table 6.9. Here,
6 EoSs (DDME2-a, GM1, GM3, NL3ωρ-a, TM2ωρ-a, and TM2ωρ-b) are satisfying the
limits from the observations.
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Table 6.9: Free parametar γ, α, and the reference of Figure and Table for each EoS
which a limit of the observation of two pulsars contains (B0 = 2.5×1018 G, Bs = 1012 G).

EoS γ α Figures & Tables

DDME2-a 1 0.01 Figure G.1, TableG.1
1 0.02
1 0.03
2 0.01

GM1 2 0.05 Figure G.3, TableG.3
2 0.06
2 0.07
3 0.02
3 0.03
3 0.04
4 0.01

GM3 2 0.09 Figure G.4, TableG.4
3 0.03
3 0.04
3 0.05
4 0.01
4 0.02
5 0.01

NL3ωρ-a 1 0.01 Figure G.7, TableG.7
2 0.01

TM2ωρ-a 2 0.05 Figure G.11, TableG.11
2 0.06
3 0.02
3 0.03
3 0.04
4 0.01

TM2ωρ-b 2 0.03 Figure G.12, TableG.12
2 0.04
2 0.05
2 0.06
2 0.07
3 0.01
3 0.02
3 0.03
4 0.01
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(2) changing α and γ (Bs = 1015 G ; magnetar )

Here are the results of 12 EoSs with magnetic fields (B0 = 2.5 × 1018G, Bs = 1015G).
We consider the difference from (i) the case of Bs = 1012 G. See Appendix H for Figures
and Tables.

The MR relations of each EoSs with magnetic fields are shown in Figures. H.1 – H.12.
For each EoS the maximum mass (Mmax), the radius at M = 1.4M⊙, and radius at M
= 2.072M⊙ are shown in TablesH.1 – H.12.

(2-1) Considering Mmax, R2.072M⊙ , and R1.4M⊙

Considering the observed maximum mass 2.072 M⊙, the upper limit of the radius
13.76 km at 1.4 M⊙, and the radius at 2.072 M⊙, the following EoSs with α and γ
satisfied the limits above are shown in Table 6.10. Here, 4 EoSs (GM1, GM3, TM2ωρ-a,
and TM2ωρ-b) are satisfying the limits from the observations. These EoSs are same as
Table 6.8, but additional case (γ = 3, α = 0.03 for TM2ωρ-a EoS). This suggests that
the parameter sets, α and γ, within the range of the condition of the observation changes
by changing the surface of magnetic fields.

Table 6.10: Free parameter γ, α, and reference of Figure and Table for each EoS satisfying
the limits (Mmax ≥ 2.072, R1.4M⊙ < 13.76, and in the range of R2.072M⊙) with B0 =
2.5× 1018 G and Bs = 1015 G.

EoS γ α Figure & Table

GM1 3 0.02 Figure H.3, TableH.3
4 0.01

GM3 3 0.04 Figure H.4, TableH.4
4 0.02

TM2ωρ-a 3 0.02 Figure H.11, TableH.11
3 0.03
4 0.01

TM2ωρ-b 2 0.04 Figure H.12, TableH.12
2 0.05
2 0.06
3 0.02
3 0.03
4 0.01

(2-2) Considering two observed pulsars

Next, we consider the limit from two pulsars that the masses and radii are observed.
EoSs go through 68% credibility with respect to the range of masses and radii from
observation of PSR J0740 + 6620 and PSR J0030 + 0451 are shown in Table 6.11 with
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B0 = 2.5 × 1018 G, Bs = 1015 G. Here, 6 EoSs (DDME2-a, GM1, GM3, NL3ωρ-a,
TM2ωρ-a, and TM2ωρ-b) are satisfying the limits from the observations.

Table 6.11: Free parameter γ, α, and the reference of Figure and Table for each EoS
which a limit of the observation of two pulsars contains (B0 = 2.5×1018 G, Bs = 1015 G).

EoS γ α Figures & Tables

DDME2-a 1 0.01 Figure H.1, TableH.1
1 0.02
1 0.03
2 0.01

GM1 2 0.05 Figure H.3, TableH.3
2 0.06
2 0.07
3 0.02
3 0.03
4 0.01

GM3 2 0.09 Figure H.4, TableH.4
3 0.04
3 0.05
4 0.01
4 0.02
5 0.01

NL3ωρ-a 1 0.01 Figure H.7, TableH.7

TM1-b 3 0.02 Figure H.10, TableH.10
4 0.01

TM2ωρ-a 2 0.06 Figure H.11, TableH.11
3 0.02
3 0.03
3 0.04
4 0.01

TM2ωρ-b 2 0.03 Figure H.12, TableH.12
2 0.04
2 0.05
2 0.06
2 0.07
3 0.01
3 0.02
3 0.03
4 0.01
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6.7 Particle populations of neutron star with magnetic fields
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Figure 6.6: Population as a function of baryon number density ρ for TM2ωρ-b EoS
without magnetic fields (top), with magnetic fields (α = 0.05, γ = 2; bottom). Here,
magnetic field strengths of center is B0 = 2.5 × 1018 G and surface is Bs = 1012 G.
The colored lines represent the following particles: red (solid line) ; proton, purple (solid
line); neutron, light blue (solid line); Λ, orange (solid line); Σ+, yellow (solid line); Σ0,
dark blue (solid line); Σ−, green (solid line); Ξ0, black (solid line); Ξ−, blue (dashed
line); electron, brown (dashed line); muon, orange red (dashed line); tau.
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Figure 6.7: Population as a function of baryon number density ρ for TM2ωρ-b EoS with
magnetic fields (α = 0.05, γ = 7; top), with magnetic fields (α = 0.07, γ = 2; bottom).
Here, magnetic field strengths of center is B0 = 2.5×1018 G and surface is Bs = 1012 G.
The colored lines is same as Fig. 6.6.
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Figure 6.8: Population as a function of baryon number density ρ for TM2ωρ-b EoS
with magnetic fields (B0 = 2.5 × 1018 G, Bs = 1015 G ; top), with magnetic fields
B0 = 3 × 1018 G, Bs = 1012 G; bottom). Here, α = 0.05 and γ = 2 are adopted. The
colored lines is same as Fig. 6.6.
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Figure 6.6 – 6.8 show the population as a function of baryon number density ρ. Here, we
employ TM2ωρ-b EoS, because TM2ωρ-b EoS is the only EoS that meet the requirements
of observations with magnetic fields (B0 = 2.5 × 1018 G, Bs = 1012 G, α = 0.05, and
γ = 2).

In Fig. 6.6, population for TM2ωρ-b EoS without magnetic fields (top) and with
magnetic fields (α = 0.05, γ = 2; bottom) are shown. Here, magnetic field strengths of
center is B0 = 2.5 × 1018 G and surface is Bs = 1012 G. We can see that two figures
are not so different, but ∼ 0.4− 0.6 of baryon number density, electrons and muons are
straggling in bottom figure. (with magnetic fields case).

In Fig. 6.7, population for TM2ωρ-b EoS with magnetic fields (α = 0.05, γ = 7; top)
and with magnetic fields (α = 0.07, γ = 2; bottom) are shown. Here, magnetic field
strengths of center is B0 = 2.5 × 1018 G and surface is Bs = 1012 G. From the figures,
leptons (electron, muon) are struggling quicker (rho=0.2-0.5) and some baryons are
struggling in the case of large γ. In addition, in the case of large alpha of Fig 6.7(bottom),
there is no such difference from Fig. 6.6 (bottom).

In Fig. 6.8, population for TM2ωρ-b EoS with magnetic fields (B0 = 2.5 × 1018 G,
Bs = 1015 G; top) and with magnetic fields (B0 = 3 × 1018 G, Bs = 1012 G; bottom)
are shown. Here, free parameter α = 0.05 and γ = 2 are adopted. From the figures,
compared with magnetic fields (B0 = 2.5 × 1018 G, Bs = 1012 G; Fig. 6.6; bottom),
the is no such difference, but some baryons, Σ+, Σ0, and Ξ0, to begin to appear at low
populations. Especially Σ+ is increase rapidly in case of strong central magnetic field
strengths B0 = 3× 1018 G than in case of B0 = 2.5× 1018 G.
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Summary

7.1 Searching EoS in rotating magnetized neutron star

The mass-radius relations have been calculated for magnetized and rotating neutron
stars using 12 EoSs, which include hyperons in addition to nucleons as components.

For TM2ωρ-a EoS with strong magnetic fields (B0 = 3 × 1018 G), and TM2ωρ-b
EoS with magnetic fields or with both rotation and magnetic fields, masses over the
observed maximum mass of 2.072M⊙ are obtained, and predicted radii are in the range
of R ≤ 13.76 km at 1.4M⊙, and also predicted radii are in the range of 12.39+1.30

−0.98 km at
2.072 M⊙.

For NL3ωρ-a and NL3ωρ-b EoSs, masses over the observed maximummass of 2.072M⊙
are obtained and predicted radii are in the range of R ≤ 13.76 km at 1.4M⊙ without
rotation or magnetic fields. Calculated maximum masses of NL3-a, NL3-b, DDME2-a
and DDME2-b EoSs are over the observed maximum mass of 2.072M⊙ without rotation
and magnetic fields. As for TM2ωρ-a EoS, masses around twice the solar mass in the
case with magnetic fields and over twice the solar mass in the case with strong magnetic
fields (B0 = 3 × 1018 G). Masses calculated by GM1, TM1-b and TM2ωρ-b EoSs with
magnetic fields (B0 = 2.5 × 1018 G and B0 = 3 × 1018G) become over twice the solar
mass.

However, radii are not in the range of the observation of R ≤ 13.76 km at 1.4M⊙. For
GM1 and TM1-b EoSs, masses more than 2.072M⊙ are obtained in the strong magnetic
field of 3 × 1018 G at the center. Also, for GM1 and TM1-b EoSs, masses over 2M⊙
are obtained both with the magnetic field of 2.5× 1018 G and 3× 1018 G at the center
or with the magnetic field of 2.5 × 1018 G in the center and the rotation of 6 × 102Hz.
From the observed radius, the central magnetic field strength should be smaller than
B0 = 3× 1018G.

Considering both the observed maximum mass 2.072M⊙ and the upper limit of the
radius from the gravitational wave event, two suitable EoSs, TM2ωρ-a (with strong
magnetic fields of 3 × 1018 G at the center) and TM2ωρ-b (with magnetic fields of
2.5×1018 G or 3×1018 G at the center) among 12 EoSs are found to meet the requirements
of observations. This result also suggests that most EoSs need a stiffer matter in the
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core of a neutron star, such as quark matter, especially in the case with both rotation
and magnetic fields.

GM1 and TM2ωρ-b EoSs with magnetic fields (B0 = 2.5×1018G) and GM1, TM2ωρ-
a, and TM2ωρ-b EoSs with magnetic fields (B0 = 3×1018G) go through 68% credibility
with respect to the range of masses and radii from observation of PSR J0740+6620 and
PSR J0030 + 0451.

7.2 Searching α and γ of magnetic fields

Comparing the case of GM1 EoS with hyperons or only nucleons, there is about 0.5
– 0.6 M⊙ decrease in mass with hyperons. For the radius of 1.4 M⊙, there is small
difference (about 0.1 – 0.2 km). The values of masses and radii at 1.4 M⊙ are increasing
in the case of with magnetic fields in both with hyperons or without hyperons.

Change of α and γ parameters as free parameters for magnetic fields, we search how
the shapes of the magnetic field changes and affects MR relations. When α increases,
the magnetic field increases gradually, and mass and radius increase accordingly to α.
When γ increases, the shape of the magnetic fields becomes rapid, and the mass and
radius suddenly change.

We considered changing α and γ with magnetic fields with (1) B0 = 2.5 × 1018G,
Bs = 1012 G, and (2) B0 = 2.5× 1018G, Bs = 1015 G,

Moreover, to limit the EoS, we considered limits of 3 constraints (Mmax ≥ 2.072M⊙,
R1.4M⊙ < 13.76 km, and R2.072M⊙ = 12.39+1.30

−0.98 km) and 2 pulsars (observed masses and
radii of PSR J0740 + 6620 and PSR J0030 + 0451). Table 7.1 shows the EoSs satisfing
each limit by changing α and γ.

As for the EoSs with magnetic fields, MR relations meet the requirements from the
observation not only by changing a α and γ parameters, but also by changing B0 and
Bs of the magnetic fields.

7.3 Summary of summary

To summarize, in this thesis, we have searched for optimum EoSs that provide us masses
and radii in the range of observed values w/o internal magnetic fields. Without magnetic
fields, only a few EoSs meet the requirements from observation, but with strong internal
magnetic fields a considerable number of EoSs satisfy the constraints from observations.
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Table 7.1: Changing the free parameter γ and α in magnetic fields. Here, B0 = 2.5 ×
1018 G. There are the case (1) Bs = 1012 G and the case (2) Bs = 1015 G. 3 constraints
indicate the limits (Mmax ≥ 2.072, R1.4M⊙ < 13.76, and R2.072M⊙ = 12.39+1.30

−0.98) and 2
pulsars indicate the limits respect to the range of masses and radii from observation of
PSR J0740 + 6620 and PSR J0030 + 0451.

(1) 3 constraints (1) 2 pulsars (2) 3 constraints (2) 2 pulsars

EoS γ α γ α γ α γ α

DDME2-a — — 1 0.01 — — 1 0.01
1 0.02 1 0.02
1 0.03 1 0.03
2 0.01 2 0.01

GM1 3 0.02 2 0.05 3 0.02 2 0.05
4 0.01 2 0.06 4 0.01 2 0.06

2 0.07 2 0.07
3 0.02 3 0.02
3 0.03 3 0.03
4 0.01 4 0.01

GM3 3 0.04 2 0.09 3 0.04 2 0.09
4 0.02 3 0.03 4 0.02 3 0.04

3 0.04 3 0.05
3 0.05 4 0.01
4 0.01 4 0.02
4 0.02 5 0.01
5 0.01

NL3ωρ-a — — 1 0.01 — — 1 0.01
2 0.01

TM1-b — — — — — — 3 0.02
4 0.01

TM2ωρ-a 3 0.02 2 0.03 3 0.02 2 0.06
4 0.01 2 0.04 3 0.03 3 0.02

3 0.02 4 0.01 3 0.03
3 0.03 3 0.04
3 0.04 4 0.01
4 0.01

TM2ωρ-b 2 0.04 2 0.03 2 0.04 2
2 0.05 2 0.04 2 0.05 2 0.04
2 0.06 2 0.05 2 0.06 2 0.05
3 0.02 2 0.06 3 0.02 2 0.06
3 0.03 2 0.07 3 0.03 2 0.07
4 0.01 3 0.01 4 0.01 3 0.01

3 0.02 3 0.02
3 0.03 3 0.03
4 0.01 4 0.01
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Appendix A

Relativistic mean field

A.1 RMF without and with magnetic fields

The potential is defined as (cf. Rabhi, Providência, and Providência (2009) [77])

U =
1

3
bmn(gσσ)

3 +
1

4
c(gσσ)

4. (A.1)

The meson equations are when gσb = gσxσb, it is given by

m2
σσ +

∂U

∂σ
=
∑
b

gσbρ
s
b = gσ

∑
b

xσbρ
s
b, (A.2)

m2
ωω

0 =
∑
b

gωbρ
v
b = gω

∑
b

xωbρ
v
b , (A.3)

m2
ρρ

0 =
∑
b

gρbI3bρ
v
b = gρ

∑
b

xρbI3bρ
v
b . (A.4)

where I3b is a projection operator of isospin. The effective mass is given by

m∗
b = mb − gσσ. (A.5)

