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Let V' be a d-cyclic covering of the complex projective line I ! with n branch points. In this thesis, we give necessary
and sufficient conditions for (1) whether V is hyperelliptic for arbitrary n and d ; (2) whether V' is trigonal for n = 3 and
arbitrary d.

A d-cyclic covering of I’ ! with n branch points can be given by a equation

Viiyt=(e-h) " (e-1) % .. (x-A) %,
a 7 0(modd),a, +...+a =0 (mod d).

For our problem, only the cases where V is irreducible and non-rational need to be considered, so we always assume

o

thatn >3 and ged (4, a,, ..., a )= 1.

Theorem A. when n = 3, the curve V given in (1) is hyperelliptic if and only if d > 3 and V is birational to one of the
following curves:

(HI) 7= x(x-1);

(H2) y*=x(x-1)y3 (dis even and d > 6),

Only three of these curves are elliptic: y* = x(x-1), y* =x(x-1) and y* = x(x-1)>.

Theorem B. when n = 4, the curve V given in (1) is hyperelliptic if and only if d > 3 and V is birational to one of the
following curves:

(H3) y* = x(x-1)(x-1)*",

(H4) 1 = x(x-1Y5 (x-\)¥ (d is even and d > 4)

(HS) 1 = (- 1)% (x-A) (d =2 (mod 4) and d > 6),

where . € € \ {0,1}. Only one of these curves is elliptic: y* = x(x-1)(x-\).



Theorem C. when n > 5, the curve V given in (1) is hyperelliptic if and only if d > 3 and V is birational to one of the
following curves:

(H6) »* = x(x-1)(x-1,)...(x-A ) (n is even),

(H7) y* = x(x-1)f (x-A)...(x-2, )E(d > 4),

(H8) y* = X*(x- 1) (x-A)E...(x-A ) (n is even, d =2 (mod 4), d > 6),

where the parameters ), € C \ {0,1} are mutually distinct with each other. None of these curves is elliptic.

Theorem D. when n = 3, the curve V given in (1) is trigonal if and only if d > 3 and V is birational to one of the
following curves:

(T1) ¥ = x(x-1)%

(T2) y* = x(x-1)3 (d = 0(mod 3) and d > 12);

(T3) y=x(x-1)* (d = (mod 3), d Z 0 (mod 9) and d > 12).

In general, it is difficult to determine the birational equivalence relation of curves. But in this thesis, we well show

that the conditions “V is birational to one of the following curves” in our theorems can be determined by an easy

calculation.
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