From the chemical potential and the charge neutrality,

µb = µn − qbµe, µµ=µe, (A.6)

0 =
∑
b

qbρ
ν
b +

∑
l

qlp
ν
l . (A.7)

The effective mass of charged baryon is

mc
bνs =

√
(m∗

b)
2 + 2ν|qb|B − sµNκbB. (A.8)
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And scalar and vector charged baryon densities are

ρsb =
|qb|Bm∗

b

2π2

∑
s

νmax(s)∑
νmin(s)

m̄c
bνs√(

m∗
b

)2
+ 2ν |qb|B

ln

∣∣∣∣∣kbF,νs + Eb
F

m̄c
bνs

∣∣∣∣∣ , (A.9)

ρvb =
|qb|B
2π2

∑
s

νmax(s)∑
νmin(s)

kbF,νs. (A.10)

Baryon Fermi wave numbers of charged baryon and neutral baryon are(
kbF,νs

)2
=
(
Eb

F

)2
− (m̄c

bνs)
2, (A.11)(

kbF,s

)2

=

(
Eb

F

)2

−
(
mbs

)2

. (A.12)

The effective mass of neutral baryon is

m̄bs = m∗
b − sµNκpB. (A.13)

Scolar and vector density of neutral baryon is

ρsb =
m∗

b

4π2

∑
s

[
Eb

Fk
b
F,s − (m̄bs)

2 ln

∣∣∣∣∣kbF,s + Eb
F

m̄bs
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]
, (A.14)
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2π2

∑
s
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1

3

(
kbF,s

)3
− 1

2
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b
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F

)2(
sin−1
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Eb
F
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− π

2

))]
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(A.15)

Vector density of Lepton is

ρνl =
|ql|B
2π2

∑
s

Vmax(s)∑
Vmin(s)

klF,ν . (A.16)

The wave numbers do not depend on spin, so

ρνl =
|ql|B
2π2

(
2

νmax∑
ν=1

klF,ν + klF,0

)
(A.17)

Leptons are all charged and

(klF,ν)
2 = (El

F )
2 − (mlν)

2, (A.18)

(mlν)
2 = (ml)

2 + 2ν|ql|B. (A.19)

where Eq. (A.18) means that mass of lepton is independent to s, and Eq.(A.19) means
that effective mass depends on ν. The maximum ν is

νmax =

[(
Eℓ

F

)2 − (mℓ)
2

2 |qℓ|B

]
. (A.20)
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And the maximum of charged baryon is

νmax =

[(
Eb

F + sµNκbB
)2 − (m∗

b)
2

2 |qb|B

]
. (A.21)

On the other hand, the minimum of ν is ν = n + 1
2 − sqn(q) s2 . When it is positive

charged particle, in the case of spin down (s = −1) will start from ν = 1. When it is
negative charged particle, in the case of spin up (s = −1) will start from ν = 1. In the
other case, it will start from ν = 0.

The relation of the chemical potential and Fermi energy is

µb = Eb
F+gωbω

0+gρbI3bρ
0, (A.22)

µl = El
F . (A.23)

The energy density without magnetic field

εm =
∑
b

εb +
∑
ℓ
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2
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2
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ω
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, (A.24)

where charged baryon εcb, neutral baryon ε
n
b , and lepton εl is as follows.
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As same as wave number,

εℓ =
|qℓ|B
4π2
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∣∣∣∣∣kℓF,0 + Eℓ
F

m̄ℓ0

∣∣∣∣∣
}
.

(A.28)

The pressure is

pm =
∑
i

µiρ
v
i − εm = µn

∑
b

ρvb − εm. (A.29)
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To derivation this, we use qℓ = −1 and charge neutrality 0 =
∑
b

qbρ
v
b +

∑
ℓ

qℓρ
v
ℓ .∑

i

µiρ
v
i =

∑
b

µbρ
v
b +

∑
ℓ

µℓρ
v
ℓ

=
∑
b

(µn − qbµe) ρ
v
b + µe

∑
ℓ

ρvℓ

= µn
∑
b

ρvb − µe
∑
b

qbρ
v
b − µe

∑
ℓ

qℓρ
v
ℓ

= µn
∑
b

ρvb . (A.30)

The definition of pressure (partical pressure) is given by (cf. Glendenning (2012)[23])

pi = ρi
2d (εi/ρi)

dρi
. (A.31)

The definition of chemical potential is

µi =
dεi
dρi

, (A.32)

pi = ρi
2d (εi/ρi)

dρi
=ρi

(
dεi
dρi

− εi
ρi

)
=ρiµ− εi. (A.33)

The total pressure is

p =
∑
i

pi =
∑
i

(ρiµi − εi) , (A.34)

where we can derivation the above equation changing ρi to ρ
v
i .

In the case of energy density and pressure with magnetic field is

ε = εm +
B2

2
, (A.35)

p = pm +
B2

2
. (A.36)

What is the effect of magnetized M⃗?
To translate cgs units (Gauss) from natural units, we need to via SI units (Tesla),

since

1

4πε0
= 1, (cgs units)

ε0 = µ0 = 1. (natural units)

The pressure of magnetic field in natural units is B2

2 , because the pressure of magnetic

field is B2

2µ0
in SI units.



Appendix B

Landau level

B.1 Zero temperature

In the case of temperature is 0, as for all the levels of n satisfying the following equation
(B.1) , a charged particle is contract and if it is not satisfying, the level will be completely
empty.

EF ≥ ℏωc

(
n+

1

2

)
+

ℏ2k2z
2m

. (B.1)

At this time, the state density for a certain kz is given by

D(E) =
mL2

2πℏ2
= ξ (constant), (B.2)

where L is the one side of length of system.

δE1 = δE2 =

∫ ∆

0
ED(E)dE

= ξ
∆2

2
≡ δE. (B.3)

∆ is takes the number from 0 to ℏωc/2 = µBB, so the average is

δE =
1

µBB

∫ µBB

0
δEd∆ = ξ

(µBB)2

6
. (B.4)

Here, µB = qℏ/2mc is Bohr magneton. Integral equation (B.4) about kz and get,

∆Etotal = 2L

∫ kF

−kF

dkzξ
(µBB)2

6

= η(EF )
(µBB)2

3
, (B.5)
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where η(E) is state density. From this equation, the magnetic susceptibility is as follows.

χ = −2η(EF )
µB
3
, (B.6)

which we called Landau diamagnetism. The energy level becomes the Landau level when
we add a magnetic field to the system including charged particle, and we get in more
total energy. This suggests that an equation of state becomes stiffer because of the
magnetic field.

B.2 BPS with magnetic fields

The energy spectra for charged baryons, neutral baryons, and leptons are derived from
the Dirac equation and given by

Eb
ν,s =

√
(kbz)

2
+
(
mc

b

)2
+ gωbω

0 + τ3bgρbρ
03, (B.7)

Eb
s =

√
(kbz)

2
+ (mb)

2 + gωbω
0 + τ3bgρbρ

03, (B.8)

El
ν =

√
(klz)

2
+ (ml)

2, (B.9)

respectively. Here, we define the effective masses

mc
b =

√
m∗

b
2 + 2ν|qb|B − sµNκbB, (B.10)

mb = m∗
b − sµNκbB, (B.11)

ml =
√
m2

l + 2ν|ql|B, (B.12)

for charged baryons, neutral baryons, and leptons, respectively, where

m∗
b = mb − gσbσ. (B.13)

The ν represents the Landau levels

ν = n+
1

2
− sgn(qb)

s

2
= 0, 1, 2, · · · , νmax, (B.14)

where n implies any integer greater than or equal to zero, and s = +1 for spin-up and
s = −1 for spin-down, respectively. Namely, we should take differently the lowest values
of ν, which takes 0 or 1, depending on the signs of charges and the spin third components.
The maximum values of the Landau levels are given by

νmax =
(Eb

F + sµNκbB)2 −m∗
b
2

2|qb|B
, (B.15)

νmax =
(El

F)
2 −m2

l

2|ql|B
. (B.16)
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The Fermi wave numbers kbF,ν,s, k
b
F,s, and k

l
F,ν are given by usual relations

(Eb
F )

2 =


(kbF,ν,s)

2 + (mc
b)

2

(kbF,s)
2 + (mb)

2
, (B.17)

for baryons, and

(El
F)

2 = (klF,ν)
2 +m2

l (B.18)

for leptons. We then obtain the scalar density and the vector density

ρsb =
|qb|Bm∗

b

2π2

∑
s

νmax∑
ν

mc
b√

m∗
b
2 + 2ν|qb|B

ln

∣∣∣∣∣kbF,ν,s + Eb
F

mc
b

∣∣∣∣∣ , (B.19)

ρvb =
|qb|B
2π2

∑
s

νmax∑
ν

kbF,ν,s, (B.20)

for charged baryons,

ρsb =
m∗

b

4π2

∑
s

[
Eb

Fk
b
F,s −m2

b ln

∣∣∣∣∣kbF,s + Eb
F

mb

∣∣∣∣∣
]
, (B.21)

ρvb =
1

2π2

∑
s

[
1

3

(
kbF,s

)3
− 1

2
sµNκbB

{
mbk

b
F,s +

(
Eb

F

)2(
arcsin

(
mb

Eb
F

)
− π

2

)}]
,

(B.22)

for neutral baryons, and

ρvl =
|ql|B
2π2

∑
s

νmax∑
ν

klF,ν , (B.23)

for leptons, respectively.



Appendix C

TOV equation

C.1 Derivation of TOV equation

Here, we introduce the differential equations so that structure of the relativistic star of
the spherical symmetry can be calculated in the rest frame. In the outside domain of
the star, the vanishment of the Einstein tensor is equal to extinction of rich tensors or
the scalar curvature. This is not a case inside stars. Both the rich tensor and scalar
curvature are necessary to constitute the Einstein tensor. The general formulae of a
stationary homolytic space-time measurement are as follows.

g00 = e2ν(r), g11 = e2λ(r), g22 = −r2, g33 = −r2sin2θ,
gµν = gµν = 0 (µ ̸= ν). (C.1)

From metric in static isotropic spacetime, we find the scalar curvature,

R = gµνRµν

= e−2νR00 − e−2λR11 −
2

r2
R22

= e−2λ

{
−2ν ′′ + 2λ′ν ′ − 2ν ′

2 − 2

r2
+ 4

λ′

r
− 4

ν ′

r

}
+

2

r2
/ (C.2)

Here we can find that the components of Einstein tensor are

r2G0
0 ≡ e−2λ

(
1− 2rλ′

)
− 1 = − d

dr

[
r
(
1− e−2λ

)]
,

r2G1
1 ≡ e−2λ

(
1 + 2rλ′

)
− 1,

G2
2 ≡ e−2λ

(
ν ′′ + ν ′

2 − λ′ν ′ +
ν ′ − λ′

r

)
,

G3
3 = G2

2. (C.3)

Assume the star is static, the three-velocity of every fluid element is zero, so

uµ = 0 (µ ̸= 0), u0 = 1/
√
g00, (C.4)
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For the energy-momentum tensor expressed as a mixed tensor, we have the nonzero
components in the present metric,

T0
0 = ε, Tµ

µ = −p (µ ̸= 0). (C.5)

The (00) component of Einstein equations gives

r2G0
0 = − d

dr

{
r

(
1− e−2λ(r)

)}
= kr2T0

0

= kr2ε(r). (C.6)

This can be integrated immediately to yield e−2λ(r) and define M(r),

e−2λ(r) = 1 +
k

r

∫ r

0
ε(r)r2dr. (C.7)

M(r) ≡ 4π

∫ r

0
ε(r)r2dr. (C.8)

To obtain Newtonian limit, we must choose,

k = −8πG. (C.9)

Einstein’s field equations can now be written

Gµν = −8πGTµν . (C.10)

From the above, we have found so far that

g11(r) = −e−2λ(r)

= −
(
1− 2GM(r)

r

)−1

, (C.11)

From the constant of proportionality in Einstein’s equations C.10, writing out the
field equations for a spherically symmetric static star, the differential equations from C.3
are

G0
0 ≡ e−2λ

(
1

r2
− 2λ′

r

)
− 1

r2
= −8πGε(r), (C.12)

G1
1 ≡ e−2λ

(
1

r2
+

2µ′

r

)
− 1

r2
= 8πGp(r), (C.13)

G2
2 ≡ e−2λ

(
ν ′′ + ν ′2 − λ′ν ′ +

ν ′ − λ′

r

)
= 8πGp(r), (C.14)

G3
3 = G2

2 = 8πGp(r). (C.15)
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To simplify notation, choose units so that G = c = 1. Solve equation C.12 and
equation C.13 to find

−2rλ′ = (1− 8πr2ε)e2λ − 1, (C.16)

2rν ′ = (1 + 8πr2p)e2λ − 1, (C.17)

Take the derivative of equation C.17 and then multiply by r:

2rν ′ + 2r2ν ′′ =

[
2rλ′(1 + 8πr2p) + (16πr2p+ 8πr3p′)

]
e2λ, (C.18)

2r2ν ′′ = 1 + (16πr2p+ 8πr3p′)e2λ − (1 + 8πr2p)(1− 8πr2ε)e4λ (C.19)

Square equation C.17 to obtain the result

2r2ν ′2 =
1

2
(1 + 8πr2p)2e4λ − (1 + 8πr2p)e2λ +

1

2
. (C.20)

From above and equation C.14, we emerge with the result

dp

dr
= −

[
p(r) + ε(r)

][
M(r) + 4πr3p(r)

]
r
[
r − 2M(r)

] . (C.21)

And when we take the derivative of equation C.8, we get,

dM

dr
= 4πε(r)r2 (C.22)

So from the above calculations, here we have the following equation, which is so-called
Tolman Oppenheimer-Volkoff (TOV) equation,

dp

dr
= −

[
p(r) + ε(r)

][
M(r) + 4πr3p(r)

]
r
[
r − 2M(r)

] , (C.23)

dM

dr
= 4πε(r)r2. (C.24)



Appendix D

Units

D.1 Gravitational unit and Natural unit

D.1.1 Gravitational unit

For calculating TOV equation, we use gravitational unit. It is useful, not only because
they facilitate computation, but also our equations are not burdened with the appearance
of c,G, and ℏ. We start with gravitational units:

1 = c = 2.9979× 1010 cm/s, (D.1)

1 = G = 6.6720× 10−8 cm3g−1s−2, (D.2)

1 = k = 1.3807× 10−16 erg/K, (D.3)

where k is the Boltzmann constant and K denotes temperature in degrees Kelvin. These
definitions can be treated as equations so that we have for example, shown in Table D.1.

Table D.1: Example values for gravitational units.(1)
SI units Gravitational units

1 s 2.9979× 1010 cm
1.0× 10−3kg 7.4237× 10−29 cm

1K 1.3807× 10−16 erg
1s−2 1.4988× 107g/cm3

1erg (= 1× 10−7kg ·m2s−2) 8.2601× 10−50 cm
1g/cm3(=103 kg/m3) 7.4237× 10−19 km−2
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Table D.2: Example values for gravitational units.(2)
SI units Gravitational units

1MeV 1.602× 10−20kg ·m2 · s−2 1.3234× 1055cm
ℏc 3.162× 10−33kg ·m3 · s−2 197.33 MeV

B2/2µ0 1.259× 10−37fm−4

D.1.2 Natural unit

It is useful in nuclear and particle physics to use natural units. Natural units is ℏ=c=1.
Then from the value of ℏc, we obtain by dividing by fm4

1/fm4 = 197.33 MeV/fm3, (D.4)

= 3.5178× 1014 g/cm3, (D.5)

= 2.6115× 10−4 /km2. (D.6)

Mixed units are obtained by combining Eq. (D.4) with value MeV in cm,

MeV/fm3 = 1.3234× 10−6 /km2. (D.7)

This can be compared with the solar mass,

M⊙ = 1.4766 km, (D.8)

= 1.116× 1060 MeV. (D.9)



Appendix E

Hartle equations

In this paper Hartle equations are employed to calculate the additional mass m0 and
the equatorial and polar radii for a rotating neutron star [59, 60, 61, 62]. The Hartle
equations are coupled ordinary differential equations for the metric parameters h0(r),
h2(r), m0(r), m2(r), and k2(r) with respect to r, which refers to the distance from the
center of a neutron star :

1

r3
d

dr

(
r4j

dϖ

dr

)
+ 4

dj

dr
ϖ = 0, (E.1)

− d

dr
δP0 +

1

3

d

dr

(
r2e−2ν0ϖ2

)
= m0e

4λ0

(
1

r2
+ 8πp0

)
− 1

12
e2λ0r3j2

(
dϖ

dr

)2

+ 4πre2λ0 (ε0 + p0) δP0, (E.2)

dm0

dr
= 4πr2 (ε0 + p0)

dε

dp
δP0 +

1

12
r4j2

(
dϖ

dr

)2

− 1

3
r3ϖ2dj

2

dr
, (E.3)

dv2
dr

= −2
dν0
dr

h2

+

(
1

r
+
dν0
dr

)[
1

6
r4j2

(
dϖ

dr

)2

− 1

3
r3ϖ2dj

2

dr

]
, (E.4)
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dh2
dr

= − 2v2
r(r − 2M)dν0/dr

+

{
−2

dν0
dr

+
r

2(r − 2M)dν0/dr

[
8π (ε0 + p0)−

4M

r3

]}
h2

+
1

6

[
r
dν0
dr

− 1

2(r − 2M)dν0/dr

]
r3j2

(
dϖ

dr

)2

− 2

3

[
r
dν0
dr

+
1

2(r − 2M)dν0/dr

]
r2ϖ2dj

2

dr
. (E.5)

Here, one has the following relations:

e2λ0 =
r

r − 2M
, (E.6)

M =M(r) = 4π

∫ r

0
ε0r

2dr. (E.7)

From Ref. [62], one has

2
dν0
dr

+
1

r
= re2λ0

(
1

r2
+ 8πp0

)
, (E.8)

dp0
dr

= −(ε0 + p0)
dν0
dr

, (E.9)

ϖ = Ω− ω, (E.10)

j = e−(λ0+ν0), (E.11)

v2 = h2 + k2. (E.12)

By differentiating Eq. (E.7), one has

dM

dr
= 4πε0r

2. (E.13)

The Eq. (E.8) is transformed as,

dν0
dr

=

(
4πp0r

3 +M
)

r (r − 2M)
. (E.14)

By differentiating Eq. (E.11), one has

dj

dr
= −j

(
dλ0
dr

+
dν0
dr

)
, (E.15)

By differentiating r4j dϖdr , one has

d

dr

(
r4j

dϖ

dr

)
=

(
4r3j

dϖ

dr
+ r4

dj

dr

dϖ

dr
+ r4j

d

dr

dϖ

dr

)
. (E.16)
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Here, assuming

dϖ

dr
= g, (E.17)

Eq. (E.16) is written as

d

dr
g = − 1

r4j

(
4
dj

dr
ϖr3 + 4r3jg + r4

dj

dr
g

)
= − 4

rj

dj

dr
ϖ − 4

r
g − 1

j

dj

dr
g. (E.18)

Eq. (E.2) is transformed as,

d

dr
δP0 =

1

3

d

dr

(
r2e−2ν0ϖ2

)
−m0e

4λ0

(
1

r2
+ 8πp0

)
+

1

12
e2λ0r3j2

(
dϖ

dr

)2

− 4πre2λ0 (ε0 + p0) δP0,

Therefore, one has

d

dr
δP0 =

2

3
rj2e2λ0ϖ2 +

2

3
r2j

dj

dr
e2λ0ϖ2

− 1

3
r2j2

2M

(r − 2M)2
ϖ2 +

2

3
r2j2e2λ0ϖ

dϖ

dr

−m0e
4λ0

(
1

r2
+ 8πp0

)
+

1

12
e2λ0r3j2

(
dϖ

dr

)2

− 4πre2λ0 (ε0 + p0) δP0. (E.19)

From Eq.(E.3), one has

dm0

dr
= 4πr2 (ε0 + p0)

dε

dp
δP0

+
1

12
r4j2

(
dϖ

dr

)2

− 2

3
jr3ϖ2 dj

dr
. (E.20)

From Eq.(E.4), one has

dv2
dr

= −2
dν0
dr

h2

+

(
1

r
+
dν0
dr

)[
1

6
r4j2

(
dϖ

dr

)2

− 2

3
r3ϖ2j

dj

dr

]
. (E.21)
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From above equations, 9 nonlinear equations are obtained (Eqs. (E.5), (E.9), (E.13),
(E.15), (E.17), (E.18), (E.19), (E.20), and (E.21) ) with respect to 9 variables (M , p0,
j, g, ϖ, δP0, m0, v2, and h2). The equations are solved from r = 0. The initial value of
the central density is given as εc where εc = ε(r = 0). In addition, the pressure of the
center pc = p(εc) is determined from the equation of state. The initial value of other
variables are 0 except for j and ϖ. Here the initial value of j is taken as 1.



Appendix F

Energy levels in a strong
magnetic field

Energy levels of a relativistic particle in a strong magnetic field were calculated in various
references [70, 76, 77, 78, 79, 80]. Here we summarize the formula used in this paper.
The energy spectra for charged baryons (Eb

ν,s), neutral baryons (E
b
s), and leptons (El

ν)
in a strong magnetic field in z-direction are derived from Dirac equation and given by

Eb
ν,s =

√
(kbz)

2
+
(
mc

b,s

)2
+ gωbω

0 + τ3bgρbρ
03, (F.1)

Eb
s =

√
(kbz)

2
+ (mb,s)

2 + gωbω
0 + τ3bgρbρ

03, (F.2)

El
ν =

√
(klz)

2
+ (ml)

2, (F.3)

respectively, where kiz is the wave-number of particle i in z-direction. Here, for simplicity,
only σ, ω, and ρ mesons are treated. σ, ω0 and ρ03 are expectation values of mesons in
vacuum. Here effective masses are given by

mc
b,s =

√
m∗

b
2 + 2ν|qb|B − sµNκbB, (F.4)

mb,s = m∗
b − sµNκbB, (F.5)

ml =
√
m2

l + 2ν|ql|B, (F.6)

for charged baryons (mc
b,s), neutral baryons (mb,s), and leptons (ml), respectively. Here

B indicates the strength of the magnetic field. qi is charge of particle i and s (= +1,−1)
indicates its spin. κb is the anomalous magnetic moment of baryon b. Here the reduced
mass is

m∗
b = mb − gσbσ, (F.7)

where mb is the original baryon mass. The integer ν represents the Landau levels

ν = n+
1

2
− sgn(qb)

s

2
= 0, 1, 2, · · · , νmax, (F.8)
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where n implies any integer greater than or equal to zero, and s = +1 for spin-up and
s = −1 for spin-down, respectively. Namely, we should take differently the lowest values
of ν, which takes 0 or 1, depending on the signs of charges and the spin third components.
The maximum values of the Landau levels are given by

νmax =
(Eb

F + sµNκbB)2 −m∗
b
2

2|qb|B
, (F.9)

νmax =
(El

F)
2 −m2

l

2|ql|B
, (F.10)

for baryons and leptons, respectively. The Fermi wave numbers kbF,ν,s, k
b
F,s, and k

l
F,ν are

related with the Fermi energy (EF ) by

(Eb
F )

2 =


(kbF,ν,s)

2 +
(
mc

b,s

)2
(kbF,s)

2 + (mb,s)
2

, (F.11)

for charged baryons and neutral baryons, respectively, and

(El
F )

2 = (klF,ν)
2 +m2

l (F.12)

for leptons. The vector number density is

ρvb =
|qb|B
2π2

∑
s

νmax∑
ν

kbF,ν,s, (F.13)

for charged baryons, and

ρvb =
1

2π2

∑
s

[
1

3

(
kbF,s

)3
− 1

2
sµNκbB

×
{
mbk

b
F,s +

(
Eb

F

)2(
arcsin

(
mb

Eb
F

)
− π

2

)}]
, (F.14)

for neutral baryons, and

ρvl =
|ql|B
2π2

∑
s

νmax∑
ν

klF,ν , (F.15)

for leptons, respectively.
Then the total energy density for the matter is

εm =
∑
b

εb +
∑
ℓ

εℓ +
1

2
m2

σσ
2 + U (σ) +

1

2
m2

ω

(
ω0
)2

+
1

2
m2

ρ

(
ρ03
)2
, (F.16)
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where U(σ) = 1
3bmn(gσσ)

2 + 1
4c(gσσ)

4. Here

εcb =
|qb|B
4π2

∑
s

νmax(s)∑
νmin(s)

[
kbF,νsE

b
F + (m̄c

bνs)
2 ln

∣∣∣∣∣kbF,νs + Eb
F
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]
, (F.17)

for charged baryons, and

εnb =
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for neutral baryons, and

εℓ =
|qℓ|B
4π2

∑
s

νmax∑
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[
kℓF,νE

ℓ
F + (m̄ℓν)

2 ln
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F
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]
, (F.19)

for leptons, respectively. Then the pressure for the matter is given by

pm =
∑
i

µiρ
v
i − εm, (F.20)

where µi is the chemical potential of particle i. Including self-energy of the magnetic
fields, the energy density ε and the pressure p in the presence of the magnetic fields are

ε = εm +
B2

2
, (F.21)

p = pm +
B2

2
, (F.22)

respectively, which gives an EoS for a specific relativistic mean field theory.



Appendix G

Original results by changing α
and γ for neutron star with
magnetic fields (Bs = 1012G)

Here, the MR relations and Tables are given by calculations of changing α and γ for
neutron star with magnetic fields (Bs = 1012G, B0 = 2.5 × 1018G). Tables show the
values of maximum mass (M⊙), radius (km) at M = 1.4M⊙, and radius (km) at M =
2.072M⊙ for each EoSs.

The MR relations of each EoSs with magnetic fields are shown in Fig.G.1 – G.12
(DDME2-a EoS; in Fig.G.1, DDME2-b EoS; in Fig.G.2, GM1 EoS; in Fig.G.3, GM3
EoS; in Fig.G.4, NL3-a EoS; in Fig.G.5, NL3-b EoS; in Fig.G.6, NL3ωρ-a EoS; in
Fig.G.7, NL3ωρ-b EoS; in Fig.G.8, TM1-a EoS; in Fig.G.9, TM1-b EoS; in Fig.G.10,
TM2ωρ-a EoS; in Fig.G.11, TM2ωρ-b EoS; in Fig.G.12). The colored lines of MR
relations represent the following: dark blue (solid line); magnetic fields B(ρ) with α =
0.01, green (solid line); magnetic fields B(ρ) with α = 0.02, light blue (solid line);
magnetic fields B(ρ) with α = 0.03, purple (solid line); magnetic fields B(ρ) with α =
0.04, red (solid line); magnetic fields B(ρ) with α = 0.05, dark blue (dashed line);
magnetic fields B(ρ) with α = 0.06, green (dashed line); magnetic fields B(ρ) with
α = 0.07, light blue (dashed line); magnetic fields B(ρ) with α = 0.08, purple (dashed
line); magnetic fields B(ρ) with α = 0.09, red (dashed line); magnetic fields B(ρ) with
α = 0.10.

For each EoS the maximum masses (Mmax), the radii at M=1.4M⊙, and radii at M
= 2.072M⊙ are shown in TableG.1 – G.12 (DDME2-a EoS; in TableG.1, DDME2-b EoS;
in TableG.2, GM1 EoS; in TableG.3, GM3 EoS; in TableG.4, NL3-a EoS; in TableG.5,
NL3-b EoS; in TableG.6, NL3ωρ-a EoS; in TableG.7, NL3ωρ-b EoS; in TableG.8, TM1-
a EoS; in TableG.9, TM1-b EoS; in TableG.10, TM2ωρ-a EoS; in TableG.11, TM2ωρ-b
EoS; in TableG.12).
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Figure G.1: MR relations of DDME2-a EoS with magnetic fields. The strength of
surface magnetic field strength Bs is 1012G, and the central magnetic field strength B0

is 2.5× 1018G. The colored areas are the same as in Fig 6.1.
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Table G.1: Maximum mass (Mmax) in unit of M⊙ and radius (km) at M = 1.4M⊙
(R1.4M⊙) and radius (km) atM = 2.072M⊙ (R2.072M⊙) for DDME2-a EoS with magnetic
fields (B0 = 2.5× 1018G, Bs = 1012G).

γ = 1 γ = 2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.163 14.18 14.43 0.01 2.174 14.18 14.45
0.02 2.168 14.22 14.47 0.02 2.205 14.21 14.51
0.03 2.176 14.27 14.52 0.03 2.247 14.24 14.59
0.04 2.187 14.34 14.59 0.04 2.295 14.30 14.68
0.05 2.200 14.44 14.68 0.05 2.345 14.36 14.76
0.06 2.215 14.55 14.78 0.06 2.395 14.43 14.86
0.07 2.233 14.69 14.90 0.07 2.444 14.52 14.95
0.08 2.252 14.85 15.02 0.08 2.527 14.61 15.06
0.09 2.272 15.03 15.16 0.09 2.539 14.71 15.15
0.10 2.295 15.23 15.31 0.10 2.620 14.81 15.27

γ = 3 γ = 4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.251 14.18 14.50 0.01 2.467 14.19 14.60
0.02 2.377 14.22 14.62 0.02 2.648 14.25 14.74
0.03 2.484 14.27 14.72 0.03 2.770 14.32 14.87
0.04 2.574 14.33 14.83 0.04 2.862 14.39 14.99
0.05 2.652 14.40 14.93 0.05 2.935 14.48 15.12
0.06 2.721 14.48 15.03 0.06 2.995 14.56 15.23
0.07 2.781 14.56 15.13 0.07 3.046 14.64 15.35
0.08 2.835 14.65 15.24 0.08 3.091 14.72 15.45
0.09 2.885 14.74 15.35 0.09 3.130 14.80 15.55
0.10 2.929 14.83 15.46 0.10 3.166 14.88 15.65

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.705 14.21 14.70 0.01 2.900 14.24 14.81
0.02 2.884 14.29 14.88 0.02 3.055 14.35 15.02
0.03 3.010 14.39 15.05 0.03 3.145 14.45 15.19
0.04 3.069 14.47 15.17 0.04 3.209 14.54 15.34
0.05 3.128 14.55 15.30 0.05 3.259 14.63 15.46
0.05 3.177 14.64 15.42 0.06 3.301 14.71 15.57
0.07 3.219 14.72 15.52 0.07 3.337 14.78 15.67
0.08 3.256 14.79 15.62 0.08 3.370 14.84 15.76
0.09 3.289 14.86 15.71 0.09 3.399 14.90 15.84
0.10 3.331 14.93 15.81 0.10 3.425 14.96 15.91

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.046 14.28 14.93 0.01 3.153 14.33 15.05
0.02 3.176 14.41 15.16 0.02 3.267 14.47 15.29
0.03 3.253 14.52 15.34 0.03 3.337 14.58 15.46
0.04 3.310 14.61 15.47 0.04 3.390 14.67 15.59
0.05 3.355 14.69 15.59 0.05 3.433 14.75 15.69
0.06 3.394 14.77 15.69 0.06 3.469 14.81 15.79
0.07 3.427 14.83 15.78 0.07 3.501 14.86 15.87
0.08 3.457 14.88 15.86 0.08 3.528 14.92 15.94
0.09 3.484 14.94 15.93 0.09 3.553 14.97 16.01
0.10 3.509 15.00 16.00 0.10 3.575 15.01 16.07
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Figure G.2: Same as Fig.G.1, but for DDME2-b EoS (Bs = 1012G).
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Table G.2: Same as TableG.1, but for DDME2-b EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.362 14.18 14.59 0.01 2.370 14.18 14.60
0.02 2.366 14.22 14.62 0.02 2.394 14.21 14.62
0.03 2.372 14.27 14.66 0.03 2.427 14.24 14.67
0.04 2.381 14.34 14.71 0.04 2.465 14.30 14.73
0.05 2.391 14.44 14.78 0.05 2.505 14.36 14.79
0.06 2.403 14.55 14.86 0.06 2.547 14.43 14.87
0.07 2.417 14.69 14.96 0.07 2.584 14.52 14.95
0.08 2.432 14.85 15.07 0.08 2.622 14.61 15.05
0.09 2.449 15.03 15.19 0.09 2.661 14.71 15.15
0.10 2.466 15.23 15.34 0.10 2.697 14.81 15.25

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.427 14.18 14.61 0.01 2.595 14.19 14.64
0.02 2.525 14.22 14.67 0.02 2.748 14.25 14.75
0.03 2.612 14.27 14.74 0.03 2.849 14.32 14.87
0.04 2.687 14.33 14.83 0.04 2.926 14.39 14.99
0.05 2.752 14.40 14.93 0.05 2.987 14.48 15.12
0.06 2.807 14.48 15.03 0.06 3.040 14.56 15.23
0.07 2.859 14.56 15.13 0.07 3.084 14.64 15.35
0.08 2.906 14.65 15.24 0.08 3.124 14.72 15.45
0.09 2.947 14.74 15.35 0.09 3.159 14.80 15.55
0.10 2.983 14.83 15.46 0.10 3.191 14.88 15.65

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.793 14.21 14.71 0.01 2.958 14.24 14.81
0.02 2.944 14.29 14.88 0.02 3.091 14.35 15.02
0.03 3.037 14.38 15.03 0.03 3.168 14.45 15.19
0.04 3.103 14.47 15.17 0.04 3.226 14.54 15.34
0.05 3.155 14.55 15.30 0.05 3.273 14.63 15.46
0.05 3.198 14.64 15.42 0.06 3.313 14.71 15.57
0.07 3.237 14.72 15.52 0.07 3.347 14.78 15.67
0.08 3.271 14.79 15.62 0.08 3.378 14.84 15.76
0.09 3.302 14.86 15.71 0.09 3.406 14.90 15.84
0.10 3.331 14.92 15.80 0.10 3.432 14.96 15.91

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.082 14.28 14.93 0.01 3.173 14.33 15.05
0.02 3.196 14.41 15.16 0.02 3.280 14.47 15.29
0.03 3.267 14.52 15.34 0.03 3.347 14.58 15.46
0.04 3.321 14.61 15.47 0.04 3.398 14.67 15.59
0.05 3.364 14.69 15.59 0.05 3.440 14.75 15.69
0.06 3.402 14.77 15.69 0.06 3.475 14.81 15.79
0.07 3.434 14.83 15.78 0.07 3.506 14.86 15.87
0.08 3.463 14.88 15.86 0.08 3.533 14.92 15.94
0.09 3.490 14.94 15.93 0.09 3.557 14.97 16.01
0.10 3.514 15.00 16.00 0.10 3.579 15.01 16.07
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Figure G.3: Same as Fig.G.1, but for GM1 EoS (Bs = 1012G).
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Table G.3: Same as TableG.1, but for GM1 EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.786 13.49 — 0.01 1.810 13.50 —
0.02 1.792 13.53 — 0.02 1.867 13.57 —
0.03 1.802 13.60 — 0.03 1.927 13.66 —
0.04 1.814 13.70 — 0.04 1.989 13.78 —
0.05 1.829 13.83 — 0.05 2.049 13.90 —
0.06 1.846 13.98 — 0.06 2.107 14.03 12.93
0.07 1.865 14.16 — 0.07 2.161 14.16 13.47
0.08 1.886 14.35 — 0.08 2.214 14.30 13.85
0.09 1.908 14.57 — 0.09 2.265 14.44 14.16
0.10 1.932 14.82 — 0.10 2.313 14.59 14.43

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.977 13.54 — 0.01 2.247 13.64 13.07
0.02 2.130 13.68 12.62 0.02 2.431 13.83 13.81
0.03 2.245 13.82 13.37 0.03 2.557 13.99 14.22
0.04 2.339 13.96 13.81 0.04 2.653 14.14 14.51
0.05 2.421 14.09 14.13 0.05 2.732 14.27 14.73
0.06 2.493 14.22 14.40 0.06 2.800 14.40 14.92
0.07 2.558 14.35 14.62 0.07 2.862 14.51 15.08
0.08 2.619 14.47 14.82 0.08 2.915 14.62 15.23
0.09 2.671 14.59 15.00 0.09 2.962 14.71 15.37
0.10 2.719 14.71 15.15 0.10 3.005 14.81 15.49

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.494 13.76 13.82 0.01 2.697 13.88 14.25
0.02 2.679 13.98 14.35 0.02 2.873 14.11 14.68
0.03 2.799 14.15 14.66 0.03 2.981 14.28 14.95
0.04 2.889 14.29 14.88 0.04 3.061 14.42 15.15
0.05 2.960 14.42 15.07 0.05 3.125 14.53 15.31
0.05 3.020 14.53 15.23 0.06 3.178 14.63 15.45
0.07 3.072 14.63 15.37 0.07 3.224 14.72 15.57
0.08 3.118 14.72 15.50 0.08 3.265 14.79 15.67
0.09 3.160 14.80 15.61 0.09 3.301 14.86 15.77
0.10 3.197 14.88 15.71 0.10 3.334 14.93 15.86

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.863 14.00 14.55 0.01 2.993 14.11 14.77
0.02 3.021 14.23 14.92 0.02 3.140 14.33 15.11
0.03 3.120 14.39 15.16 0.03 3.229 14.48 15.33
0.04 3.192 14.52 15.34 0.04 3.295 14.60 15.49
0.05 3.250 14.62 15.49 0.05 3.346 14.69 15.62
0.06 3.297 14.71 15.61 0.06 3.389 14.77 15.73
0.07 3.338 14.78 15.71 0.07 3.426 14.84 15.82
0.08 3.374 14.85 15.80 0.08 3.459 14.90 15.90
0.09 3.406 14.91 15.88 0.09 3.488 14.95 15.97
0.10 3.435 14.97 15.96 0.10 3.514 14.99 16.03
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Figure G.4: Same as Fig.G.1, but for GM3 EoS (Bs = 1012G).
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Table G.4: Same as TableG.1, but for GM3 EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.302 — — 0.01 1.357 — —
0.02 1.312 — — 0.02 1.458 11.63 —
0.03 1.327 — — 0.03 1.557 12.46 —
0.04 1.346 — — 0.04 1.647 12.95 —
0.05 1.369 — — 0.05 1.730 13.30 —
0.06 1.395 11.28 — 0.06 1.808 13.58 —
0.07 1.424 12.41 — 0.07 1.881 13.82 —
0.08 1.455 13.13 — 0.08 1.951 14.03 —
0.09 1.488 13.67 — 0.09 2.018 14.22 —
0.10 1.524 14.13 — 0.10 2.081 14.40 13.19

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.660 12.31 — 0.01 2.021 13.04 —
0.02 1.863 13.00 — 0.02 2.252 13.49 13.22
0.03 2.011 13.38 — 0.03 2.404 13.76 13.83
0.04 2.130 13.64 12.92 0.04 2.520 13.96 14.22
0.05 2.233 13.85 13.54 0.05 2.614 14.13 14.51
0.06 2.322 14.03 13.95 0.06 2.694 14.28 14.74
0.07 2.402 14.19 14.27 0.07 2.763 14.42 14.94
0.08 2.473 14.34 14.54 0.08 2.824 14.54 15.11
0.09 2.536 14.48 14.77 0.09 2.878 14.65 15.26
0.10 2.594 14.61 14.96 0.10 2.927 14.75 15.40

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.768 13.84 14.36 0.01 2.917 13.98 14.63
0.02 2.949 14.13 14.80 0.02 3.082 14.25 15.02
0.03 3.060 14.31 15.07 0.03 3.180 14.42 15.26
0.04 3.139 14.45 15.27 0.04 3.250 14.55 15.43
0.05 3.201 14.57 15.42 0.05 3.306 14.65 15.57
0.06 3.253 14.66 15.55 0.06 3.353 14.73 15.68
0.07 3.297 14.75 15.66 0.07 3.392 14.81 15.78
0.08 3.336 14.82 15.76 0.08 3.427 14.87 15.86
0.09 3.370 14.89 15.85 0.09 3.458 14.93 15.94
0.10 3.401 14.95 15.93 0.10 3.486 14.98 16.01

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.331 13.42 13.33 0.01 2.577 13.66 13.97
0.02 2.553 13.77 14.06 0.02 2.779 13.97 14.51
0.03 2.694 14.00 14.46 0.03 2.902 14.18 14.82
0.04 2.796 14.18 14.73 0.04 2.993 14.34 15.04
0.05 2.877 14.33 14.95 0.05 3.065 14.47 15.23
0.06 2.945 14.45 15.13 0.06 3.123 14.58 15.38
0.07 3.005 14.57 15.28 0.07 3.174 14.67 15.51
0.08 3.056 14.66 15.42 0.08 3.218 14.75 15.62
0.09 3.102 14.76 15.54 0.09 3.257 14.83 15.72
0.10 3.143 14.84 15.65 0.10 3.292 14.90 15.82
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Figure G.5: Same as Fig.G.1, but for NL3-a EoS (Bs = 1012G).
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Table G.5: Same as TableG.1, but for NL3-a EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.124 14.41 14.45 0.01 2.135 14.41 14.49
0.02 2.129 14.44 14.50 0.02 2.167 14.43 14.59
0.03 2.138 14.49 14.58 0.03 2.211 14.46 14.71
0.04 2.149 14.56 14.67 0.04 2.261 14.51 14.82
0.05 2.163 14.65 14.78 0.05 2.313 14.57 14.93
0.06 2.180 14.76 14.91 0.06 2.368 14.64 15.04
0.07 2.198 14.90 15.04 0.07 2.419 14.71 15.14
0.08 2.219 15.06 15.19 0.08 2.466 14.80 15.25
0.09 2.241 15.24 15.34 0.09 2.514 14.89 15.35
0.10 2.265 15.44 15.51 0.10 2.561 14.99 15.46

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.216 14.41 14.59 0.01 2.438 14.41 14.74
0.02 2.320 14.44 14.74 0.02 2.623 14.46 14.92
0.03 2.455 14.48 14.90 0.03 2.749 14.51 15.06
0.04 2.548 14.53 15.01 0.04 2.845 14.58 15.18
0.05 2.629 14.60 15.12 0.05 2.922 14.64 15.29
0.06 2.700 14.66 15.22 0.06 2.987 14.72 15.40
0.07 2.763 14.73 15.32 0.07 3.042 14.78 15.51
0.08 2.820 14.81 15.43 0.08 3.090 14.85 15.61
0.09 2.872 14.89 15.53 0.09 3.133 14.92 15.71
0.10 2.919 14.96 15.63 0.10 3.171 14.98 15.80

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.680 14.43 14.88 0.01 2.881 14.44 14.99
0.02 2.866 14.49 15.06 0.02 3.049 14.52 15.19
0.03 2.981 14.56 15.21 0.03 3.147 14.61 15.35
0.04 3.065 14.63 15.34 0.04 3.217 14.68 15.49
0.05 3.129 14.70 15.46 0.05 3.271 14.75 15.60
0.06 3.183 14.77 15.57 0.06 3.328 14.82 15.71
0.07 3.228 14.83 15.67 0.07 3.356 14.87 15.79
0.08 3.268 14.89 15.76 0.08 3.390 14.93 15.87
0.09 3.303 14.95 15.84 0.09 3.421 14.98 15.95
0.10 3.335 15.01 15.92 0.10 3.448 15.03 16.02

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.038 14.47 15.10 0.01 3.156 14.50 15.21
0.02 3.182 14.57 15.32 0.02 3.280 14.61 15.44
0.03 3.265 14.65 15.48 0.03 3.356 14.70 15.59
0.04 3.326 14.73 15.61 0.04 3.411 14.77 15.71
0.05 3.375 14.80 15.71 0.05 3.455 14.83 15.81
0.06 3.415 14.86 15.81 0.06 3.492 14.89 15.89
0.07 3.450 14.91 15.89 0.07 3.524 14.94 15.96
0.08 3.481 14.96 15.96 0.08 3.553 14.98 16.03
0.09 3.508 15.01 16.03 0.09 3.578 15.02 16.09
0.10 3.534 15.05 16.09 0.10 3.601 15.06 16.14
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Figure G.6: Same as Fig.G.1, but for NL3-b EoS (Bs = 1012G).
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Table G.6: Same as TableG.1, but for NL3-b EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.338 14.41 14.80 0.01 2.346 14.41 14.80
0.02 2.342 14.44 14.82 0.02 2.371 14.43 14.83
0.03 2.349 14.49 14.86 0.03 2.405 14.46 14.87
0.04 2.358 14.56 14.91 0.04 2.444 14.51 14.93
0.05 2.370 14.65 14.98 0.05 2.486 14.57 15.00
0.06 2.383 14.76 15.07 0.06 2.531 14.64 15.08
0.07 2.398 14.90 15.17 0.07 2.571 14.71 15.16
0.08 2.415 15.06 15.28 0.08 2.612 14.80 15.25
0.09 2.433 15.24 15.41 0.09 2.652 14.89 15.35
0.10 2.452 15.44 15.56 0.10 2.691 14.99 15.46

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.401 14.41 14.81 0.01 2.576 14.41 14.84
0.02 2.504 14.44 14.87 0.02 2.735 14.46 14.94
0.03 2.596 14.48 14.94 0.03 2.844 14.51 15.06
0.04 2.675 14.53 15.03 0.04 2.927 14.58 15.18
0.05 2.743 14.60 15.12 0.05 2.992 14.64 15.29
0.06 2.804 14.66 15.22 0.06 3.047 14.72 15.40
0.07 2.857 14.73 15.32 0.07 3.094 14.78 15.51
0.08 2.906 14.81 15.43 0.08 3.136 14.85 15.61
0.09 2.951 14.89 15.53 0.09 3.173 14.92 15.71
0.10 2.992 14.96 15.63 0.10 3.207 14.98 15.80

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.784 14.43 14.90 0.01 2.957 14.44 14.99
0.02 2.944 14.49 15.06 0.02 3.099 14.52 15.19
0.03 3.042 14.56 15.21 0.03 3.182 14.61 15.35
0.04 3.113 14.63 15.34 0.04 3.242 14.68 15.49
0.05 3.169 14.70 15.46 0.05 3.291 14.75 15.60
0.06 3.215 14.77 15.57 0.06 3.338 14.82 15.71
0.07 3.254 14.83 15.67 0.07 3.370 14.87 15.79
0.08 3.290 14.89 15.76 0.08 3.402 14.93 15.87
0.09 3.321 14.95 15.84 0.09 3.431 14.98 15.95
0.10 3.351 15.01 15.92 0.10 3.458 15.03 16.02

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.090 14.47 15.10 0.01 3.186 14.50 15.21
0.02 3.210 14.57 15.32 0.02 3.298 14.61 15.44
0.03 3.284 14.65 15.48 0.03 3.369 14.70 15.59
0.04 3.341 14.73 15.61 0.04 3.422 14.77 15.71
0.05 3.387 14.80 15.71 0.05 3.465 14.83 15.81
0.06 3.426 14.86 15.81 0.06 3.501 14.89 15.89
0.07 3.459 14.91 15.89 0.07 3.532 14.94 15.96
0.08 3.489 14.96 15.96 0.08 3.559 14.98 16.03
0.09 3.516 15.01 16.03 0.09 3.584 15.02 16.09
0.10 3.540 15.05 16.09 0.10 3.607 15.06 16.14
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Figure G.7: Same as Fig.G.1, but for NL3ωρ-a EoS (Bs = 1012G).
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Table G.7: Same as TableG.1, but for NL3ωρ-a EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.177 13.63 14.07 0.01 2.188 13.63 14.08
0.02 2.182 13.66 14.10 0.02 2.220 13.65 14.14
0.03 2.190 13.71 14.15 0.03 2.262 13.69 14.21
0.04 2.200 13.78 14.21 0.04 2.310 13.74 14.29
0.05 2.212 13.87 14.29 0.05 2.359 13.81 14.38
0.06 2.227 13.98 14.39 0.06 2.409 13.88 14.47
0.07 2.244 14.10 14.49 0.07 2.457 13.96 14.55
0.08 2.262 14.25 14.61 0.08 2.503 14.05 14.65
0.09 2.282 14.42 14.75 0.09 2.549 14.16 14.75
0.10 2.303 14.61 14.88 0.10 2.592 14.26 14.86

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.268 13.63 14.13 0.01 2.485 13.64 14.22
0.02 2.394 13.67 14.24 0.02 2.664 13.70 14.37
0.03 2.500 13.72 14.34 0.03 2.782 13.78 14.50
0.04 2.589 13.79 14.44 0.04 2.869 13.86 14.63
0.05 2.665 13.86 14.55 0.05 2.939 13.95 14.75
0.06 2.731 13.94 14.65 0.06 2.997 14.04 14.87
0.07 2.789 14.03 14.76 0.07 3.047 14.12 14.98
0.08 2.841 14.12 14.87 0.08 3.089 14.21 15.09
0.09 2.887 14.21 14.97 0.09 3.127 14.29 15.19
0.10 2.930 14.30 15.08 0.10 3.161 14.37 15.29

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.720 13.67 14.33 0.01 2.909 13.70 14.44
0.02 2.892 13.76 14.51 0.02 3.056 13.82 14.67
0.03 2.996 13.85 14.67 0.03 3.141 13.93 14.84
0.04 3.069 13.95 14.82 0.04 3.203 14.03 14.99
0.05 3.125 14.04 14.95 0.05 3.252 14.12 15.11
0.05 3.172 14.13 15.06 0.06 3.293 14.21 15.22
0.07 3.213 14.21 15.17 0.07 3.329 14.28 15.32
0.08 3.248 14.29 15.27 0.08 3.362 14.35 15.41
0.09 3.280 14.36 15.37 0.09 3.391 14.42 15.50
0.10 3.310 14.43 15.45 0.10 3.417 14.48 15.57

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.047 13.75 14.57 0.01 3.148 13.81 14.70
0.02 3.171 13.89 14.81 0.02 3.261 13.96 14.95
0.03 3.247 14.01 14.99 0.03 3.331 14.08 15.12
0.04 3.303 14.11 15.13 0.04 3.384 14.17 15.25
0.05 3.348 14.20 15.25 0.05 3.426 14.26 15.36
0.06 3.387 14.28 15.35 0.06 3.461 14.33 15.45
0.07 3.420 14.35 15.44 0.07 3.492 14.38 15.53
0.08 3.449 14.40 15.52 0.08 3.519 14.44 15.61
0.09 3.476 14.46 15.59 0.09 3.544 14.50 15.67
0.10 3.500 14.52 15.66 0.10 3.566 14.55 15.73
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Figure G.8: Same as Fig.G.1, but for NL3ωρ-b EoS (Bs = 1012G).
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Table G.8: Same as TableG.1, but for NL3ωρ-b EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.373 13.63 14.19 0.01 2.381 13.63 14.19
0.02 2.377 13.66 14.21 0.02 2.405 13.65 14.23
0.03 2.383 13.71 14.25 0.03 2.438 13.69 14.27
0.04 2.390 13.78 14.30 0.04 2.475 13.74 14.33
0.05 2.400 13.87 14.37 0.05 2.512 13.81 14.39
0.06 2.411 13.98 14.45 0.06 2.551 13.88 14.47
0.07 2.424 14.10 14.54 0.07 2.588 13.96 14.56
0.08 2.438 14.25 14.65 0.08 2.625 14.05 14.65
0.09 2.453 14.42 14.77 0.09 2.661 14.16 14.75
0.10 2.469 14.61 14.90 0.10 2.696 14.26 14.86

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.440 13.63 14.21 0.01 2.606 13.64 14.25
0.02 2.536 13.67 14.27 0.02 2.751 13.70 14.37
0.03 2.620 13.72 14.35 0.03 2.848 13.78 14.50
0.04 2.691 13.79 14.45 0.04 2.924 13.86 14.63
0.05 2.754 13.86 14.55 0.05 2.984 13.95 14.75
0.06 2.808 13.94 14.65 0.06 3.033 14.04 14.87
0.07 2.855 14.03 14.76 0.07 3.076 14.12 14.98
0.08 2.900 14.12 14.87 0.08 3.114 14.21 15.09
0.09 2.940 14.21 14.97 0.09 3.149 14.29 15.19
0.10 2.977 14.30 15.08 0.10 3.180 14.37 15.29

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.796 13.67 14.33 0.01 2.956 13.70 14.44
0.02 2.943 13.76 14.51 0.02 3.083 13.82 14.67
0.03 3.030 13.85 14.67 0.03 3.159 13.93 14.84
0.04 3.095 13.95 14.82 0.04 3.216 14.03 14.99
0.05 3.146 14.04 14.95 0.05 3.263 14.12 15.11
0.05 3.189 14.13 15.06 0.06 3.303 14.21 15.22
0.07 3.226 14.21 15.17 0.07 3.337 14.28 15.32
0.08 3.260 14.29 15.27 0.08 3.368 14.35 15.41
0.09 3.290 14.36 15.37 0.09 3.397 14.42 15.50
0.10 3.318 14.43 15.45 0.10 3.422 14.48 15.57

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.074 13.75 14.57 0.01 3.165 13.81 14.70
0.02 3.186 13.89 14.81 0.02 3.271 13.96 14.95
0.03 3.258 14.01 14.99 0.03 3.339 14.08 15.12
0.04 3.312 14.11 15.13 0.04 3.390 14.17 15.25
0.05 3.356 14.20 15.25 0.05 3.431 14.26 15.36
0.06 3.393 14.28 15.35 0.06 3.466 14.33 15.45
0.07 3.425 14.35 15.44 0.07 3.496 14.38 15.53
0.08 3.454 14.40 15.52 0.08 3.522 14.44 15.61
0.09 3.480 14.46 15.59 0.09 3.546 14.50 15.67
0.10 3.503 14.52 15.66 0.10 3.568 14.55 15.73
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Figure G.9: Same as Fig.G.1, but for TM1-a EoS (Bs = 1012G).
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Table G.9: Same as TableG.1, but for TM1-a EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.543 14.08 — 0.01 1.569 14.09 —
0.02 1.552 14.13 — 0.02 1.639 14.15 —
0.03 1.565 14.21 — 0.03 1.722 14.24 —
0.04 1.583 14.31 — 0.04 1.804 14.34 —
0.05 1.605 14.44 — 0.05 1.882 14.45 —
0.06 1.630 14.59 — 0.06 1.958 14.58 —
0.07 1.658 14.77 — 0.07 2.029 14.70 12.99
0.08 1.690 14.97 — 0.08 2.097 14.84 13.81
0.09 1.723 15.19 — 0.09 2.162 14.98 14.42
0.10 1.758 15.45 — 0.10 2.224 15.13 14.79

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.790 1.414 — 0.01 2.130 14.19 12.96
0.02 1.984 14.23 — 0.02 2.357 14.34 14.09
0.03 2.129 14.35 13.32 0.03 2.508 14.49 14.54
0.04 2.248 14.48 14.05 0.04 2.621 14.64 14.83
0.05 2.348 14.61 14.46 0.05 2.712 14.77 15.05
0.06 2.435 14.73 14.74 0.06 2.788 14.89 15.24
0.07 2.511 14.86 14.96 0.07 2.853 15.00 15.41
0.08 2.580 14.98 15.15 0.08 2.909 15.10 15.56
0.09 2.642 15.09 15.32 0.09 2.960 15.19 15.70
0.10 2.699 15.20 15.49 0.10 3.006 15.28 15.82

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.433 14.28 14.11 0.01 2.672 14.38 14.56
0.02 2.651 14.47 14.66 0.02 2.865 14.60 14.98
0.03 2.785 14.64 14.97 0.03 2.980 14.76 15.26
0.04 2.882 14.78 15.20 0.04 3.062 14.89 15.46
0.05 2.958 14.90 15.39 0.05 3.127 15.00 15.62
0.06 3.021 15.00 15.55 0.05 3.182 15.09 15.76
0.07 3.074 15.10 15.69 0.07 3.229 15.18 15.88
0.08 3.122 15.19 15.81 0.08 3.270 15.25 15.98
0.09 3.164 15.27 15.93 0.09 3.307 15.32 16.08
0.10 3.202 15.34 16.03 0.10 3.340 15.38 16.16

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.854 14.49 14.85 0.01 2.991 14.59 15.07
0.02 3.021 14.71 15.23 0.02 3.141 14.80 15.42
0.03 3.121 14.86 15.47 0.03 3.232 14.94 15.63
0.04 3.195 14.98 15.65 0.04 3.299 15.05 15.79
0.05 3.254 15.08 15.79 0.05 3.351 15.14 15.92
0.06 3.302 15.16 15.91 0.06 3.395 15.21 16.03
0.07 3.344 15.23 16.01 0.07 3.434 15.28 16.12
0.08 3.380 15.30 16.11 0.08 3.466 15.34 16.20
0.09 3.413 15.36 16.19 0.09 3.497 15.39 16.27
0.10 3.443 15.41 16.26 0.10 3.523 15.43 16.33
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Figure G.10: Same as Fig.G.1, but for TM1-b EoS (Bs = 1012G).
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Table G.10: Same as TableG.1, but for TM1-b EoS (Bs = 1012G)..
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.790 14.12 — 0.01 1.809 14.12 —
0.02 1.796 14.16 — 0.02 1.861 14.17 —
0.03 1.807 14.23 — 0.03 1.925 14.24 —
0.04 1.822 14.32 — 0.04 1.993 14.34 —
0.05 1.839 14.44 — 0.05 2.060 14.45 12.86
0.06 1.860 14.59 — 0.06 2.124 14.58 13.77
0.07 1.882 14.77 — 0.07 2.184 14.70 14.17
0.08 1.907 14.97 — 0.08 2.242 14.84 14.45
0.09 1.934 15.19 — 0.09 2.297 14.98 14.69
0.10 1.962 15.45 — 0.10 2.351 15.13 14.91

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.963 14.14 — 0.01 2.261 14.19 13.61
0.02 2.135 14.23 13.27 0.02 2.462 14.34 14.23
0.03 2.263 14.35 13.93 0.03 2.591 14.49 14.57
0.04 2.367 14.48 14.28 0.04 2.689 14.64 14.83
0.05 2.454 14.61 14.54 0.05 2.768 14.77 15.05
0.06 2.530 14.73 14.77 0.06 2.834 14.89 15.24
0.07 2.595 14.86 14.97 0.07 2.891 15.00 15.41
0.08 2.654 14.98 15.15 0.08 2.942 15.10 15.56
0.09 2.708 15.09 15.32 0.09 2.988 15.19 15.70
0.10 2.757 15.20 15.49 0.10 3.030 15.28 15.82

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.527 14.28 14.21 0.01 2.732 14.38 14.57
0.02 2.714 14.47 14.67 0.02 2.900 14.60 14.98
0.03 2.830 14.64 14.97 0.03 3.003 14.76 15.25
0.04 2.916 14.78 15.20 0.04 3.079 14.89 15.46
0.05 2.984 14.90 15.39 0.05 3.141 15.00 15.62
0.05 3.042 15.00 15.55 0.06 3.193 15.09 15.76
0.07 3.091 15.10 15.69 0.07 3.239 15.18 15.88
0.08 3.136 15.19 15.81 0.08 3.279 15.25 15.98
0.09 3.176 15.27 15.93 0.09 3.314 15.32 16.08
0.10 3.213 15.34 16.03 0.10 3.347 15.38 16.16

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.889 14.49 14.85 0.01 3.012 14.59 15.07
0.02 3.040 14.71 15.23 0.02 3.154 14.80 15.42
0.03 3.136 14.86 15.47 0.03 3.242 14.94 15.63
0.04 3.206 14.98 15.65 0.04 3.306 15.05 15.79
0.05 3.263 15.08 15.79 0.05 3.358 15.14 15.92
0.06 3.310 15.16 15.91 0.06 3.401 15.21 16.03
0.07 3.350 15.23 16.01 0.07 3.438 15.28 16.12
0.08 3.386 15.30 16.11 0.08 3.470 15.34 16.20
0.09 3.418 15.36 16.19 0.09 3.500 15.39 16.27
0.10 3.447 15.41 16.26 0.10 3.525 15.43 16.33
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Figure G.11: Same as Fig.G.1, but for TM2ωρ-a EoS (Bs = 1012G).
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Table G.11: Same as TableG.1, but for TM2ωρ-a EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.666 13.25 — 0.01 1.692 13.26 —
0.02 1.673 13.29 — 0.02 1.756 13.31 —
0.03 1.685 13.35 — 0.03 1.831 13.38 —
0.04 1.701 13.43 — 0.04 1.906 13.47 —
0.05 1.719 13.54 — 0.05 1.983 13.59 —
0.06 1.741 13.67 — 0.06 2.048 13.71 12.56
0.07 1.765 13.82 — 0.07 2.113 13.85 13.40
0.08 1.791 14.00 — 0.08 2.175 13.99 13.81
0.09 1.820 14.21 — 0.09 2.234 14.15 14.09
0.10 1.849 14.43 — 0.10 2.289 14.30 14.31

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.888 13.28 — 0.01 2.212 13.35 13.06
0.02 2.072 13.38 12.12 0.02 2.425 13.53 13.73
0.03 2.210 13.51 13.35 0.03 2.561 13.71 14.06
0.04 2.320 13.65 13.75 0.04 2.662 13.88 14.31
0.05 2.412 13.80 14.02 0.05 2.741 14.03 14.52
0.06 2.490 13.95 14.23 0.06 2.808 14.17 14.71
0.07 2.558 14.09 14.42 0.07 2.864 14.30 14.89
0.08 2.619 14.23 14.60 0.08 2.914 14.42 15.04
0.09 2.674 14.36 14.77 0.09 2.961 14.54 15.19
0.10 2.724 14.49 14.93 0.10 3.001 14.65 15.33

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.497 13.46 13.73 0.01 2.711 13.61 14.08
0.02 2.691 13.71 14.16 0.02 2.877 13.88 14.49
0.03 2.807 13.90 14.46 0.03 2.978 14.07 14.76
0.04 2.891 14.07 14.69 0.04 3.053 14.23 14.98
0.05 2.958 14.22 14.89 0.05 3.113 14.36 15.15
0.05 3.014 14.34 15.06 0.06 3.163 14.47 15.30
0.07 3.063 14.46 15.20 0.07 3.207 14.58 15.42
0.08 3.106 14.57 15.34 0.08 3.245 14.67 15.54
0.09 3.145 14.66 15.46 0.09 3.280 14.75 15.64
0.10 3.180 14.75 15.57 0.10 3.312 14.83 15.73

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.869 13.75 14.36 0.01 2.989 13.88 14.59
0.02 3.016 14.02 14.75 0.02 3.127 14.14 14.95
0.03 3.108 14.21 15.00 0.03 3.213 14.32 15.18
0.04 3.177 14.35 15.19 0.04 3.275 14.44 15.35
0.05 3.232 14.46 15.34 0.05 3.325 14.57 15.49
0.06 3.277 14.58 15.47 0.06 3.367 14.64 15.60
0.07 3.317 14.65 15.58 0.07 3.403 14.74 15.70
0.08 3.351 14.74 15.68 0.08 3.434 14.83 15.78
0.09 3.382 14.82 15.77 0.09 3.462 14.88 15.86
0.10 3.411 14.88 15.85 0.10 3.488 14.92 15.94
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Figure G.12: Same as Fig.G.1, but for TM2ωρ-b EoS (Bs = 1012G).
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Table G.12: Same as TableG.1, but for TM2ωρ-b EoS (Bs = 1012G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.892 13.26 — 0.01 1.912 13.26 —
0.02 1.898 13.29 — 0.02 1.960 13.31 —
0.03 1.907 13.35 — 0.03 2.018 13.38 —
0.04 1.919 13.44 — 0.04 2.077 13.47 12.51
0.05 1.933 13.54 — 0.05 2.135 13.59 13.18
0.06 1.949 13.67 — 0.06 2.192 13.71 13.52
0.07 1.967 13.82 — 0.07 2.244 13.85 13.76
0.08 1.987 14.00 — 0.08 2.295 13.99 13.97
0.09 2.009 14.21 — 0.09 2.343 14.15 14.16
0.10 2.031 14.43 — 0.10 2.389 14.30 14.34

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.056 13.28 — 0.01 2.322 13.35 13.32
0.02 2.207 13.38 13.15 0.02 2.503 13.53 13.76
0.03 2.321 13.51 13.55 0.03 2.620 13.71 14.06
0.04 2.416 13.65 13.81 0.04 2.707 13.88 14.31
0.05 2.492 13.80 14.03 0.05 2.776 14.03 14.52
0.06 2.558 13.95 14.23 0.06 2.836 14.17 14.71
0.07 2.618 14.09 14.42 0.07 2.887 14.30 14.89
0.08 2.671 14.23 14.60 0.08 2.933 14.42 15.04
0.09 2.719 14.36 14.77 0.09 2.975 14.54 15.19
0.10 2.763 14.49 14.93 0.10 3.013 14.64 15.32

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.565 13.46 13.74 0.01 2.748 13.61 14.08
0.02 2.731 13.71 14.16 0.02 2.897 13.88 14.49
0.03 2.834 13.90 14.46 0.03 2.992 14.07 14.76
0.04 2.911 14.07 14.69 0.04 3.064 14.23 14.98
0.05 2.973 14.22 14.89 0.05 3.122 14.36 15.15
0.05 3.026 14.34 15.06 0.06 3.170 14.47 15.30
0.07 3.073 14.46 15.20 0.07 3.213 14.58 15.42
0.08 3.115 14.57 15.34 0.08 3.250 14.67 15.54
0.09 3.152 14.66 15.46 0.09 3.284 14.75 15.64
0.10 3.187 14.75 15.57 0.10 3.315 14.83 15.73

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.888 13.75 14.36 0.01 3.003 13.88 14.59
0.02 3.028 14.02 14.75 0.02 3.136 14.14 14.95
0.03 3.118 14.21 15.00 0.03 3.219 14.32 15.18
0.04 3.184 14.35 15.19 0.04 3.280 14.44 15.35
0.05 3.237 14.46 15.34 0.05 3.329 14.57 15.49
0.06 3.282 14.58 15.47 0.06 3.370 14.64 15.60
0.07 3.320 14.65 15.58 0.07 3.405 14.74 15.70
0.08 3.354 14.74 15.68 0.08 3.436 14.83 15.78
0.09 3.385 14.82 15.77 0.09 3.463 14.88 15.86
0.10 3.412 14.88 15.85 0.10 3.488 14.92 15.94



Appendix H

Original resutls by changing α
and γ for neutron star with
magnetic fields (Bs = 1015G)

Here, the MR relations and Tables are given by calculations of changing α and γ for
neutron star with magnetic fields (Bs = 1015G, B0 = 2.5 × 1018G). Tables show the
values of maximum mass (M⊙), radius (km) at M = 1.4M⊙, and radius (km) at M =
2.072M⊙ for each EoSs.

The MR relations of each EoSs with magnetic fields are shown in Figures. H.1 –
H.12 (DDME2-a EoS; in Fig.H.1, DDME2-b EoS; in Fig.H.2, GM1 EoS; in Fig.H.3,
GM3 EoS; in Fig.H.4, NL3-a EoS; in Fig.H.5, NL3-b EoS; in Fig.H.6, NL3ωρ-a EoS; in
Fig.H.7, NL3ωρ-b EoS; in Fig.H.8, TM1-a EoS; in Fig.H.9, TM1-b EoS; in Fig.H.10,
TM2ωρ-a EoS; in Fig.H.11, TM2ωρ-b EoS; in Fig.H.12). The colored lines of MR
relations represent the following : dark blue (solid line); magnetic fields B(ρ) with
α = 0.01, green (solid line); magnetic fields B(ρ) with α = 0.02, light blue (solid
line); magnetic fields B(ρ) with α = 0.03, purple (solid line); magnetic fields B(ρ) with
α = 0.04, red (solid line); magnetic fields B(ρ) with α = 0.05, dark blue (dashed line);
magnetic fields B(ρ) with α = 0.06, green (dashed line); magnetic fields B(ρ) with
α = 0.07, light blue (dashed line); magnetic fields B(ρ) with α = 0.08, purple (dashed
line); magnetic fields B(ρ) with α = 0.09, red (dashed line); magnetic fields B(ρ) with
α = 0.10.

For each EoS the maximum mass (Mmax), the radius at M = 1.4M⊙, and radius at
M = 2.072M⊙ are shown in TablesH.1 – H.12 (DDME2-a EoS; in TableH.1, DDME2-
b EoS; in TableH.2, GM1 EoS; in TableH.3, GM3 EoS; in TableH.4, NL3-a EoS; in
TableH.5, NL3-b EoS; in TableH.6, NL3ωρ-a EoS; in TableH.7, NL3ωρ-b EoS; in Ta-
bleH.8, TM1-a EoS; in TableH.9, TM1-b EoS; in TableH.10, TM2ωρ-a EoS; in Ta-
bleH.11, TM2ωρ-b EoS; in TableH.12).
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Figure H.1: MR relations of DDME2-a EoS with magnetic fields. The strength of
surface magnetic field strenge Bs is 1015G, and the centeral magnetic field strength B0

is 2.5× 1018G. The colored areas are the same as in Fig. 6.1.
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Table H.1: Maximum mass (Mmax) in unit of M⊙ and radius (km) at M = 1.4M⊙
(R1.4M⊙) and radius (km) atM = 2.072M⊙ (R2.072M⊙) for DDME2-a EoS with magnetic
fields (B0 = 2.5× 1018G, Bs = 1015G).

γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.163 14.19 14.44 0.01 2.174 14.18 14.45
0.02 2.168 14.22 14.47 0.02 2.205 14.21 14.51
0.03 2.176 14.28 14.53 0.03 2.248 14.25 14.59
0.04 2.187 14.36 14.60 0.04 2.296 14.30 14.68
0.05 2.200 14.45 14.69 0.05 2.346 14.36 14.77
0.06 2.216 14.57 14.80 0.06 2.396 14.44 14.86
0.07 2.233 14.71 14.91 0.07 2.445 14.52 14.95
0.08 2.252 14.88 15.04 0.08 2.493 14.62 15.05
0.09 2.273 15.06 15.18 0.09 2.539 14.72 15.16
0.10 2.295 15.27 15.34 0.10 2.584 14.82 15.26

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.252 14.19 14.50 0.01 2.468 14.20 14.60
0.02 2.377 14.22 14.62 0.02 2.648 14.25 14.75
0.03 2.484 14.27 14.73 0.03 2.771 14.32 14.87
0.04 2.575 14.33 14.83 0.04 2.863 14.40 15.00
0.05 2.653 14.41 14.93 0.05 2.936 14.48 15.12
0.06 2.721 14.49 15.03 0.06 2.995 14.56 15.24
0.07 2.781 14.57 15.14 0.07 3.025 14.64 15.33
0.08 2.836 14.66 15.25 0.08 3.091 14.73 15.46
0.09 2.885 14.75 15.36 0.09 3.131 14.81 15.56
0.10 2.929 14.84 15.46 0.10 3.167 14.88 15.65

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.705 14.21 14.71 0.01 2.900 14.24 14.81
0.02 2.884 14.29 14.88 0.02 3.056 14.35 15.02
0.03 2.992 14.38 15.04 0.03 3.145 14.45 15.20
0.04 3.069 14.47 15.18 0.04 3.209 14.55 15.34
0.05 3.129 14.56 15.31 0.05 3.259 14.63 15.46
0.05 3.178 14.64 15.42 0.06 3.301 14.71 15.57
0.07 3.219 14.72 15.53 0.07 3.338 14.78 15.67
0.08 3.256 14.79 15.63 0.08 3.370 14.85 15.76
0.09 3.289 14.86 15.72 0.09 3.399 14.91 15.84
0.10 3.318 14.93 15.80 0.10 3.426 14.97 15.92

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.047 14.28 14.93 0.01 3.153 14.33 15.05
0.02 3.177 14.41 15.17 0.02 3.267 14.47 15.29
0.03 3.254 14.52 15.34 0.03 3.338 14.58 15.46
0.04 3.310 14.61 15.48 0.04 3.391 14.67 15.59
0.05 3.356 14.69 15.59 0.05 3.434 14.75 15.70
0.06 3.394 14.77 15.69 0.06 3.470 14.81 15.79
0.07 3.428 14.83 15.78 0.07 3.501 14.86 15.87
0.08 3.458 14.89 15.86 0.08 3.528 14.92 15.94
0.09 3.485 14.95 15.94 0.09 3.553 14.98 16.01
0.10 3.509 15.00 16.00 0.10 3.576 15.02 16.07
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Figure H.2: Same as Fig.H.1, but for DDME2-b EoS (Bs = 1015G).
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Table H.2: Same as TableH.1, but for DDME2-b EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.362 14.19 14.60 0.01 2.370 14.18 14.60
0.02 2.366 14.22 14.62 0.02 2.394 14.21 14.63
0.03 2.372 14.28 14.66 0.03 2.427 14.25 14.67
0.04 2.381 14.36 14.72 0.04 2.465 14.30 14.73
0.05 2.391 14.45 14.79 0.05 2.505 14.36 14.80
0.06 2.404 14.57 14.88 0.06 2.545 14.44 14.87
0.07 2.417 14.71 14.97 0.07 2.560 14.52 14.95
0.08 2.433 14.88 15.09 0.08 2.623 14.62 15.05
0.09 2.449 15.06 15.22 0.09 2.662 14.72 15.16
0.10 2.467 15.27 15.36 0.10 2.697 14.82 15.26

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.426 14.19 14.61 0.01 2.595 14.20 14.65
0.02 2.525 14.22 14.67 0.02 2.746 14.25 14.75
0.03 2.613 14.27 14.74 0.03 2.849 14.32 14.87
0.04 2.688 14.33 14.83 0.04 2.926 14.40 15.00
0.05 2.752 14.41 14.93 0.05 2.988 14.48 15.12
0.06 2.808 14.49 15.03 0.06 3.040 14.56 15.24
0.07 2.859 14.57 15.14 0.07 3.085 14.65 15.35
0.08 2.906 14.66 15.25 0.08 3.124 14.73 15.46
0.09 2.947 14.75 15.36 0.09 3.159 14.81 15.56
0.10 2.983 14.84 15.46 0.10 3.191 14.88 15.65

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.793 14.21 14.71 0.01 2.959 14.24 14.81
0.02 2.944 14.29 14.88 0.02 3.091 14.35 15.02
0.03 3.037 14.38 15.04 0.03 3.168 14.45 15.20
0.04 3.104 14.47 15.18 0.04 3.227 14.55 15.34
0.05 3.155 14.56 15.31 0.05 3.273 14.63 15.46
0.05 3.199 14.64 15.42 0.06 3.313 14.71 15.57
0.07 3.237 14.72 15.53 0.07 3.348 14.78 15.67
0.08 3.272 14.79 15.63 0.08 3.379 14.85 15.76
0.09 3.302 14.86 15.72 0.09 3.407 14.91 15.84
0.10 3.319 14.92 15.79 0.10 3.433 14.97 15.92

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.082 14.28 14.93 0.01 3.174 14.33 15.05
0.02 3.196 14.41 15.17 0.02 3.280 14.47 15.29
0.03 3.267 14.52 15.34 0.03 3.348 14.58 15.46
0.04 3.321 14.61 15.48 0.04 3.399 14.67 15.59
0.05 3.365 14.69 15.59 0.05 3.440 14.75 15.70
0.06 3.402 14.77 15.69 0.06 3.476 14.81 15.79
0.07 3.435 14.83 15.78 0.07 3.506 14.86 15.87
0.08 3.464 14.89 15.86 0.08 3.533 14.92 15.94
0.09 3.490 14.95 15.94 0.09 3.557 14.98 16.01
0.10 3.514 15.00 16.00 0.10 3.579 15.02 16.07
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Figure H.3: Same as Fig.H.1, but for GM1 EoS (Bs = 1015G).
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Table H.3: Same as TableH.1, but for GM1 EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.787 13.49 — 0.01 1.811 13.50 —
0.02 1.793 13.54 — 0.02 1.876 13.57 —
0.03 1.802 13.62 — 0.03 1.928 13.67 —
0.04 1.814 13.72 — 0.04 1.990 13.79 —
0.05 1.829 13.85 — 0.05 2.050 13.91 —
0.06 1.846 14.00 — 0.06 2.107 14.04 12.94
0.07 1.865 14.18 — 0.07 2.122 14.16 13.20
0.08 1.886 14.38 — 0.08 2.214 14.31 13.86
0.09 1.909 14.61 — 0.09 2.221 14.44 14.01
0.10 1.932 14.86 — 0.10 2.314 14.60 14.44

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.977 13.54 — 0.01 2.247 13.64 13.08
0.02 2.130 13.68 12.63 0.02 2.432 13.83 13.81
0.03 2.246 13.82 13.37 0.03 2.558 13.99 14.22
0.04 2.340 13.96 13.81 0.04 2.654 14.14 14.51
0.05 2.422 14.10 14.14 0.05 2.733 14.28 14.74
0.06 2.494 14.23 14.40 0.06 2.801 14.40 14.92
0.07 2.559 14.35 14.63 0.07 2.862 14.52 15.09
0.08 2.583 14.46 14.77 0.08 2.915 14.62 15.24
0.09 2.672 14.60 15.00 0.09 2.962 14.72 15.37
0.10 2.720 14.71 15.16 0.10 3.005 14.81 15.50

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.495 13.76 13.82 0.01 2.698 13.89 14.26
0.02 2.679 13.98 14.35 0.02 2.874 14.12 14.68
0.03 2.800 14.15 14.66 0.03 2.981 14.29 14.95
0.04 2.890 14.30 14.89 0.04 3.062 14.42 15.15
0.05 2.961 14.42 15.07 0.05 3.126 14.54 15.31
0.05 3.020 14.53 15.23 0.06 3.179 14.63 15.45
0.07 3.073 14.63 15.37 0.07 3.225 14.72 15.57
0.08 3.119 14.72 15.50 0.08 3.266 14.80 15.68
0.09 3.160 14.80 15.61 0.09 3.302 14.87 15.77
0.10 3.198 14.88 15.72 0.10 3.335 14.93 15.86

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.863 14.00 14.55 0.01 2.993 14.11 14.77
0.02 3.022 14.24 14.93 0.02 3.140 14.34 15.12
0.03 3.121 14.40 15.17 0.03 3.230 14.49 15.33
0.04 3.193 14.52 15.35 0.04 3.295 14.60 15.49
0.05 3.250 14.62 15.49 0.05 3.347 14.69 15.62
0.06 3.298 14.71 15.61 0.06 3.390 14.77 15.73
0.07 3.339 14.79 15.71 0.07 3.427 14.84 15.82
0.08 3.375 14.85 15.81 0.08 3.459 14.90 15.90
0.09 3.407 14.92 15.89 0.09 3.489 14.95 15.97
0.10 3.436 14.97 15.96 0.10 3.515 15.00 16.04
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Figure H.4: Same as Fig.H.1, but for GM3 EoS (Bs = 1015G).
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Table H.4: Same as TableH.1, but for GM3 EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.302 — — 0.01 1.357 — —
0.02 1.312 — — 0.02 1.459 11.64 —
0.03 1.327 — — 0.03 1.557 12.47 —
0.04 1.346 — — 0.04 1.647 12.96 —
0.05 1.369 11.14 — 0.05 1.731 13.31 —
0.06 1.395 11.30 — 0.06 1.809 13.59 —
0.07 1.424 12.45 — 0.07 1.882 13.83 —
0.08 1.456 13.16 — 0.08 1.951 14.04 —
0.09 1.489 13.71 — 0.09 2.019 14.23 —
0.10 1.525 14.17 — 0.10 2.082 14.41 13.21

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.660 12.31 — 0.01 2.021 13.04 —
0.02 1.863 13.01 — 0.02 2.252 13.50 13.22
0.03 1.967 13.33 — 0.03 2.405 13.76 13.83
0.04 2.176 13.69 13.17 0.04 2.487 13.94 14.15
0.05 2.234 13.86 13.54 0.05 2.615 14.14 14.52
0.06 2.323 14.03 13.95 0.06 2.692 14.29 14.74
0.07 2.403 14.19 14.28 0.07 2.761 14.42 14.94
0.08 2.474 14.35 14.55 0.08 2.825 14.54 15.11
0.09 2.537 14.49 14.77 0.09 2.878 14.65 15.27
0.10 2.595 14.62 14.97 0.10 2.928 14.76 15.41

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.332 13.42 13.33 0.01 2.577 13.66 13.97
0.02 2.553 13.77 14.07 0.02 2.780 13.97 14.51
0.03 2.694 14.00 14.46 0.03 2.903 14.18 14.82
0.04 2.797 14.18 14.73 0.04 2.994 14.34 15.05
0.05 2.878 14.33 14.95 0.05 3.065 14.47 15.23
0.06 2.946 14.46 15.13 0.06 3.124 14.58 15.38
0.07 3.005 14.57 15.29 0.07 3.174 14.67 15.51
0.08 3.057 14.67 15.42 0.08 3.218 14.76 15.62
0.09 3.103 14.76 15.55 0.09 3.258 14.84 15.73
0.10 3.144 14.84 15.66 0.10 3.293 14.91 15.82

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.769 13.84 14.36 0.01 2.918 13.98 14.63
0.02 2.950 14.13 14.80 0.02 3.082 14.25 15.02
0.03 3.061 14.32 15.07 0.03 3.180 14.42 15.26
0.04 3.140 14.46 15.27 0.04 3.251 14.55 15.43
0.05 3.202 14.57 15.43 0.05 3.307 14.65 15.57
0.06 3.254 14.67 15.56 0.06 3.353 14.74 15.68
0.07 3.298 14.75 15.67 0.07 3.393 14.81 15.78
0.08 3.336 14.82 15.76 0.08 3.428 14.88 15.87
0.09 3.371 14.89 15.85 0.09 3.459 14.93 15.94
0.10 3.402 14.95 15.93 0.10 3.486 14.98 16.01
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Figure H.5: Same as Fig.H.1, but for NL3-a EoS (Bs = 1015G).



138

Table H.5: Same as TableH.1, but for NL3-a EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.124 14.41 14.46 0.01 2.135 14.41 14.49
0.02 2.130 14.44 14.51 0.02 2.168 14.43 14.60
0.03 2.138 14.50 14.58 0.03 2.212 14.47 14.71
0.04 2.150 14.57 14.68 0.04 2.261 14.52 14.83
0.05 2.164 14.67 14.79 0.05 2.313 14.58 14.94
0.06 2.180 14.79 14.92 0.06 2.365 14.64 15.04
0.07 2.199 14.93 15.06 0.07 2.416 14.72 15.15
0.08 2.219 15.09 15.21 0.08 2.467 14.81 15.25
0.09 2.242 15.28 15.37 0.09 2.515 14.90 15.35
0.10 2.265 15.48 15.54 0.10 2.562 15.00 15.46

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.217 14.41 14.59 0.01 2.439 14.42 14.74
0.02 2.320 14.44 14.74 0.02 2.623 14.46 14.93
0.03 2.456 14.48 14.90 0.03 2.750 14.52 15.06
0.04 2.549 14.54 15.02 0.04 2.845 14.58 15.18
0.05 2.630 14.60 15.12 0.05 2.923 14.65 15.30
0.06 2.701 14.67 15.23 0.06 2.987 14.72 15.41
0.07 2.764 14.74 15.33 0.07 3.043 14.79 15.51
0.08 2.821 14.82 15.43 0.08 3.091 14.86 15.61
0.09 2.872 14.89 15.53 0.09 3.133 14.92 15.71
0.10 2.920 14.97 15.63 0.10 3.172 14.99 15.80

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.680 14.43 14.88 0.01 2.882 14.45 15.00
0.02 2.866 14.49 15.06 0.02 3.049 14.53 15.20
0.03 2.982 14.56 15.21 0.03 3.148 14.61 15.36
0.04 3.065 14.63 15.34 0.04 3.217 14.68 15.49
0.05 3.130 14.70 15.46 0.05 3.272 14.75 15.60
0.05 3.183 14.77 15.57 0.06 3.305 14.81 15.69
0.07 3.229 14.84 15.67 0.07 3.356 14.88 15.79
0.08 3.268 14.90 15.76 0.08 3.390 14.93 15.88
0.09 3.303 14.96 15.85 0.09 3.421 14.99 15.95
0.10 3.335 15.01 15.93 0.10 3.449 15.03 16.02

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.038 14.47 15.11 0.01 3.156 14.51 15.21
0.02 3.182 14.57 15.32 0.02 3.281 14.61 15.44
0.03 3.266 14.66 15.48 0.03 3.356 14.70 15.59
0.04 3.327 14.73 15.61 0.04 3.411 14.77 15.71
0.05 3.375 14.80 15.72 0.05 3.456 14.84 15.81
0.06 3.415 14.86 15.81 0.06 3.493 14.89 15.89
0.07 3.450 14.91 15.89 0.07 3.525 14.94 15.96
0.08 3.481 14.96 15.96 0.08 3.553 14.99 16.03
0.09 3.509 15.01 16.03 0.09 3.579 15.03 16.09
0.10 3.534 15.05 16.09 0.10 3.602 15.07 16.14
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Figure H.6: Same as Fig.H.1, but for NL3-b EoS (Bs = 1015G).
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Table H.6: Same as TableH.1, but for NL3-b EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.338 14.41 14.80 0.01 2.346 14.41 14.80
0.02 2.342 14.44 14.82 0.02 2.371 14.43 14.83
0.03 2.349 14.50 14.86 0.03 2.405 14.47 14.87
0.04 2.359 14.57 14.92 0.04 2.445 14.52 14.93
0.05 2.370 14.67 14.99 0.05 2.487 14.58 15.00
0.06 2.384 14.79 15.08 0.06 2.529 14.64 15.08
0.07 2.399 14.93 15.18 0.07 2.572 14.72 15.16
0.08 2.415 15.09 15.30 0.08 2.613 14.81 15.26
0.09 2.433 15.28 15.43 0.09 2.653 14.90 15.36
0.10 2.452 15.48 15.58 0.10 2.693 15.00 15.47

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.402 14.41 14.81 0.01 2.576 14.42 14.84
0.02 2.504 14.44 14.87 0.02 2.736 14.46 14.95
0.03 2.596 14.48 14.94 0.03 2.845 14.52 15.06
0.04 2.676 14.54 15.03 0.04 2.927 14.58 15.18
0.05 2.744 14.60 15.13 0.05 2.993 14.65 15.30
0.06 2.804 14.67 15.23 0.06 3.047 14.72 15.41
0.07 2.858 14.74 15.33 0.07 3.094 14.79 15.51
0.08 2.906 14.82 15.43 0.08 3.137 14.86 15.61
0.09 2.952 14.89 15.53 0.09 3.174 14.92 15.71
0.10 2.993 14.97 15.63 0.10 3.208 14.99 15.80

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.784 14.43 14.90 0.01 2.958 14.45 15.00
0.02 2.944 14.49 15.06 0.02 3.099 14.53 15.20
0.03 3.042 14.56 15.21 0.03 3.183 14.61 15.36
0.04 3.114 14.63 15.34 0.04 3.243 14.68 15.49
0.05 3.169 14.70 15.46 0.05 3.291 14.75 15.60
0.06 3.215 14.77 15.57 0.06 3.338 14.83 15.72
0.07 3.255 14.84 15.67 0.07 3.370 14.88 15.79
0.08 3.290 14.90 15.76 0.08 3.402 14.93 15.88
0.09 3.322 14.96 15.85 0.09 3.432 14.99 15.95
0.10 3.351 15.01 15.93 0.10 3.458 15.03 16.02

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.090 14.47 15.11 0.01 3.187 14.51 15.21
0.02 3.210 14.57 15.32 0.02 3.298 14.61 15.44
0.03 3.285 14.66 15.48 0.03 3.369 14.70 15.59
0.04 3.342 14.73 15.61 0.04 3.422 14.77 15.71
0.05 3.388 14.80 15.72 0.05 3.465 14.84 15.81
0.06 3.426 14.86 15.81 0.06 3.501 14.89 15.89
0.07 3.460 14.91 15.89 0.07 3.532 14.94 15.96
0.08 3.490 14.96 15.96 0.08 3.560 14.99 16.03
0.09 3.516 15.01 16.03 0.09 3.584 15.03 16.09
0.10 3.541 15.05 16.09 0.10 3.607 15.07 16.14
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Figure H.7: Same as Fig.H.1, but for NL3ωρ-a EoS (Bs = 1015G).
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Table H.7: Same as TableH.1, but for NL3ωρ-a EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.177 13.64 14.07 0.01 2.188 13.63 14.08
0.02 2.182 13.67 14.10 0.02 2.220 13.66 14.14
0.03 2.190 13.72 14.16 0.03 2.263 13.70 14.21
0.04 2.200 13.79 14.22 0.04 2.310 13.75 14.30
0.05 2.213 13.88 14.30 0.05 2.360 13.81 14.38
0.06 2.227 14.00 14.40 0.06 2.409 13.89 14.47
0.07 2.244 14.13 14.51 0.07 2.457 13.97 14.56
0.08 2.262 14.28 14.63 0.08 2.504 14.06 14.66
0.09 2.282 14.46 14.76 0.09 2.550 14.16 14.76
0.10 2.303 14.64 14.90 0.10 2.593 14.27 14.86

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.269 13.64 14.13 0.01 2.485 13.65 14.22
0.02 2.394 13.67 14.24 0.02 2.664 13.71 14.37
0.03 2.500 13.72 14.35 0.03 2.782 13.78 14.50
0.04 2.589 13.79 14.45 0.04 2.870 13.87 14.63
0.05 2.666 13.87 14.55 0.05 2.940 13.95 14.75
0.06 2.732 13.95 14.66 0.06 2.998 14.04 14.87
0.07 2.790 14.04 14.76 0.07 3.047 14.13 14.98
0.08 2.841 14.12 14.87 0.08 3.090 14.21 15.09
0.09 2.888 14.21 14.98 0.09 3.128 14.29 15.20
0.10 2.931 14.30 15.08 0.10 3.162 14.37 15.30

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.720 13.67 14.33 0.01 2.909 13.70 14.45
0.02 2.892 13.76 14.51 0.02 3.057 13.82 14.67
0.03 2.996 13.86 14.67 0.03 3.142 13.94 14.84
0.04 3.069 13.95 14.82 0.04 3.203 14.04 14.99
0.05 3.126 14.05 14.95 0.05 3.252 14.13 15.12
0.05 3.173 14.13 15.07 0.06 3.294 14.21 15.23
0.07 3.213 14.21 15.18 0.07 3.330 14.29 15.33
0.08 3.249 14.29 15.28 0.08 3.362 14.36 15.42
0.09 3.281 14.36 15.37 0.09 3.371 14.41 15.48
0.10 3.310 14.43 15.46 0.10 3.408 14.48 15.56

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.048 13.75 14.57 0.01 3.149 13.81 14.70
0.02 3.172 13.90 14.82 0.02 3.261 13.96 14.95
0.03 3.247 14.01 14.99 0.03 3.332 14.08 15.12
0.04 3.303 14.11 15.13 0.04 3.384 14.18 15.25
0.05 3.349 14.20 15.25 0.05 3.426 14.26 15.36
0.06 3.387 14.28 15.35 0.06 3.462 14.34 15.45
0.07 3.420 14.35 15.44 0.07 3.493 14.38 15.54
0.08 3.450 14.41 15.52 0.08 3.520 14.44 15.61
0.09 3.476 14.47 15.60 0.09 3.544 14.50 15.67
0.10 3.500 14.52 15.66 0.10 3.566 14.55 15.73
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Figure H.8: Same as Fig.H.1, but for NL3ωρ-b EoS (Bs = 1015G).
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Table H.8: Same as TableH.1, but for NL3ωρ-b EoS (Bs = 1015G). .
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.373 13.64 14.19 0.01 2.381 13.63 14.20
0.02 2.377 13.67 14.22 0.02 2.406 13.66 14.23
0.03 2.383 13.72 14.26 0.03 2.438 13.70 14.27
0.04 2.391 13.79 14.31 0.04 2.475 13.75 14.33
0.05 2.400 13.88 14.38 0.05 2.513 13.81 14.40
0.06 2.412 14.00 14.46 0.06 2.552 13.89 14.48
0.07 2.424 14.13 14.56 0.07 2.589 13.97 14.56
0.08 2.438 14.28 14.66 0.08 2.625 14.06 14.66
0.09 2.454 14.46 14.79 0.09 2.662 14.16 14.76
0.10 2.469 14.64 14.92 0.10 2.697 14.27 14.87

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.440 13.64 14.21 0.01 2.607 13.65 14.25
0.02 2.537 13.67 14.28 0.02 2.751 13.71 14.37
0.03 2.620 13.73 14.36 0.03 2.848 13.78 14.50
0.04 2.691 13.79 14.45 0.04 2.924 13.87 14.63
0.05 2.754 13.87 14.55 0.05 2.984 13.95 14.75
0.06 2.809 13.95 14.66 0.06 3.034 14.04 14.87
0.07 2.856 14.04 14.76 0.07 3.077 14.13 14.98
0.08 2.900 14.12 14.87 0.08 3.115 14.21 15.09
0.09 2.941 14.21 14.98 0.09 3.149 14.29 15.20
0.10 2.978 14.30 15.08 0.10 3.180 14.37 15.30

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.796 13.67 14.33 0.01 2.956 13.70 14.45
0.02 2.943 13.76 14.51 0.02 3.083 13.82 14.67
0.03 3.031 13.86 14.67 0.03 3.159 13.94 14.84
0.04 3.095 13.95 14.82 0.04 3.217 14.04 14.99
0.05 3.146 14.05 14.95 0.05 3.263 14.13 15.12
0.05 3.189 14.13 15.07 0.06 3.303 14.21 15.23
0.07 3.226 14.21 15.18 0.07 3.338 14.29 15.33
0.08 3.260 14.29 15.28 0.08 3.369 14.36 15.42
0.09 3.291 14.36 15.37 0.09 3.375 14.41 15.47
0.10 3.319 14.43 15.46 0.10 4.144 16.49 17.78

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 3.075 13.75 14.57 0.01 3.165 13.81 14.70
0.02 3.187 13.90 14.82 0.02 3.272 13.96 14.95
0.03 3.258 14.01 14.99 0.03 3.340 14.08 15.12
0.04 3.312 14.11 15.13 0.04 3.391 14.18 15.25
0.05 3.356 14.20 15.25 0.05 3.432 14.26 15.36
0.06 3.393 14.28 15.35 0.06 3.466 14.34 15.45
0.07 3.426 14.35 15.44 0.07 3.496 14.38 15.53
0.08 3.454 14.41 15.52 0.08 3.523 14.44 15.61
0.09 3.480 14.47 15.60 0.09 3.547 14.50 15.67
0.10 3.504 14.52 15.66 0.10 3.568 14.55 15.73
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Figure H.9: Same as Fig.H.1, but for TM1-a EoS (Bs = 1015G).
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Table H.9: Same as TableH.1, but for TM1-a EoS (Bs = 1015G). .
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.543 14.09 — 0.01 1.569 14.09 —
0.02 1.640 14.16 — 0.02 1.984 14.23 —
0.03 1.722 14.24 — 0.03 2.130 14.35 13.32
0.04 1.804 14.35 — 0.04 2.248 14.48 14.06
0.05 1.883 14.46 — 0.05 2.349 14.61 14.46
0.06 1.958 14.58 — 0.06 2.436 14.74 14.75
0.07 2.030 14.71 — 0.07 2.512 14.86 14.97
0.08 2.098 14.85 13.83 0.08 2.581 14.99 15.16
0.09 2.163 15.00 14.43 0.09 2.643 15.10 15.33
0.10 2.225 15.15 14.80 0.10 2.700 15.21 15.49

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.131 14.19 12.97 0.01 2.433 14.28 14.11
0.02 2.358 14.35 14.09 0.02 2.651 14.48 14.66
0.03 2.509 14.50 14.55 0.03 2.786 14.64 14.97
0.04 2.622 14.64 14.83 0.04 2.882 14.78 15.20
0.05 2.713 14.77 15.05 0.05 2.959 14.90 15.39
0.06 2.789 14.89 15.24 0.06 3.021 15.01 15.55
0.07 2.853 15.00 15.41 0.07 3.075 15.10 15.69
0.08 2.910 15.10 15.56 0.08 3.122 15.19 15.82
0.09 2.961 15.20 15.70 0.09 3.164 15.27 15.93
0.10 3.007 15.29 15.83 0.10 3.203 15.34 16.03

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.673 14.38 14.57 0.01 2.854 14.49 14.85
0.02 2.866 14.60 14.99 0.02 3.021 14.71 15.23
0.03 2.980 14.76 15.26 0.03 3.122 14.86 15.47
0.04 3.062 14.89 15.46 0.04 3.196 14.98 15.65
0.05 3.128 15.00 15.62 0.05 3.254 15.08 15.79
0.05 3.183 15.10 15.76 0.06 3.303 15.17 15.91
0.07 3.230 15.18 15.88 0.07 3.344 15.24 16.02
0.08 3.271 15.26 15.99 0.08 3.381 15.30 16.11
0.09 3.308 15.32 16.08 0.09 3.414 15.36 16.19
0.10 3.341 15.39 16.17 0.10 3.443 15.42 16.26

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.991 14.59 15.07 0.01 3.100 14.68 15.25
0.02 3.141 14.80 15.42 0.02 3.238 14.88 15.57
0.03 3.233 14.95 15.64 0.03 3.321 15.01 15.77
0.04 3.299 15.05 15.80 0.04 3.383 15.11 15.91
0.05 3.352 15.14 15.92 0.05 3.431 15.19 16.02
0.06 3.396 15.22 16.03 0.06 3.471 15.26 16.12
0.07 3.434 15.28 16.12 0.07 3.506 15.32 16.20
0.08 3.467 15.34 16.20 0.08 3.536 15.37 16.27
0.09 3.497 15.39 16.27 0.09 3.562 15.41 16.33
0.10 3.523 15.44 16.34 0.10 3.586 15.45 16.39
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Figure H.10: Same as Fig.H.1, but for TM1-b EoS (Bs = 1015G).
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Table H.10: Same as TableH.1, but for TM1-b EoS (Bs = 1015G)..
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.790 14.12 — 0.01 1.809 14.13 —
0.02 1.797 14.17 — 0.02 1.861 14.18 —
0.03 1.808 14.24 — 0.03 1.926 14.25 —
0.04 1.822 14.34 — 0.04 1.994 14.35 —
0.05 1.839 14.46 — 0.05 2.060 14.46 —
0.06 1.860 14.62 — 0.06 2.124 14.58 13.78
0.07 1.883 14.79 — 0.07 2.185 14.71 14.17
0.08 1.908 15.00 — 0.08 2.243 14.85 14.46
0.09 1.934 15.23 — 0.09 2.298 15.00 14.70
0.10 1.962 15.49 — 0.10 2.351 15.15 14.92

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.963 14.15 — 0.01 2.262 14.19 13.62
0.02 2.135 14.24 13.28 0.02 2.462 14.35 14.23
0.03 2.264 14.35 13.93 0.03 2.592 14.50 14.57
0.04 2.367 14.48 14.28 0.04 2.689 14.64 14.83
0.05 2.454 14.61 14.55 0.05 2.769 14.77 15.05
0.06 2.530 14.74 14.77 0.06 2.834 14.89 15.24
0.07 2.596 14.86 14.97 0.07 2.892 15.00 15.41
0.08 2.655 14.99 15.16 0.08 2.943 15.10 15.56
0.09 2.709 15.10 15.33 0.09 2.988 15.20 15.70
0.10 2.758 15.21 15.49 0.10 3.030 15.29 15.83

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.527 14.28 14.21 0.01 2.733 14.38 14.57
0.02 2.715 14.48 14.67 0.02 2.900 14.60 14.99
0.03 2.831 14.64 14.97 0.03 3.003 14.76 15.26
0.04 2.916 14.78 15.20 0.04 3.080 14.89 15.46
0.05 2.985 14.90 15.39 0.05 3.141 15.00 15.62
0.05 3.042 15.01 15.55 0.06 3.194 15.10 15.76
0.07 3.092 15.10 15.69 0.07 3.239 15.18 15.88
0.08 3.136 15.19 15.82 0.08 3.279 15.26 15.99
0.09 3.176 15.27 15.93 0.09 3.315 15.32 16.08
0.10 3.213 15.34 16.03 0.10 3.347 15.39 16.17

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.889 14.49 14.85 0.01 3.013 14.59 15.07
0.02 3.041 14.71 15.23 0.02 3.155 14.80 15.42
0.03 3.136 14.86 15.47 0.03 3.243 14.95 15.64
0.04 3.207 14.98 15.65 0.04 3.307 15.05 15.80
0.05 3.263 15.08 15.79 0.05 3.358 15.14 15.92
0.06 3.310 15.17 15.91 0.06 3.401 15.22 16.03
0.07 3.351 15.24 16.02 0.07 3.438 15.28 16.12
0.08 3.386 15.30 16.11 0.08 3.471 15.34 16.20
0.09 3.418 15.36 16.19 0.09 3.500 15.39 16.27
0.10 3.447 15.42 16.26 0.10 3.526 15.44 16.34
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Figure H.11: Same as Fig.H.1, but for TM2ωρ-a EoS (Bs = 1015G).
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Table H.11: Same as TableH.1, but for TM2ωρ-a EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.666 13.26 — 0.01 1.692 13.26 —
0.02 1.674 13.30 — 0.02 1.756 13.31 —
0.03 1.685 13.36 — 0.03 1.831 13.38 —
0.04 1.701 13.45 — 0.04 1.906 13.48 —
0.05 1.719 13.56 — 0.05 1.979 13.59 —
0.06 1.741 13.69 — 0.06 2.049 13.72 —
0.07 1.765 13.85 — 0.07 2.114 13.86 13.41
0.08 1.792 14.03 — 0.08 2.175 14.00 13.82
0.09 1.820 14.24 — 0.09 2.235 14.16 14.10
0.10 1.850 14.47 — 0.10 2.290 14.31 14.32

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.888 13.29 — 0.01 2.213 13.35 13.06
0.02 2.073 13.39 12.16 0.02 2.425 13.53 13.74
0.03 2.210 13.52 13.36 0.03 2.562 13.71 14.06
0.04 2.321 13.66 13.76 0.04 2.662 13.88 14.31
0.05 2.413 13.81 14.02 0.05 2.742 14.03 14.53
0.06 2.491 13.95 14.23 0.06 2.808 14.18 14.72
0.07 2.559 14.10 14.42 0.07 2.865 14.31 14.89
0.08 2.620 14.23 14.60 0.08 2.915 14.43 15.05
0.09 2.675 14.37 14.77 0.09 2.959 14.54 15.19
0.10 2.725 14.50 14.94 0.10 3.000 14.65 15.33

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.497 13.47 13.73 0.01 3.331 14.84 15.75
0.02 2.692 13.71 14.17 0.02 2.862 13.86 14.46
0.03 2.808 13.91 14.46 0.03 2.978 14.08 14.77
0.04 2.892 14.08 14.70 0.04 3.053 14.23 14.98
0.05 2.959 14.22 14.89 0.05 3.113 14.37 15.15
0.05 3.015 14.35 15.06 0.06 3.164 14.48 15.30
0.07 3.063 14.47 15.21 0.07 3.207 14.58 15.43
0.08 3.107 14.57 15.34 0.08 3.246 14.67 15.54
0.09 3.146 14.67 15.46 0.09 3.281 14.75 15.64
0.10 3.181 14.76 15.57 0.10 3.312 14.83 15.74

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.868 13.76 14.36 0.01 2.990 13.89 14.59
0.02 3.017 14.03 14.75 0.02 3.128 14.15 14.95
0.03 3.109 14.21 15.00 0.03 3.213 14.32 15.18
0.04 3.177 14.36 15.19 0.04 3.276 14.44 15.36
0.05 3.232 14.47 15.34 0.05 3.326 14.57 15.49
0.06 3.278 14.58 15.47 0.06 3.367 14.65 15.61
0.07 3.317 14.66 15.59 0.07 3.403 14.75 15.70
0.08 3.352 14.74 15.69 0.08 3.435 14.84 15.79
0.09 3.392 14.84 15.78 0.09 3.463 14.88 15.87
0.10 3.417 14.89 15.86 0.10 3.488 14.93 15.94
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Figure H.12: Same as Fig.H.1, but for TM2ωρ-b EoS (Bs = 1015G).
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Table H.12: Same as TableH.1, but for TM2ωρ-b EoS (Bs = 1015G).
γ =1 γ =2

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 1.893 13.26 — 0.01 1.912 13.26 —
0.02 1.898 13.30 — 0.02 1.960 13.31 —
0.03 1.907 13.36 — 0.03 2.018 13.39 —
0.04 1.919 13.45 — 0.04 2.078 13.48 12.52
0.05 1.933 13.56 — 0.05 2.135 13.59 13.19
0.06 1.949 13.69 — 0.06 2.192 13.72 13.53
0.07 1.968 13.85 — 0.07 2.244 13.86 13.77
0.08 1.988 14.03 — 0.08 2.296 14.00 13.97
0.09 2.009 14.24 — 0.09 2.344 14.16 14.17
0.10 2.032 14.47 — 0.10 2.390 14.31 14.35

γ =3 γ =4

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.056 13.29 — 0.01 2.323 13.35 13.32
0.02 2.208 13.39 13.16 0.02 2.503 13.53 13.77
0.03 2.322 13.52 13.56 0.03 2.621 13.71 14.06
0.04 2.416 13.66 13.82 0.04 2.707 13.88 14.31
0.05 2.492 13.81 14.03 0.05 2.777 14.03 14.53
0.06 2.559 13.95 14.24 0.06 2.836 14.18 14.72
0.07 2.618 14.10 14.42 0.07 2.888 14.31 14.89
0.08 2.672 14.23 14.60 0.08 2.934 14.43 15.05
0.09 2.720 14.37 14.77 0.09 2.975 14.54 15.19
0.10 2.764 14.50 14.94 0.10 3.013 14.65 15.33

γ =5 γ =6

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.565 13.47 13.75 0.01 3.334 14.84 15.75
0.02 2.731 13.71 14.17 0.02 2.868 13.85 14.43
0.03 2.835 13.91 14.46 0.03 2.992 14.08 14.77
0.04 2.912 14.08 14.70 0.04 3.064 14.23 14.98
0.05 2.974 14.22 14.89 0.05 3.122 14.37 15.15
0.05 3.027 14.35 15.06 0.06 3.171 14.48 15.30
0.07 3.074 14.47 15.21 0.07 3.213 14.58 15.43
0.08 3.115 14.57 15.34 0.08 3.251 14.67 15.54
0.09 3.153 14.67 15.46 0.09 3.285 14.75 15.64
0.10 3.187 14.76 15.57 0.10 3.316 14.83 15.74

γ =7 γ =8

α Mmax R1.4M⊙ R2.072M⊙ α Mmax R1.4M⊙ R2.072M⊙

0.01 2.888 13.76 14.36 0.01 3.003 13.89 14.59
0.02 3.029 14.03 14.75 0.02 3.136 14.15 14.95
0.03 3.118 14.21 15.00 0.03 3.219 14.32 15.18
0.04 3.184 14.36 15.19 0.04 3.280 14.44 15.36
0.05 3.238 14.47 15.34 0.05 3.329 14.57 15.49
0.06 3.282 14.58 15.47 0.06 3.370 14.65 15.61
0.07 3.321 14.66 15.59 0.07 3.405 14.75 15.70
0.08 3.355 14.74 15.69 0.08 3.436 14.84 15.79
0.09 3.394 14.84 15.78 0.09 3.464 14.88 15.87
0.10 3.421 14.89 15.86 0.10 3.489 14.93 15.94
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